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TRANSLATOR'S    PREFACE. 


STIMULATED  by  a  profound  admiration  for  the  work  of 
Professor  Melan  and  prompted  by  a  desire  to  fill  a  recog- 
nized gap  in  American  engineering  literature,  the  writer  has 
undertaken  the  translation  of  this  book  on  the  Theory  of  Arches 
and  Suspension  Bridges.  No  other  work  of  the  same  scope  was 
to  be  found  in  any  language,  at  least  none  that  could  compare 
with  ]\Ielan's  for  thoroughness  of  treatment  and  masterly  style. 
The  place  it  has  been  given  in  the  offices  of  consulting  engineers 
and  bridge  departments,  the  frequent  references  to  it  in  our 
technical  literature  and  the  employment  of  its  formulfe  or 
methods  in  the  design  of  some  of  our  largest  structures  indi- 
cate that,  even  before  translation,  there  has  been  a  real  de- 
mand for  Melan 's  book  among  American  engineers.  The  work 
has  been  enthusiastically  received  in  Europe  where  it  has  al- 
ready gone  through  three  editions  and  the  highest  honors  have 
been  awarded  the  author.  In  order  to  widen  the  sphere  of  vise- 
fulness  of  the  book  and  to  render  it  accessible  to  the  entire  pro- 
fession in  this  country,  the  writer  has  been  encouraged  to  give 
the  time  and  effort  required  for  this  translation. 

Professor  Melan 's  book  is  here  faithfully  reproduced  with- 
out any  omissions.  An  appendix  devoted  especially  to  the  de- 
sign of  masonry  and  reinforced  concrete  arches  and  a  very  ex- 
haustive bibliography  on  arches  and  suspension  bridges  are 
included.  The  translator  has  carefully  checked  the  derivation 
of  all  the  formulas  and  has  corrected  the  few  typographical 
errors  found  in  the  original.  In  some  of  the  examples  and  tables 
the  quantities  have  been  converted  from  metric  to  English  units. 
The  notation  has  been  altered  wherever  necessary  to  eliminate 
the  German  characters  and  abbreviations  and  to  conform  more 
closely  to  our  standard  symbols,  and  corresponding  changes 
have  been  made  in  the  figures  and  plates.  In  a  few  places  brief 
explanatory  notes  have  been  inserted  to  help  the  American 
reader  who.  on  account  of  the  difference  in  training,  may  not 
be  as  familiar  with  the  analytical  and  graphical  devices  em- 
ployed or  as  agile  in  passing  from  formula  to  formula  as  the 
German  student.  "With  the  exception  of  the  above  minor  changes 
the  original  work  has  been  kept  intact. 

In  addition  to  its  use  as  a  work  of  reference  by  those  en- 
gaged in  the  design  of  higher  structures,  the  writer  believes 
that  this  volume  will  be  found  admirably  adapted  as  a  text- 
book for  advanced  or  post-graduate  students  in  structural  engi- 
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neering  or  applied  mathematics  and,  from  personal  experience, 
he  strongly  recommends  it  for  this  purpose.  Used  in  this  way, 
the  book  will  prove  a  liberal  education  in  itself,  rendering  clear 
the  fundamental  principles  of  the  analysis  of  structures, 
familiarizing  the  student  with  many  helpful  analytical  and 
graphical  devices  of  general  application,  training  him  in  the 
independent  derivation  of  formulae  and  preparing  him  to  do 
original  work  in  structural  theory  and  design. 

The  Avriter  wishes  to  thank  his  friends  in  the  engineering 
profession  who  have  encouraged  him  to  undertake  this  task, 
particularly  Professor  W.  H.  Burr  and  Dr.  Myron  S.  Falk. 

D.  B.  S. 
University  of  Idaho,  November  1,  1912. 


FOREWORD 

BY 
HOFRAT    J.    MeLAN. 


THE  present  work,  produced  in  English  with  the  consent  of 
the  author,  comprises  the  Theory  of  Arches  and  Suspension 
Bridges  as  it  appears  in  the  third  enlarged  edition  of  the 
"Handbuch  der  Ingenieurwissenschaften,"  Volume  2,  Part  5, 
1906. 

The  design  of  arches  and  suspension  structures  is  here  thor- 
oughly and  exhaustively  developed,  both  the  analytical  and 
graphic  procedures  being  given  in  conformity  with  modern  prac- 
tice. All  types  of  arches  and  suspension  bridges,  of  any  practical 
importance,  are  considered.  The  principles  of  the  exact  theory, 
taking  into  account  the  deformations  produced  by  the  loading  in 
the  case  of  lightly  stiffened  structures,  are  also  developed  (§  9 
and  §  28). 

The  author  can  but  express  his  hearty  satisfaction  and  pleasure 
at  this  undertaking  by  a  professional  colleague  to  translate  his 
work  into  English  and  thus  render  it  accessible  to  the  engineers 
of  America.  He  hopes  that  the  work  will  be  found  adapted  for 
use  in  teaching  this  branch  of  bridge  design  and  that  the  Ameri- 
can bridge  engineers,  famous  for  the  magnitude  and  skill  of  their 
achievements,  will  judge  it  favorably  and  find  it  useful  for  refer- 
ence in  theoretical  problems. 

Prague,  Sept.  20,  1912. 


k.  k.  Hofrat,  Professor  des  Brlickenliaues  an  der 
deutschen  technischen  Hochschule  in  Prag. 
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Theory  of  Arches  and  Suspension 

Bridges. 

§  1.    Introduction. 

Under  the  designation  of  arches  and  suspension  bridges  may- 
be grouped  all  those  forms  of  construction  having  the  charac- 
teristic of  transmitting  obliciue  forces  to  the  abutments  even 
when  the  applied  loads  are  vertical  in  direction.  Each  of  these 
forces  may  be  resolved  into  a  vertical  and  a  horizontal  com- 
ponent ;  the  direction  of  the  latter  component,  either  toward  or 
away  from  the  interior  of  the  span,  thus  representing  tension 
or  pressure  on  the  abutments,  constitutes  the  criterion  for  dis- 
tinguishing between  suspension  and  arch  constructions.  In 
the  former  there  is  produced  a  horizontal  tension,  in  the  latter  a 
horizontal  thrust;  and  this  horizontal  force  is  either  taken  up 
directly  by  the  end  supports  or  else  transmitted  through  a  series 
of  similar  spans  to  the  end  of  the  construction  where  it  is  resisted 
by  the  stability  of  the  supporting  bodies.  There  should  also  be 
included  those  types  of  construction,  based  on  the  same  funda- 
mental principle,  which,  however,  do  not  transfer  the  horizontal 
force  to  the  abutments  but  take  it  up  within  the  structure  itself 


s  +  a 
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by  means  of  a  tie  or  strut  joining  the  ends  of  the  span.  Finally, 
mention  may  be  made  of  the  systems  resulting  from  the  com- 
bination of  the  arch  with  the  suspension  bridge. 

In  a  truss,  external  loading  produces  bending  moments, 
and  consequently  stresses  of  both  tension  and  compression  will 
occur;  in  a  suspension  system,  on  the  other  hand,  the  principal 
garts  are  subjected  exclusively  to  tensile  stress,  and  in  an  arch 
the  principal  stresses  are  those  of  compression. 

The.  starting  point  for  the  systems  under  consideration  may 
be  sought  in  the  flexible  cord  or  polygonal  frame.  Fig.  1,  which 
may  be  viewed  either  as  an  arch  or  suspension  ])ridge  according 
as  its  concave  side  is  directed  downward  or  upward.  Such  a 
funicular  frame  has  the  characteristic  property  of  altering  its 
position  of  equilibrium  with  any  change  in  the  distribution  of 
the  loading,  so  that  the  form  of  the  polygon  will  depend  upon 
the  applied  loads.   A  polygon  composed  of  s  bars  connected  by 
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hinges  will  not  constitute  a  rigid  system  if  s  >  2,  but  will  be 
subject  to  deformation  under  moving  loads.  There  are  s  -\-  4: 
unknown  quantities,  consisting  of  the  stresses  in  the  bars  and  the 
components  of  the  end  reactions ;  while  the  requirements  of  static 
equilibrium  at  the  /v'  =  s-|-l  panel  points  furnish  2  (s  +  1) 
equations  of  condition.  Consequently,  for  s  >  2,  i.  e.,  for  a  poly- 
gonal frame  containing  more  than  two  bars,  the  number  of  con- 
ditional equations  exceeds  the  number  of  unknowns.  The  super- 
fluous equations  can  not,  in  general,  be  satisfied  except  by  special 
relations  between  the  constants,  corresponding  to  a  definite 
adjustment  of  the  geometric  form  of  the  system  to  each  partic- 
ular disposition  of  the  loading.     This  adjustment  of  form  to 

Fisr.  2. 


«+«:::  17  +  5  =  22,  3;Sf+2/v  =  3xl  +  2x9  =  21. 

varying  loads  can  actually  occur  only  in  the  case  of  the  sus- 
pended polygon ;  while  the  arch-polygon  can  merely  assume  a 
position  of  unstable  equilibrium,  and  will  collapse  upon  the 
first  change  in  the  loading  on  account  of  the  altered  configura- 
tion required  for  equilibrium. 

Arch-polygons,  by  themselves,  are  therefore  unsuitable  for 
use  as  bridges ;  they  require,  in  addition,  some  type  of  stiffening 
construction  to  preserve  their  form,  thereby  converting  them 
into  rigid  systems.  A  similar  arrangement  also  becomes  neces- 
sary in  suspension  bridges  if  it  is  desired  to  reduce  the 
deformations  of  these  structures.     In  the  unstilfened  suspension 

Fig.  3. 


s+a=ll  +  3r:14,   3,S'  +  2A-  =  3xl  +  2x5  =  13. 

bridges  and  arches,  with  loads  applied  at  the  panel  points  of 
the  funicular  polygon,  the  only  stresses  will  be  those  of  pure 
tension  or  compression,  respectively;  in  the  stiffened  struc- 
tures, however,  subjected  to  changing  load,  bending  stresses 
will  also  appear.  The  stiffening  construction  for  flexible  arches 
or  suspension  systems  may  consist  in  their  connection  with  a 
straight  truss  (Figs.  2  and  3)  whose  elastic  deflections  will  limit, 
in  magnitude,  the  static  deformations  of  the  funicular  polygon. 


Introduction.  3 

Instead  of  using  this  construction,  the  arch  or  suspension  poly- 
gon may  be  made  rigid  in  itself  and  thereby  rendered  capable 
of  supporting  any  loading,  even  if  the  resultant  forces  do  not 
coincide  with  the  axes  of  the  structural  parts.  Such  a  rigid 
system  may  be  conceived  as  derived  from  the  funicular  polygon 

Fig.  4. 
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by  replacing  the  hinged  joints  between  the  successive  bars  by 
rigid  connections,  and  giving  these  bars  such  sections  as  will 
enable  them  to  resist  bending  moments.  The  funicular  polygon 
(Fig.  1)  is  thus  replaced  by  a  single  curved  rib,  which  may  con- 
sist of  either  a  girder  or  truss  construction  (Fig.  4). 

Since  the  polygonal  frame  with  hinged  ends,  hence  with 
four  reaction  unknowns,  constitutes  a  non-deformable  construc- 
tion when  the  number  of  bars  is  reduced  to  two,  the  union  of 

Fig.  5. 


a  +  2G=4:+2xl  =  6,  3.S'+2/.=3x2  +  0  =  6. 

two  ribs  through  an  intermediate  hinge  likewise  produces  a 
(Stable  bridge  structure  (Fig.  5).  To  this  system  other  parts 
may  be  linked,  according  to  the  number  of  new  reaction  un- 
knowns thereby  contributed. 

"We  thus  derive  various  types  of  stable  bridges  (Figs.  5  to  8) 
which  are  classed  as  suspension  bridges  or  arches  whenever,  as 
specified  at  the  outset,  they  produce  oblique  reactions  at  the 
ends  of  the  principal  curved  or  polygonal  portion  of  the  struc- 
ture; these  reactions  may  be  taken  up  either  by  the  abutments 
or  by  a  tie-rod  construction  (Fig.  3). 

For  determining  the  stresses  in  these  structures,  the  equa- 
tions of  static  equilibrium  may  or  may  not  suffice.  In  the 
former  case  we  have  statically  determinate  systems,  in  the  latter 
statically  indeterminate.  This  distinction  is  to  be  drawn  par- 
ticularly with  reference  to  the  unknown  external  forces;  any 
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bridge  type  can  easily  be  classified  as  to  its  external  deter- 
minateness  or  indeterminateness  if  we  conceive  it  as  built  up 
of  bars,  or  of  bars  and  ribs,  and  compare  the  number  of  un- 
known forces  with  the  number  of  independent  equations  of 
condition  available.  The  pivoted  connection  of  two  ribs  is 
called  a  hinge,  and  the  similar  connection  of  two  or  more  bars 
is  called  a  panel-point.  Each  rib  furnishes  three  equations  of 
equilibrium  for  its  applied  forces,  and  each  panel-point  fur- 
nishes two  such  equations.  The  unknowns  include  first  the  reac- 
tion  components   whose    number   is    given   by    the    rule :    one 

Fig.  fi. 


a+2G=8+2x2=12,  3^=9. 


unknown  for  each  free  end,  i.  e.,  each  end  capable  of  free  motion 
on  sliding  plates  or  rollers;  two  for  each  hinged  end,  i.  e.,  each 
end  capable  of  rotation  but  not  of  translation;  and  three  for 
each  fixed  end,  rigidly  anchored.  Similarly  each  intermediate 
hinge  represents  two  unknowns  and  each  intermediate  sliding 
joint  one ;  and  the  stresses  in  the  bars  are  additional  unknowns. 
Therefore,  if  a  structure  consists  of  S  ribs  with  G  hinges  and  of 
s  bars  with  k  panel-points,  and  if  a  is  the  number  of  reaction 
unknowns,  the  total  number  of  unknowns  is  a  -\-  s  -\-  2  G  and 
the    number    of    corresponding    equations    of    equilibrium    is 

Fig.  7. 


a  +  2G  =  6  +  2x3  =  12,  3,S'=3x4  =  12. 

3  8  -\-  2  k.  For  all  combinations  in  which  the  external  forces 
are  statically  determinate,  a-\-s-\-2G  =  SS-\-2k;  and  for 
those  statically  indeterminate,  a-\-s-{-2G>SS-\-2k. 

We  thus  find  that  such  systems  as  shown  in  Figures  2  and  3 
belong  to  the  statically  indeterminate  class,  but  that  they  may 
be  rendered  statically  determinate  with  reference  to  the  forces 
affecting  the  component  structures  (polygon  and  stiffening  truss) 
by  introducing  an  intermediate  hinge  in  the  stiffening  truss. 
The  same  applies  to  the  arch  rib  with  end-hinges  (Fig.  4), 
which  also  becomes  statically  determinate  when  a  center-hinge 
is  introduced,  making  it  a  three-hinged  arch  (Fig.  5).  In  this 
case,  however,  the  same  result  may  be  obtained  by  using  some 
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weighting  device  to  keep  the  horizontal  component  of  the  end- 
reactions  at  a  constant  value ;  or  by  changing  one  of  the  end- 
hinges  to  a  free  end  (sliding  on  an  inclined  plane)  so  as  to 
diminish  the  number  of  reaction  unknowns  by  one  (Fig.  9). 
The  corresponding  reaction  will  then  act  constantly  normal  to 
the  plane  of  the  rollers,  so  that  the  reaction  at  the  other  end 
may  be  determined  by  simple  resolution  of  forces.    This  arrange- 


rt  +  s+2(;  =  6  +  8  +  2  =  16,  3.^  +  2/0  =  3x4  +  2x2  =  16. 

ment,  however,  is  not  classed  among  true  arches,  but  is  consid- 
ered simply  a  girder  whose  expansion  end  slides  on  inclined 
bearings. 

In  general,  subdividing  any  rib  by  the  insertion  of  a  hinge 
will  diminish  the  relative  number  of  unknowns  by  one.  Thus 
the  arrangement  in  Fig.  6,  which  is  three-fold  statically  indeter- 
minate, may  be  rendered  determinate  by  introducing  three 
hinges.  On  the  other  hand,  the  statically  determinate  structure 
in  Fig.  7  may  be  rendered  doubly  indeterminate  by  omitting 
the  hinges  in  the  two  side-spans. 

Not  all  combinations  which  may  thus  be  formed,  however, 
are    practical    for    construction.      Notwithstanding    the    static 

Fig.  9. 


determinateness  or  even  indeterminateness  of  the  entire  com- 
bination, there  may  be  so  great  a  degree  of  mobility  in  the 
individual  parts  or  in  the  structure  as  a  whole  that  its  rigidity 
may  be  inadequate  for  practical  requirements.  This  will  be 
the  case  in  the  three-hinged  arch  (Fig.  5),  for  example,  if  the 
two  end-hinges  and  the  center-hinge  lie  nearly  or  exactly  in 
a  straight  line ;  or,  in  general,  whenever  any  one  of  the  com- 
ponent parts  of  the  structure  is  unrestrained  or  imperfectly 
restrained  from  rotation  (or  translation  =  rotation  about  an 
infinitely  distant  point). 

To  make  this  clear,  it  is  necessary  to  consider  the  structure 
as  a  kinematic  chain  and  to  enlarge  the  concept  of  the  hinge. 
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In  a  plane  rib  ah  c  (Fig.  10),  conceived  as  a  kinematic  element, 
let  two  points  a  and  h  be  constrained  to  move  along  definite 
paths.  The  intersection  o  of  the  normals  to  these  paths  consti- 
tutes the  instantaneous  center  of  rotation,  having  the  effect  of 
a  fixed  pivot.  The  rib  will  not  be  restrained  from  rotating  about 
this  point  o  unless  a  third  point  c  in  the  rib  is  either  fixed  or 
constrained  to  move  along  a  path  whose  normal  does  not  pass 


Fig.  10. 


through  0.  This  requirement  is  not  satisfied,  for  example,  in 
the  case  of  the  middle  rib  of  Fig.  11,  since  it  has  but  a  single 
instantaneous  center  o ;  this  arrangement,  therefore,  although 
satisfying  the  general  criterion  for  static  determinateness,  is 
not  stable  and  cannot  be  used  for  a  bridge.  It  is  similarly 
apparent  that  the  arrangement  in  Fig.  12  is  not  stable  if  the 
center-hinge  c  lies  in  the  line  joining  the  two  centers  o  o^ ;  the 


Fig.  12. 


closer  c  comes  to  the  line  o  o,,  the  less  is  the  rigidity  of  the 
structure  and  the  greater  will  be  the  deformations. 

In  accordance  with  the  generalized  concept  just  developed, 
the  hinge-joint  between  two  ribs  may  be  replaced  by  a  pair  of 
pin-ended  links  forming  a  "hinged  quadrilateral."  The  inter- 
section of  the  axes  of  the  links  determines  the  center  of  rotation, 
i.  e.,  the  virtual  pivot  taking  the  place  of  the  fixed  hinge.  Thus 
the  arrangement  in  Fig.  13  represents  a  statically  determinate 
three-hinged  arch ;  but  it  will  not  be  a  stable  system  if  the  two 
links  a  d  and  h  c  intersect  in  the  line  joining  the  two  end-hinges 
or  are  parallel  to  this  line.  By  the  insertion  of  another  bar  in 
the  "hinged  quadrilateral"  (e.  g.,  a c  in  Fig.  13),  the  hinge 
effect  is  suspended  and  the  structure  Fig.  13  is  changed  to  a 
singly  indeterminate  two-hinged  arch. 
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The  end-hinges,  also,  may  be  replaced  in  their  action  by 
pairs  of  links  (Fig.  14).  By  adding  a  third  link,  rotation  is 
prevented  and  the  ends  l)ecome  anchored.  Thns  with  the  bars 
h  c  and  /  g  provided,  Fig.  14  represents  a  hingeless  arch  and 
the  degree  of  indetermination  is  raised  to  three. 

The  individual  ribs  composing  the  structure  may  either  be 


made  solid,  i.  e.,  of  plate-girder  form,  or  framed  of  separate 
members  like  a  truss.  If  the  external  forces  acting  on  each  rib 
are  known,  then  the  internal  forces,  i.  e.,  the  stresses  in  the  dif- 
ferent members  of  the  rib,  can  be  determined.  For  this  pur- 
pose the  methods  of  pure   statics  will   suffice   in  the   case  of 

Fig.  14. 


statically  determinate  truss  systems,  but  for  indeterminate 
forms,  including  solid  plate  girders,  the  elastic  deformations 
must  be  taken  into  account.  For  criteria  of  static  determinate- 
ness  or  indeterminateness  of  trusses,  the  reader  is  referred  to 
other  works  on  the  subject. 
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§  2.  General  Method  of  Design.  The  fundamental  prin- 
ciples of  design  of  ordinary  trusses  or  girders  also  apply  to 
arches  and  suspension  bridges.  As  in  the  simpler  structures,  it 
is  necessary  to  first  determine  the  external  forces  or  reactions 
produced  hy  a  specified  loading.  Knowing  these,  we  can  proceed 
to  evaluate  the  stresses  within  the  structure.  For  the  solid-web 
portions,  we  apply  the  general  theory  of  flexure  of  curved  ribs 
which,  as  an  approximation,  may  be  reduced  to  the  simpler 
theory  of  straight  beams ;  for  the  open-web  or  framed  portions, 
the  ordinary  rules  and  methods  of  truss  design  are  applicable. 
These  methods,  as  is  well  know^i,  assume  an  ideal  framework  in 
which  the  external  forces  are  applied  and  the  members  meet  one 
another  only  at  their  end-points,  and  all  necessary  rotation  about 
these  points  may  take  place  without  any  resistance, — assump- 
tions which,  as  a  rule,  are  not  fulfilled  in  structures  as  built, 
rendering  it  necessary  to  estimate  the  magnitude  of  the  devia- 
tions or  so-called  secondary  stresses.  It  should  also  be  noted 
here  that  the  results  of  the  theory  deduced  for  solid  ribs  may 
often  be  extended  to  structures  with  latticed  or  trussed  webs. 

If  the  structure  is  statically  determinate  with  reference  to 
the  external  forces,  the  ordinary  rules  for  the  composition  and 
resolution  of'coplanar  forces  suffice  to  definitely  determine  the 
end  reactions  and,  in  determinate  truss  systems,  the  stresses  in 
the  members  as  well.  In  statically  indeterminate  arrangements, 
the  missing  equations  of  condition  must  be  deduced  from  the 
displacements  of  the  points  of  application  of  the  external  forces, 
1,  e.,  from  the  elastic  deformations  of  the  structure.  To  estab- 
lish these  equations,  we  may  use  the  ''Theorem  of  Virtual  Dis- 
placements," first  applied  to  the  design  of  indeterminate  struc- 
tures by  Mohr.  The  same  equations  may  also  be  derived,  and 
sometimes  more  conveniently,  by  applying  the  "Theorem  of 
Least  Work"  established  by  Castigliano  and  Franl-el:  In  any 
elastic  system  in  a  condition  of  equilibrium,,  such  stresses  must 
appear  as  will  make  the  total  work  of  deformation  a  minimum. 
Consequently,  if  this  work  of  deformation  is  expressed  as  a  func- 
tion of  the  indeterminate  stresses  or  reactions,  the  differential 
coefficient  of  the  function  with  respect  to  these  unknowns, 
equated  to  zero  as  required  for  a  minimum,  will  give  the  equa- 
tions of  condition  necessary  for  the  determination  of  these 
unknowns. 

In  place  of  the  analytical  treatment,  most  of  the  problems 
of  this  class  may  also  be  solved  by  graphic  methods.  For 
statically  indeterminate  structures,  the  graphic  process  consists 
in  drawing  one  or  more  deformation  polygons   {Williot's  dis- 


General  Method  of  Design.  9 

placement  diagram  or  deflection  polygon),  enabling  the  indeter- 
minate quantities  to  be  found.  But  even  if  the  latter  are  deter- 
mined analytically,  graphic  methods  may  still  be  used  to  advan- 
tage for  arches  and  suspension  bridges,  especially  in  determin- 
ing the  internal  stresses. 

There  remains  to  be  noted  that  in  evaluating  the  work  of 
deformation  or  in  drawing  the  displacement  diagram,  the  opera- 
tions may  be  simplified  within  the  limits  of  permissible  approx- 
imation by  neglecting  those  elements,  as  the  web  meml^ers  of 
a  truss  or  the  sheiirs  in  a  girder,  which  have  a  negligible  influ- 
ence on  the  total  work  of  deformation. 


10 
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A.     The  Flexible  Arch  and  the  Unstiffened 

Cable. 

§3.   The  Funicular  Pol.ys:oii  for  Given  Vertical  Loading. 

If  concentrated  vertical  loads  are  applied  on  a  cord,  fastened 
at  its  ends  and  considered  weightless,  it  will  assume  a  definite 
polygonal  form  dependent  upon  the  relations  between  the  loads. 
If  A  denotes  the  vertical  component  of  the  tension  at  one  of  the 
supports,  and  if  Pj . . .  P™  are  the  applied  loads  as  far  as  the  m^^ 
side  of  the  polygon,  the  vertical  component  of  the  stress  in  this 
side  will  be 


V,r.  =  A 


P.,, 


while  the  horizontal  component  II  will  l)e  the  same  for  all  the 

Fig.  15. 


sides.     The  angle  Xm  between  the  m^^  side  and  the  horizontal  is 
given  by 

\   m  .1     /  1         •  1  2   •  ■  •  '   n> 


tan  Tm  = 


H 


H 


and  the  tension  in  the  cord  by 


Tm  =  VVl-\-H'  =  HsecTm 


(1. 


(2. 


If  -Cm,  1/m  and  Xm+i,  2/mn  deuotc  the  coordinates  of  the 
vertices  adjoining  the  m^^  side,  referred  to  the  point  A  (Fig.  L5) 
as  origin,  we  also  have 

yl         /  I         J  2  ■  •  •  /  in    /  ^     \  /  Q 

2/m  +  1  —  yax  =  ^  •  [^m  +  i       ^m)  ....  \0. 


H 
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A   Pi   .  .  . jT  m  —  1  J   m         . 

or  A^m= ^ .AXm. 

In  like  manner  we  obtain  for  the  side  preceding 
A— P.-P....-Pm-i 

Al/:n-i==  ^ •  Aa^m-i. 

If  we  write 

and  if  Axm  =  Axm-i  =  a,  i.  e.,  if  the  horizontal  spacing  of  the 
vertices  of  the  polygon  is  uniform,  then  we  obtain 

^hj^=-^.a (3^ 

In  general  we  have 

(tan  Tm  —  tail  Tm-i)  = w i^^- 

The  funicular  polygon  for  the  loads  P  and  the  horizontal 
tension  H  may  also  be  determined  graphically  in  the  well-known 
manner  (Fig.  15). 

If  the  points  of  suspension  of  the  cord  lie  in  a  horizontal  line, 
the  force  A  is  the  same  as  the  reaction  of  a  simply  supported 
beam  and  is  found  from  the  moment  of  the  external  loads : 

X_i£lt£l (4. 

In  this  case,  if  /  is  the  versine  of  the  funicular  polygon  and  r 
the  lowest  vertex,  we  have,  from  the  equation  of  moments, 

n-  ^r  AXt  —  Pt(XT—Xi)—P2     {Xt  —  X^)   —  .  .  Pt.i     (Xr  —  Xr-i)  ,^ 

3=Y^ f  ^^• 

If  the  versine  /  is  not  given,  but  the  length  of  the  cord  in- 
stead; and  if,  in  addition,  the  points  of  attachment  of  the 
suspended  loads  1,  2  .  .  and,  thereby,  the  lengths  60^162  •  .  of  the 
individual  sides  of  the  polygon  are  fixed,  then  the  horizontal 
tension  is  given  by  the  relation : 

Vh^+a'^  VH^+(A—p,y~  Vn'+(A—Pi—p,y~^  ■  •■     h ^ 

It  is  readily  seen  that  the  stresses  T  in  the  successive  members 
of  the  polygon  increase  toward  the  points  of  support  and  attain 
their  maximum  values  in  the  first  and  last  members  of  the 
system ;  also  that  for  downward  acting  loads  the  stresses  in  a 
polygon  convex  downward  wall  be  purely  those  of  tension,  and 
in  a  polygon  convex  upward  they  will  be  purely  those  of  com- 
pression. 

If  the  loads  are  continuously  distributed,  the  funicular 
polygon   becomes   a  -continuous   curve.     If   q   is   the   load   per 
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horizontal  linear  unit  at  any  point  having  the  abscissa  x,  equ.  (3) 
becomes 

-,  A  —  J    q  d  X       -, 

dy  = Y^ .  d  X, 

from  which  (by  differentiation)  we  obtain  the  following  as  the 
differential  equation  of  the  equilibrium  curve : 

^5  =  -'/ ('• 

If  r  is  the  radius  of  curvature  of  the  equilibrium  curve, 

■   ^    = sec^T.     Substituting  this  in  the  last  equation  (7), 

we  obtain,  with  the  aid  of  Qi[\\.  (2), 

T^  =  q.r    cos-  r (8. 

and,  for  a  load  Qq  and  radius  of  curvature  )\,  at  the  crown  of 
the  curve, 

H  =  qoTo (9. 

For  a  uniformly  distributed  load,  i.  e.,  for  a  constant  q,  if  we 
take  the  origin  of  coordinates  at  the  crown,  the  integration  of 
equation  (7)  will  give 


2/  =  ll (10. 

Hence  the  equilibrium  curve  will,  in  this  case,  be  a  parabola.     If 
I  is  the  span  and  /  the  rise  (versine),  then 

Ji-rf- (11- 

consequently,  by  equ.  (10), 

2/=4/4 (12. 

The  largest  stress  in  the  cord  will  ])e 

Tr..^  =  ^lH^-+{iqiy=§j\ll-\-{^y..     (13. 

If  the  load  is  not  constant  per  horizontal  unit,  but  per  unit 
length  of  the  cord,  then  the  equilibrium  curve  takes  the  form 
of  the  common  catenary.  In  that  case,  with  the  origin  of  co- 
ordinates at  the  crown  of  the  curve,  equ.  (7)  becomes 

1  77 

From  this,  with  —  = as  the  parameter  of  the  catenary, 

we  obtain  the  following  equation  for  the  curve: 
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y  =  ^(e''''  +  e-'^-2) 


2c 


13 

(14. 


The  cord  length  s  of  the  catenary  is  given  by 

s  =  -^  V2ci/  +  c^r- (15. 

The  foregoing  equations  for  H  apply  also  to  an  obliquely 
suspended  cord  if  the  ordinates  y  are  measured  from  the  arch- 
chord  or  line  joining  the  points  of  support. 

If  the  funicular  polygon  is  carried  over  an  intermediate  sup- 
porting pier  (Fig.  15a)  in  such  a  manner  as  to  leave  it  free  either 

Fiff.  15a. 


to  slide  itself  or  to  displace  the  point  of  support,  then  the  cord 
will  assume  a  position  of  equilibrium  yielding  the  same  value  of 
H  on  both  sides  of  the  pier.  If  the  load  is  uniformly  distributed 
per  horizontal  unit  of  length,  with  the  intensity  q  in  one  span 
and  q'  in  the  other,  the  equalizing  of  the  horizontal  tensions 
given  by  equ.  (11)  will  impose  the  following  relation  between 
the  versines  of  the  two  parabolas : 


f_ 
f 
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§4.  The  Unstiffened  Suspension  Bridge. 

1.  Form  of  the  Cable  and  Value  of  the  Horizontal  Ten- 
sion. Let  ^0  denote  the  weight  per  horizontal  linear  unit  of 
the  roadway  suspended  from  the  cable  together  with  the  assumed 
uniformly  distril)uted  live  load. 

a.)  Chain-cahic  bridges.  "We  make  the  assumption,  near 
enough  to  the  truth  for  all  practical  conditions,  that  the  weight 
of  the  chain  is  so  distributed  as  if  its  curve  were  a  parabola  and 
its  cross-section  at  every  point  proportional  to  the  stresses  under 
maximum  loading.  Let  g^  be  the  weight  per  unit  length  of  the 
chain  at  the  crown ;  then,  at  a  distance  x  from  the  crown, 
the  weight  of  the  chain  per  horizontal  linear  unit  will  be 

gx  =  gosec-T. 
Substituting  the  following  value  for  the  parabola  of  equ.  (12), 


-'-i+(^y=i+ 


there  results 


5'x  =  S'o  ^1  H ji — f. 


Let  the  weight  of  the  suspension  rods  per  horizontal  linear 
unit 

=  jy  =  3  — ^• 

Then,  transferring  the  origin  of  coordinates  to  the  cro^\ai  of 
the  curve,  equ.   (7)  becomes, 

JJ  ^  =  (Zo  +   (7o  +   [fjo  -71-  +    J  -^J  J-. 

Introducing  the  abbreviations 

(I0  +  go=  q  ) 

then  the  double  integration  of  the  above  differential  equation 
will  yield 

?/  =  ^(^  +  r^=) (17. 

Substituting  in  this  equation  of  the  curve  the  coordinates  of 
one  of  its  points,  namely  x  =  ^  and  y  =  f,  we  obtain 
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H  =  i^(3+.--f) (18. 

Replacing  the  value  of  r  from  equ.   (16),  we  have  the  fol- 
lowing expression  for  the  horizontal  tension : 

If  Aq  is  the  cross-section  of  the  chain  at  the  crown  in  sq.  in., 
y  its  specific  weight  in  lbs.  per  cu.  ft.,  s  its  stress  under  severest 

loading  (in  lbs.  per  S(i.  in.),  then  gfo^  C'.Ao-  -j^  (lbs.  p.  1.  f.) 

and  ^0  =  —  •     Here  C  is  a  coefficient  representing  the  increase 

in  weight  allowed  for  the  details  of  construction  such  as  eye-bar 
heads,  pins,  etc.,  and  may  be  assumed  equal  to  1.15  to  1.20, 
Substituting  the  above  relations  in  equ.  (18'')and  solving  for 
Aq,  we  find 

A     =J ^ fiq 

8f    ^_C.7/J1    .     1   A     ^-'^• 

^      Ti¥  VSf  ^  3   V 

2 

The  weight  of  the  semi-cable  will  be  6r  =     C  g^.  dx,  or 

u 

«  =  C.4if4(l  +  ^4) (20. 

The  vertical  component  of  the  end-reaction  will  then  be 

y  =  \qol  +  \3.f-1+  G (21. 

and  the  greatest  tension  in  the  chain  is  given  by 

Tmax  =  V  y^  +  H' (22. 

The  cross-section  of  the  chain  at  the  points  of  support  must 
therefore  be 


^-=-^  =  ^oVl+^ 


(22^ 


At  these  points,  the  angle  M^hich  the  cable  makes  with  the 
horizontal  is  determined  by  tan  t  =  -— -  or,  approximately, 

tanr  =  ^(l^--^\-f) (23. 

?     \  go  +  (Jo    d    r  /  "> 

b.)      Wire-cahle  bridges.    A  wire  cable  has  a  uniform  cross- 
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section  throughout.     If  g  is  the  weight  of  the  cable  per  linear 
unit  (p.  1.  f.),  the  horizontal  projection  of  this  weight  will  give 

gz  =  g .sec  T 

or,  assuming  a  parabolic  curve  for  the  cable, 


V64  r'x* 
IH 1* — 

The  M^eight  of  the  suspension  rods  will  be  assumed  as  above. 
On  integrating  the  differential  equation  of  the  equilibrium  curve, 
we  obtain 

y^^H  (fl'  +  5°+^"'^ ) (24. 

where  ^  =  ^1^(^T^"^0 (^^* 

The  horizontal  tension  will  be 

B=g  (l  +  4-;;)-^  +  (4,  +  |i)4 (26. 

The  weight  of  the  half-cable  will  be  approximately 

6  =  6-1(1+4-;^)  (27. 

The  values  of  V  and  Tmax  are  given  by  formulae  (21)  and 
(22).     The  angle  which  the  cable  at  the  tower  makes  with  the 

horizontal  is  obtained  from  tan  t  =  — ,  or  approximately, 

te«.=-V(l+^f^i-P) (28. 

The  constant  cross-section  of  the  cable  is  determined  by 
A  =  -I^^^  =  -^  sec  T.     With  the  value  of  H  from  equ.   (26) 


7   1 

and  with  g  =~ttt-,  there  results 


^= \     //      1    X (29. 

The  length  of  the  chain  or  cable  will  be  given  by 


^=2jVi+(4fy^- 


^+w(7z'.)[i-w(ify+--i 


=  2  . 

dx' 
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where  -r^- and -7-4-  are  to  be  calculated  from  equ.  (17). 
a  X  a  X 

stituting  their  values,  we  obtain 

IQf 


Sub- 


Z     1  + 


G  +  r^ 


I 


,     _i_       ^' 


(30. 


For  small  values  of  r,  i.  e.,  for  a  small  ratio  of  rise  to  span, 
we  may  write  the  following  expression  for  the  cable-length,  ap- 
plicable also  to  flat  parabolic  curves : 

t-ifl+l^-f^l (31. 

2.  Maximum  Attainable  Span.  The  theoretical  limit  of 
span  attainable  with  a  suspension  bridge  is  determined  by  the 
condition  that  the  cable  shall  have  a  finite  cross-section,  hence 
that  the  denominator  of  equ.  (19)  or  (29)  must  remain  positive. 
This  criterion  becomes 

for  chain-cables,  ' 


1152 


In 


< 


Vy 


I        8 
7  +  T 


for  wire-cables 


1152  — 

7 


(l  +  ll)Vi  + 
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I' 


(32. 


We  thus  obtain  the  following  theoretic  values  of  the  maximum 
spans  for  the  given  working  stresses  and  rise-ratios : 


/ 

1 
8 

1 

10 

1 

12 

ft. 

1 
14 

1 
16 

lbs./ft.»    Ibs./in.a 

tt. 

ft. 

ft. 

ft. 

Chain-Cablea 

Wire-Cables 

^    _„„  j  s  =  12000 
C7  =  560j^_-^gQQQ 

.Q„  f  s  =  45000 

2960 

4440 

11580 

15440 

2403 

3605 

9700 

12933 

2020 

3030 

8290 

11053 

1740 
2610 
7220 
9627 

1527 
2290 
6380 
8507 

In  the  above  spans,  if  the  cable  is  to  have  a  finite  cross-section, 
it  must  carry  no  other  load  than  its  own  dead  weight.  The  above 
solution,  consequently,  does  not  give  the  maximum  practicable 
span  for  suspension  bridges  which  have  to  carry  a  definite  use- 
ful load  in  addition  to  the  weight  of  the  cable.  We  may,  how- 
ever, calculate  the  span  I  for  a  cable  of  the  maximum  practicable 
cross-section  when  the  rise-ratio,  working  stress  and  applied  load 
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are  specified.     If  the  weight  of  the  cable  per  unit  length  —  g, 

1  '^  T  ~Y  )'  ^^^^  ^^  ^0  denotes  the 
suspended  load  p.  1.  f.,  then  we  have 

^  ^  ^""^  ■     g'  +  qo    ^^^• 

It  is  important  to  note  here  that  Qq  is  not  quite  independent 
of  the  span-length,  but  increases  with  it  on  account  of  the  weight 
of  the  stiffening  construction  and  the  wind-bracing. 

Note: — The  problem  of  the  maximum  practicable  span  for  suspension 
bridges,  arising  in  connection  with  the  projects  for  bridging  the  North 
River,  was  investigated  by  a  special  commission  of  U.  S.  army  officers. 
Assuming  16  cables,  each  containing  6000  steel  wires,  No.  3,  B.  W.  G.,  with 
a  total  cross- section  of  5058  sq.  in.  and  weighing  (7  =  17,200  lbs.  p.  1.  f . ; 
also  adopting  a  working  stress  of  60,000  lbs.  per  sq.  in.,  a  live  load  consisting 

„       .    ^      ,       M            .   •                27,540,000.,  1    .        -, 

of  a  six-track  railway  giving  p  = lbs.  p.  1.  i.  and  a  corresponding 

V 

total  load  of 

_  iQRn^       27,764,726  +  3  24906  I  -j-  0  00055335  /= 
g,  _  ldb05  H  -  _^  0.000000003  /^ 

there  is  obtained,  for  a  rise-ratio  of  1:8,  the  value  of  ?^  4,335  ft.  for  the 
limiting  span. —  (Report  of  Board  of  Engineer  Officers  as  to  "the  maximum 
length  of  span  practicable  for  suspension  bridges":  Major  Chas.  W.  Ray- 
mond, Captain  W.  H.  Bixby,  Captain  Edward  Burr;  Washington,  Govern- 
ment Printing  Office,  1894.) 

3.  Economic  Ratio. of  Rise  to  Span.  The  rise  (or  versine) 
of  the  cable  affects,  on  the  one  hand,  its  own  weight  and  that 
of  the  suspension  rods  and,  on  the  other  hand,  the  cost  of  the 
towers.  If  we  overlook  the  effect  on  the  backstays  and  on  the 
masonry  of  the  anchorage,  we  may  determine  approximately 
the  rise-ratio  which  will  make  the  total  cost  a  minimum.  De- 
noting this  ratio  by  —  =  n,  the  ratio  of  the  cost  of  the  towers 
per  foot  of  height  to  the  price  per  pound  of  steel  construction 
by  P,  and  using  the  abbreviation  —rji — ■  =  e,    then,  with  the 

aid  of  equ.  (20)  and  a  small  admissible  simplification,  there  is 
obtained  the  equation  of  condition 

'(l+T«0  1 

5o^  +  o- c  n Qol'^  +  Pnl  =  min. 


8t-«(i+4"0 


Differentiating  and  solving  for  n,  and,  for  abbreviation,  put- 
ting the  very  small  quantity 

— =a,we  obtain, 


eq,l  +  P        -12 
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Neglecting  the  value  of  a,  we  have, 

^^        >/     8     ea„l  +  l'    


■qol  + 

For  example,  if  P  =1650,    c  =  0.0003,  q,, 
and  /  =  300  ft.,  then 

n  =  0.11  =  -^. 


, (35. 

2000  ll)s.  p.  1.  f. 


In  order,  however,  to  reduce  the  deflections  as  far  as  practi- 
cable (see  following  paragraph),  it  may  ho  desirable  to  reduce 
this  value  of  the  best  rise-ratio. 

4.  Deformations.  In  order  to  simplify  the  following  investi- 
gations, we  will  assume  the  cables  when  unloaded,  i.  e.,  subjected 
merely  to  their  o•^^^l  weight,  to  conform  to  paral^olic  curves ; 
this  is  very  closely  true  with  small  ratios  of  rise  to  span.  We 
vnll  also  neglect  the  resistance  to  deformation  afforded  by  the 
friction  at  the  pins  of  the  chain  or  by  the  stiffness  of  the  wire- 
cable.     Let 

g  =  the  total  dead  weight  of  the  bridge,  p.  1.  f . 

p  =  the  uniformly  distributed  live  load,  p.  1.  f. 

a.)   Maximum    crown- deflection    produced   ty   deformation 

under  load.     This  will  occur  when  a  certain  central  portion  of 

length  2  ^  is  loaded.     For  the  present  we  will  not  consider  the 

possible  displacements  of  the  cable-saddles  on  the  towers,  but  will 

assume  the  cables  as  fixed  at  the 
ends.  Let  /'  denote  the  versine 
of  the  cable  when  loaded,  so  that 
byequ.  (5), 


/'= 


+  ^- 


pHi-i) 


(a. 


2  H 

We  next  equate  the  expressions  for  the  cable-length  corre- 
sponding to  the  unloaded  and  loaded  conditions  respectively, 
the  former  being  obtained  from  the  approximate  equ.  (31)  by 
neglecting  the  third  term  therein ;  we  thus  obtain : 


2  2V      '^  3    ?V 


i-  + 


1 


Up+9ye+~ 


6 


+xS' 


4^  {l+2$)J  {l-2$)-\~^g^~ 
The  solution  of  this  equation  yields 


[ 


••(/?. 


H- 


W'ii 


cfl'  +  ^P9n+^P~ie-(^r^2pg)e  j  ..  (y. 


4f 

Substituting  this  value  in  equ.  (a),  there  results. 


2pi(l-i)  +  ^gr- 


V^R- 


9'P  +  -l-pgr-^-^3pHe-{4:p'+2pg)e  \ 


(36. 
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By  differentiating  this  expression   witli  reference   to   $,  we 
obtain  the  following  condition  for  a  maximum  value  of  /' : 


K-BX^i+of+KfyXf-Of 


+4(-f)X 


1— 


'p    ^\p 

^  0         ^  u 

p\    ^  ,  _1_ 

—  0 

.  (37. 


Solving  this  equation  for  ---    and  substituting  the  result  in 

equ.    (36),   we  obtain  the  following  values  for  the  maximum 
crown  deflection  A  /^  =  /'  —  / : 

2 


For 


0  -TT 


9 

~=  0.5         0.141         0.126         0.113         0.107 

Afi  =  0         0.028         0.045         0.067         0.079.f. 

From  this  tabulation  we  may  obtain  the  following  approxi- 

V  1 

mate  values,  sufficiently  accurate  between  the  limits  -^  =-7-  to  4 : 


-f  =  0.1  +  0.025-^ 
I  p 


A/i=  (0.007  +  0.046  -^-  -0.0075  -^)/ 
b.)    Crown-deflection  due  to  elongation  of  cable. 


(38. 


The  dif- 
ferentiation of  equ.  (31)  yields,  on  putting  the  rise-ratio  -y-  =n, 

V 

^f^=    16(5.-24»3)     AL (39. 

The  elongation  of  the  cable  (AL)  may  be  due  to  its  elastic 
strain,  to  temperature  variation,  or  to  a  yielding  of  the 
anchorages. 

If  s  is  the  intensity  of  stress  in  the  cable  under  maximum 
live  load  (=p),  then  the  elastic  stretch  due  to  dead  load  {g) 
will  be 

J V 

E 


ALg  = 


9+P 
and  the  increase  in  stretch  due  to  live  load  will  be 


ALn=4r 


(40. 
(41. 


P  T 

E      9+p   '-^ 

The  elongation  produced  by  a  temperature  variation  of  ±  T, 
with  a  coefficient  of  expansion  of  o)  =  .0000069,  is 

ALt=dii>itL (42. 

If  the  cable  over  the 
main  span  is  continued  on 
each  side  as  a  backstay 
to  the  anchorage  (Fig. 
17),     and     if     the     cable 


Fig.  17. 


vi 


IIL. 7^..z.:.. liL--^- 


is  capable  of  slipping  over  the  fixed  saddles,  then  the  value 
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of  L  in  equs.   (39)  to  (42)  must  consist  of  the  total  length  of 
cable  between  anchorages;  consequently 


<i+ 


32 


n 


n*)-\-2l^scca^ (43. 


If,  however,  a  displacement  of  the  saddle  will  occur  before 
the  cable  will  slip,  then  with  A  L  =  the  elongation  of  the  main 
cable  and  A  L^  =  the  elongation  of  one  of  the  backstays,  we 
should  have 


A/2= 


15 


2         15—8  (5h'— 36»«) 

hi')  ^    seca,        16(5n  — 24,i')        "^-^i* 


16  (5h— 24, 

Substituting  the  values 

AL  =  c.L==c.(1  +y  71^ ?-  n*jl, 

^L^  =  c  .L^  =  c  .  sec tti  .  ^1, 

where  c  is  given  by  the  coefficients  of  L  in  equs.  (40)  to  (42), 
we  obtain 


A/2=  l-jl—nl^+ 


15  +  96  n* 
16(5  n  — 24  h') 


(^+2^0  I  •  c  . .  (44. 


c.)  Crown-  deflection  produced  hy  displacement  of  the 
saddles.  If  a  displacement  of  the  saddles  reduces  the  effective 
span  of  the  cable  by  an  amount  A  I,  ^^dthout  a  simultaneous 
change  in  the  total  length  of  the  cable,  there  will  result  a  sag  or 
deflection  at  the  crown  amounting  to 


A  A 


15  — 8(5?^"— 36n*) 
16  (5/i  — 24n') 


Al 


(45. 


If  the  saddle-displacement  is  accompanied  by  a  slipping  of 
the  cable,  so  that  the  total  length  of  the  latter  between  anchor- 
ages (Fig.  17)  remains  unchanged,  then  the  crown  deflection 
becomes 


A/3  = 


15  —  8(5  n'  —  36  n*)  —  15  .  sec  a, 


M. 


(46. 


16  (5  w  —  24  n') 
d.)   Maximum  Jiorizontal  displacement  of  the  crown.      For 


the  lowest  point  of  the  cable  curve,  we  have 


dM 
d  X 


0 ;    accord- 


Fig.  18. 


ingly,  with  the  notation  of  Fig.  18, 
so  long  as  the  crown  {S)  is  to  the 
left  of  the  head  of  the  load  (£"), 


dM 

dx 


g(l-2x)+~p-^==0. 


£f g.— 

Consequently  x  will  have  its  maximum  value  when  ^  has  its 
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maximum  value,  hence  when  ^  =  1  —  x.     Substituting  this  value 
in  the  above  equation,  we  obtain 

I  ~      p  ^^  'p  ^  p' ' 

Hence  the  maximum  deviation  of  the  crown  from  the  center  of 
the  span  will  l)c 

-f  =  ---  +  ^--V-M^-^-  (47. 

I        ^         p         ^   p     '     p  ^ 

The  total  rise  of  the  cable  may  be  assumed  invariable  for  all 
ordinary  values  of  g  :  p.  Consequently,  the  uplift  of  the  cable 
at  the  center  of  the  span  will  amount  to 

^/.=  (T^y./ (48. 

We  thus  obtain  the  following  values : 


for 


—  =44  1  2  3 

p  6  2 

e=        0.167       0.134       0.086       0.051       0.036  Z 
A/,=         0.0625     0.0445     0.0214     0.0084     0.0045/ 

Example.  It  is  required  to  design  a  suspension  bridge  with  steel-wire 
cables  to  carry  a  roadway  12  meters  wide.  Span  1=  100  m  =  (328  ft.), 
rise  /  =  8  m.  Two  cables  are  used.  The  loads  per  cable  per  linear  meter 
are:  Dead  weight  of  roadway  =  1400  kg.  (=  940  lbs.  p.  1.  f.),  live  load  = 
400  X  6  =  2400  kg.    (=  82  X  19.7  =  1615  lbs.  p.  1.  f.),  hence  q„  =  3800  kg. ; 

also  the  weight  of  the  suspension  rods,  j  =z  '^  .  -^  =  -f-att  X  -T?r=  ^-^  kg. 

s       10  800  10 

((-/„        7  2555        488  \ 

==  — •  •  -rn  ~  II  QQO  ^  T44  ~  '^■^  '^'^^'  P®^  ft.  p.  1.  f.  1      The  working  stress 

is  taken  at  s  =  2000  kg.  per  sq.  cm.     {=z  28,460  lbs.  per  sq.  in.).     Using 

if 
tanr  =  —  =  0,32,  sec  r  =  1.050,  the  value  of  the  uniform  cable  cross-section 

I 

is  given  by  equ.  (29)  as  A  =  333.7  cm.^  (=  51.7  sq.  in.) .  The  weight  of  a 
cable  is  therefore  q  =  0.78  •  A  —  260.3  kg.  per  m.  (  =  175  lbs.  per  ft. ),  and 
the  horizontal  tension  is,  by  equ.  (26),  H  =  635.6  tonnes  (  =:  1,402,000  lbs.) 
The  angle  of  suspension  is  now  more  accurately  given  by  equ.  (28)  as 
<a/^T  =  0.32024;  and  the  length  of  the  cable  is  given  by  equ  (30)  as 
L=- 101.672  m. 

If  there  is  no  stiffening  construction,  the  deflections  are  calculated  as 
follows:     The  maximum  crown  deflection  under  partial   (symmetrical)  load- 


•        •       •  -K  .QQ^  (^       P         2400\ 

mg  IS  given  by  equ.  (38)  I  for  J-  ^  j^^  1 


as 


A  /i  =  0.057  •  /  =  0.456  m. 

If  the  horizontal  lengths  of  the  backstays  are  taken  as  l^  =  25  m.,  then 
the  crown  deflection  due  to  elastic  stretch  under  full  load  is  given  by  equs. 
(44)  and  (41), 

A  fa  =0.208  m. 

The  deflection  due  to  a  temperature  variation  of  it  30°  C.  is,  by  equs.  (44)' 
and  (42), 

A  ft  =  ±  0.144  m. 


The  Unstiffened  Suspension  Bridge.  23 

Finally,  by  eqii.  (47),  the  largest  horizonLcvl  displacement  of  the  crown  will 
be  c  =  0.110  /  =  11  m.,  and  the  correspomling  uplift  at  the  center  of  the  span 
is,  by  equ.  (48),  A  /^  =  0.0325  f  =  0.260  ni.  The  total  vertical  displacement 
at  the  center  of  the  span  caused  by  the  crossing  of  the  maximum  live  load 
amounts  therefore,  in  the  unstiffened  suspension  bridge,  appro.ximately  to 
-)-0.46  m.  and  —  0.26  m.,  i.  e.,  0.72  m.,  to  which  must  be  added  the  tempera- 
ture deflections  of  ±  0.144  m. 

5.  Secondary  Stresses.  The  preceding  theory  of  the  flex- 
ible cable  is  based  on  the  assumption  that  the  cable  (or  chain) 
is  constantly  free  to  assume  the  curve  of  equilibrium  correspond- 
ing to  the  momentary  loading;  this  neglects  the  resistance  to 
deformation  offered  by  the  friction  in  the  hinges  of  the  chain 
or  the  stiffness  of  the  wire  of  the  cable.  Although  the  latter 
effect  may  be  so  small  as  to  have  no  appreciable  influence  on 
the  stresses  in  the  cable,  it  will  generally  be  otherwise  with  the 
frictional  resistances  in  the  chain-hinges ;  exiDcriments  made  on 
existing  bridges  by  Stciner  and  Franl~el  with  the  aid  of  Frankel's 
Extensometer,  have  demonstrated  the  occurrence  of  considerable 
bending  strains  in  the  individual  links  of  the  chain. 

If  T  denotes  the  axial  tension  in  one  of  the  links,  d  the 
diameter  of  the  pin  at  the  hinge,  and  <^  the  coefficient  of  fric- 
tion, then  the  bending  moment  transmitted  to  the  link  by  friction 

may  reach  the  value  M  ^  (f) .  T  .  — g— .     Approximately  we  may 

take  <f> .  T  =  4>'  .  H,   where,  in  the  most  severely  stressed  link, 

</)'==</>   (1  +  8  -jtT  )  •     Then,   to  obtain  the   greatest  possible 

value  of  the  bending  moment,  H  must  be  determined  for  that 
intensity  of  loading  which,  applied  asymmetrically,  will  produce 

moments  of  deformation  equal  to  the  friction-moment  cf)'  .  H  . -^  . 

For  this  purpose,  we  may  consider  the  live  load  of  p  per  linear 
unit  resolved  into  two  parts  p'  and  p'',  where  the  former  covers 
the  span  only  partially  so  as  to  produce  the  bending  moment 
given  by  equ.  (104^)  as  3/ =  0.0165  p' I- ;  while  the  second  part 
p"  is  supposed  to  cover  the  entire  span.  Then,  neglecting  the 
effect  of  the  load  p'  upon  the  value  of  H,  we  have 


0.0165p'?^  =  </>'.  4-  (P''  +ff)-r-4- 


whence 


ff    I  0.264  ,       ,       , 

P      +'^°        0.264 +  0-ji      <P+g'- 

f 

Hence,  the  maximum  bending  moment  will  be 

Tif         <P'-d  0.264  ,        ,       ,       I' 

^  =  -IT  •  — d-  (P  +  9)-T- 

0.264  -f-  0'y-  ' 
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Thus,  knowing  the  sectional  dimensions  of  the  members  of 
the  chain,  we  may  readily  determine  the  bending  stresses.  For 
the  friction  coefficient  cf>,  particularly  in  old  chain  bridges  where 
rust  may  occur,  a  high  value  should  be  adopted,  at  least  <^=0.20. 

Example.  In  an  existing  chain-bridge  of  275  ft.  span  and  18.6  ft.  rise 
there  is  carried  by  each  chain  its  own  weight  of  gf  =  650  lbs.  p.  1.  f .  together 
with  an  applied  load  of  7>  =  8201bs.  p.  1.  f.  For  these  values  ;/g+p  =  746.000 
lbs.     The  diameter  of  the  pins  amounts  to  d  =  0.164  ft.     Using  0'  =  0.25, 

0  9fi4. 
we  find    ,  Z'7        ,  ^    =  0.99  and  M  =  0.25  X  0.082  X  746,000  X  0.99  = 
0.264  +  0'! 

15,140    ft.    lbs.     The    chain    consists  of    5    eye-bars,   each  5.2    inches  deep 
and  1.22    inches  thick;   hence  each  bar  must  take  a    bending  moment  of 

15  140  X  12 

— ? — ^ —  =  36,330  in.  lbs.  ,   and   with  a  section  modulus  of  5.5  in^,  the 

resulting  maximum  fiber  stress  will  be  — 1-= —  =  6,600  lbs.  per  sq.in. 
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B.     The  Stiffened  Suspension  Bridge. 

§5.  Approximate  Theory.  In  order  to  reduce  the  static 
distortions  of  the  funicular  polygon  or  flexible  cable  discussed 
in  §4,  there  is  introduced  a  straight  truss  connected  to  the  cable 
by  suspension  rods.  This  stiffening  truss  may  either  extend 
over  a  single  span,  i.  e.,  simply  rest  on  two  supports,  or  it  may 
be  built  continuous  over  several  spans.  In  the  latter  form,  the 
only  cases  of  practical  application  are  those  of  two  equal  spans 
or  of  three  spans.  As  already  mentioned  in  the  Introduction, 
this  type  of  structure  is  statically  indeterminate ;  but,  by  intro- 
ducing a  hinge  in  the  stiffening  truss,  we  may  either  secure 
determinateness  or  at  least  reduce  the  degree  of  indeterminate- 
ness. 

We  first  adopt  the  assumption  that  the  truss  is  sufficiently 
stiff  to  render  the  deformations  of  the  cable  due  to  moving  load 
practically  negligible ;  in  other  w'ords,  w'e  assume,  as  in  all  other 
rigid  structures,  that  the  lever-arms  of  the  applied  forces  are  not 
altered  by  the  deformations  of  the  system.  This  approximate 
theory  will  usually  be  sufficiently  accurate  for  all  practical  pur- 
poses ;  but,  in  order  to  determine  the  limits  of  its  applicability, 
a  method  for  a  more  exact  design  will  be  appended. 

1.  Conditions  for  Equilibrium  of  the  Funicular  Polygon. 
Equations  (1)  to  (5),  (§3),  will  also  apply  here  if  the  forces  P 
in  those  equations  are  put  -p.     ,_ 

equal  to  the  stresses  of  the  ^^' 

suspension  rods  S  in- 
creased by  the  panel-loads 
K  corresponding  to  the 
dead  weight  of  the  cable. 
If  the  rods  are  located  at 
uniform  intervals  a,  then 
we  have  by  equ.    (3^) 

-H.ASj:n=  (Sm  +  K)  .a (49. 

If  the  vertices  of  the  funicular  polygon  lie  along  a  parabola 
with  a  vertical  axis,  and  if  the  adjacent  rods  are  distant  a  and 
a'  from  the  m^  rod,  then  equ.  (3'')  gives, 


H 


4f  (a  -f  a') 


=  S:n-\-K 


(50. 


Hence,  if  the  cable  is  parabolic,  and  if  the  panel-points  are 
uniformly  spaced  (horizontally),  the  suspender-foreca  must  be 
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uniform  throughout.  It  thus  becomes  the  function  of  the  stif- 
fening-truss  to  distribute  any  arbitrary  live  load  in  whatever 
manner  may  be  demanded  by  the  particular  form  of  the  cable- 
curve. 

If  the  cable  is  continuously  curved,  then  the  applied  loads 
per  horizontal  linear  unit  are  given  by 


Sm  ~]      "^   


H. 


and  if  the  curve  is  a  parabola,  the  uniform  loading  becomes 


8/ 


s  +k  =  H.f- 


(51. 


(52. 


The  approximate  theory  assumes  that  the  above  equations 
(49)  to  (52)  hold  true  even  after  deformation.  This  assumption 
is  all  the  more  admissible  the  stiffer  the  truss,  for  the  less  will 
then  be  the  deflections  transmitted  by  the  rods  to  the  cable. 


Fig.   20. 


K;*jr 


2.  Forces  Acting  on  the  Stiffening  Truss.  These  com- 
prise the  dead  weight  of  the  truss  and  any  construction  it  may 
carry,  the  live  load,  and  the  stresses  in  the  suspenders  which  are, 
in  effect,  vertical  loads  directed  upward.  If  we  imagine  the  last 
forces  removed,  then  the  bending  momeiit  M  and  the  shear  S 
at  any  section  of  the  truss  distant  x  from  the  left  end  may  be 
determined  exactly  as  for  an  ordinary  beam  (simple  or  con- 
tinuous according  as  the  truss  rests  on  two  or  more  supports). 
This  moment  and  shear  would  be  produced  if  the  cable  did  not 
exist  and  the  entire  load  were  carried  by  the  truss  alone.  If 
—  3/ a  represents  the  bending  moment  of  the  suspender- forces  at 
the  section  considered,  then  the  total  moment  in  the  stiffening 
truss  will  be  3/  =  M  —  il/,. 

Let  the  straight  line  passing  through  A'  and  B\  the  points 
of  the  cable  directly  above  the  ends  of  the  truss  (Fig.  20),  be 
adopted  as  a  coordinate  axis  from  which  to  measure  the  ordi- 
nates  y  of  tlie  funicular  polygon.    Also  consider  the  dead  weight 
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of  the  cable   (A:  p.  1.  f.)  to  be  uniformly  distributed.     We  then 
have  the  following  cases : 

a.)   For  a  truss  simply  resting  on  two  supports,  with  span 
A  B  =1,  by  a  familiar  property  of  the  funicular  polygon, 


Ms  +   -o-/>'-«  (l-x)  =  II  .y; 


eonse(iuently 


3I  =  M-^  -^kx  {I  —  x)  —E  .  ij . 


(53. 


Considering  the  cable-weight  as  included  in  the  load  carried 
by  the  stiffening  truss,  also  representing  M  by  the  oitiinates  y 
of  an  equilibrium  polygon  or  curve  constructed  for  the  applied 
loading  with  a  pole  distance  =  H,  we  have 


M  =  M  —  H  .  y  =  H .  (y  —  y) 


(54. 


Hence  the  hending  vioment  at  any  section  of  the  stiffening 
truss  is  proportional  to  the  vertical  intercept  hctiveen  the  axis 

Fig.  21. 


of  the  cable  and  the  eqidlihrium  polygon  for  the  applied  loads 
drawn  through  the  points  A'  B'  (Fig.  20). 


/?.)   For  a  stiffening  truss  continuous  over  several  spans, 


Ms=-E.y 
hence 

M=M-n(y 


0 


=  R  \y  — m '' -r m'- 


l  —  X 

I 


> 


,f     X  ,     I  —  X 

m    — m    — - — 


) 


(55. 


Here  1/%  and  if's  denote  the  end  bending  moments  produced 
by  the  suspender  forces  acting  on  the  continuous  truss,  intro- 
duced with  their  appropriate  negative  signs.  These  moments 
may  readily  be  represented  by  the  lengths  wi'  and  m^',  with  a 
pole  distance  H  =1,  for  any  given  form  of  cable. 

In  the  case  represented  in  Fig.  21,  where  the  truss  extends 
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symmetrically  over  two  side  spans   but   without   connection  to 
the  backstays,  we  have 


in  the  main  span,  M ^M  —  H  (y  —  m) 


in  the  side  span,  M  =  M  -{-  H .  m 


X 

17 


(56. 


With  a  uniform  distribution  of  the  suspender  forces,  i.  e.,  for 
a  parabolic  cable-curve  or  chain-polygon,  if  the  ratio  of  span- 
lengths  is  r=  -~-    and  if  i  =  —j-  is  the  ratio  between  the  mo- 

ments  of  inertia  of  the  cross-sections  of  the  stiffening  truss  in 
the  main  and  side  spans  respectively,  the  theorem  of  three 
moments  gives 

'  / (57. 


m= 


3  +  2  ir 


Denoting  the  coefficient  of  /  in  the  above  equation  by  the 
symbol  «    (a  constant  for  any  given  structure),  m  =  c  .  /,  hence 


in  the  main  span,  M  =  M  —  H  (y—  e.f)  " 


X 


in  the  side  span,  M  =  M  -]-  H  .-^  .ef 


..    (57* 


If  the  truss  is  connected  to  the  cable  by  suspension  rods  in 
the  side  spans  also  (Fig.  22),  then,  with  a  parabolic  cable  curve, 


B' 


Fig.  22. 


2(l  +  tr')      . 


3  +  2  fr      ■  ■' ^^^• 

As  before,  let  us  designate  the  coefficient  of  /  in  this  equation 
by  the  constant  e,  so  that  m  =  e  .  /.     We  then  obtain, 

for  the  main  span,  M=  M  —  H  (y  —  €.  f) 

for  the  side  spans,  M=M  —  H  (y^ ~.€.  f) 


..    (58^ 


where  t/i  represents  the  ordinates  of  the  side-cable  below  the 
connecting  chord  A'  B'. 

The  transverse  shears  S  are  given  by  the  following  equations : 
a.)    In  the  single-span  stiffening  truss 

S  =  S  -  H  (tan  t  -  tan  a)     (50. 
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/?.)    In  the  continuous  stiffening  truss, 

S  =  S-  H  (^tan  -  -  tan  a  +   '"'~'""  )  ...    (60. 

Here  r  denotes  the  inclination  to  the  horizontal  of  the  tangent 
to  the  cable  curve  at  the  given  section,  and  a  is  the  inclination 
to  the  horizontal  of  the  cable-chord  joining  the  points  of  suspen- 
sion; both  of  these  angles  are  reckoned  positive  when  directed 
downwards  to  the  right,  m'  and  m"  have  the  significance  pre- 
viously assigned.  For  the  case  represented  by  Fig.  21,  the  shears 
will  be 


in  the  main  span,  S  =^  S  —  H  tan  t 

2  f 


in  the  side  spans,  8  =  S  -\~  H 


S  +  2ir       h 


..  (61. 


If  the  truss  is  suspended  in  the  side  spans  also,  the  second 
of  equs.  (61)  is  replaced  by 

S=S  +  H  (|-x^ .  -J-  +  tan  a  —  tan  t\  ....  (62. 

3.  Determination  of  the  Horizontal  Tension   E.     In  the 

bridge  systems  considered  above,  the  horizontal  tension  is 
statically  indeterminate  unless  another  condition  is  furnished  by 
some  special  construction  so  as  to  eliminate  the  indeterminateness 
in  this  respect.  For  instance,  the  cable  might  be  given  a  definite, 
invariable  H  by  replacing  one  of  the  anchorages  by  an  attached 
weight.  The  stiffening  truss  would  then  be  subjected  to  an  un- 
changing upward  loading. — Another  arrangement  that  has  been 
proposed,  but  never  yet  executed,  is  to  balance  the  end-reactions 
or  to  fix  the  ratio  of  the  cable  and  truss  reactions  by  supporting 
both  of  these  members  on  the  ends  of  a  common  lever.       If 

n  =  — —  is  the  ratio  of  the  lever  ^^' 


arm  of  the  truss  to  that  of  the  ^ 
cable-tower,  then,   with    the    ar- 
rangement and  loading  shown  in 
Fig.  23, 


V 


'la 


MZ     p^--\ ^ ^ 


^■(^^ - I 


H  =  —^   •  -H-i —  cotana (63. 

In  actual  practice,  however,  the  only  cases  of  importance  are 
the  following  two  arrangements : 

a.)  The  stiffening  truss  is  provided  ivith  a  central  hinge. 
This  furnishes  a  condition  which  enables  //  to  be  directly  de- 
termined; viz.,  at  the  section  through  the  hinge  the  moment  M 
must  equal  zero.  Consequently,  if  the  bending  moment  at  the 
same  section  of  a  simple  beam  is  denoted  by  Mo,  and  if  /  is  the 
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ordinate  of  the  corresponding  point  of  the  cable,   then   for   a 
single-span  bridge,  by  eqii.   (54) 

H  =  ^  (64. 

and  for  a  continuous  truss  having  a  hinge  in  the  central  span, 
by  eqii.   (56) 

rr  Mo  .    _ 

H  = (6b. 

f  —  m 

b.)  TJie  stiffening  truss  has  no  central  hinge,  and  is  not  pro- 
vided with  any  of  the  devices,  described  above,  for  making  it 
statically  determinate.  The  required  equation  for  the  determi- 
nation of  the  horizontal  tension  must  therefore  be  deduced  from 
the  elastic  deformations  of  the  system.  Various  procedures  may 
be  adopted  for  this  purpose.  We  may,  for  example,  equate  the 
variations  in  the  cable-ordinates,  increased  by  the  elongations 
of  the  suspension  rods,  to  the  deflections  of  the  stiffening  truss, 
and  thus  develop  an  expression  for  H.  A  simpler  method,  how- 
ever, consists  in  applying  the  "Theorem  of  Least  Work." 

If  N  denotes  the  axial  stress  and  M  the  bending  moment  at 
any  section  of  an  individual  member  of  the  system,  and  if  s  is  the 
length  of  the  member,  A  its  cross-section,  /  its  moment  of  inertia 
about  the  neutral  axis,  and  E  its  coefficient  of  elasticity,  then  the 
familiar  expression  for  the  work  of  deformation  is 


W 


and  the  resulting  equation  of  condition  for  the  case  under  con- 
sideration is 

dW        fN     dN      ,     ,    r  M      dM     -.         „  ,„_ 

-dH=}EA-dH"^'-^iW'YE-'^'  =  ^ (6^- 

To  apply  this  equation,  it  is  simply  necessary  to  express  the 
axial  stress  and  bending  moment  for  each  part  of  the  system  in 
terms  of  the  external  forces  and  the  unknown  horizontal  tension 
77. 

a.)  Let  us  first  consider  the  type  of  construction  shown  in 
Fig.  19,  consisting  of  a  suspension  bridge  with  stift'ening  truss 
extending  over  but  one  span.     Let 

A  =  cross-section  of  the  cable  at  any  point. 
^0  ^  cross-section  of  the  cable  at  the  crown. 
A  =  length  of  cable  between  consecutive  rods. 
a  =  horizontal  distance  between  consecutive  rods. 
2^-1  =  cross-section  of  the  stiffening  truss. 
(=  cross-section  of  the  two  chords.) 
I  =  moment  of  inertia  of  stiffening  truss. 
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Aj==  cross-section  of  a  suspension  rod. 
y'  =  length  of  a  suspension  rod. 

y  =  ordinate  to  cable  measured  below  the  closing  chord. 
h  =  effective  depth  of  the  stiffening  truss. 

(  =  distance  between  the  neutral  axes  of  the  two  chords.) 

/  =  the  versine  (or  rise)  of  the  cable. 
/'  =  height  of  the  end  posts  or  towers. 
A^  =  cross-section  of  end  posts  or  towers. 
l^  =  horizontal  projection  of  the  backstays. 
ttj  =  inclination  to  horizontal  of  backstays. 

a  =  angle  of  suspension  of  the  cable. 
O  =  total  load  on  the  stiffening  truss. 
A,B  =  resulting  vertical  end  reactions. 
K  =  weight  of  cable  per  panel  point. 

k  =  weight  of  cable  per  linear  foot. 

Remembering  that  the  stress  in  the  cable  (or  chain)  is 

T^E— (68. 

a 

and  assuming  that  the  cross-section  at  every  point  is  proportional 

to  the  stress,  then  we  have  A  =  Ar.  •  —    and  for  the  backstavs 

A'  =  Aq.  sec  tti. 

We  must  now  write  out  the  expression  of  equ.  (67)  for  each 
member  of  the  system,  for  which  purpose  the  following  tabula- 
tion will  be  used.  In  this  table,  the  stress  in  the  suspension  rods 
is  taken  from  equ.  (49)  ;  and  it  is  assumed  either 

a.)  that  the  stiffening  truss  is  not  independently  supported 
but  is  hung,  at  the  ends,  from  the  points  of  suspension  of  the 
cable,  or 

b.)  that  the  stiffening  truss  has  independent  supports,  one 
fixed  and  the  other  movable  horizontally,  which,  on  account  of 
the  possible  negative  reactions,  must  be  considered  as  anchored 
down. 
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III  I 

Noting  that  2  A-=  2  a- +  2  (A)/)^  =Z.a—   2  /y  A- //,    and 

0  0  0  0 

that  for   an  approximately  parabolic    curve    of    cable  we    may 
write    I  y'^  V  — ^  .  (ix==j-  |   '^-^    ,  we    obtain   from  the   rela- 
tion ' —  =0   the  following  expressions  for  the  horizontal  tension  : 
dU  ox 

For  the  case  a)  : 


k 


0 

H  = 


i  -^A^i/  +  2^  sec^a,+  '^i,  '4  {A-yr+2r  j^  tan' a 
()    a  A2  0  a~  A3 


+  ^0/-^ 


(69. 


For  the  case  b-)  : 

I 


'^oj,. 


AJ-    fy'dx> 


^r7<'^+(i:^'-^^+¥/'T) 


8/ 


k 


H- 


0  ct  A2  0  a' 


,,AoE 


y'dx 


^-V''f^^^{tana  +  tana,y+A,^'^ 


(70. 


Here  E],  is  the  elastic  coefficient  for  compression  of  the  towers. 
Fig.  24.  Fig.  25. 


Putting  /i  =  0,  equ.  (69)  gives  also  the  horizontal  thrust  for 
the  arched-polygon  with  stiffening  truss  (Fig.  24). 
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Equ.  (69)  may  also  be  applied  to  the  form  of  structure 
represented  in  Fig.  25,  by  putting  l^  =  0,  /'  =  0,  y'  =  y,  and 

adding  to  the  denominator  of  the  expression  the  term       r,^    ■  I, 
representing  the  axial  tension  in  the  stiffening  truss. 

The  same  term  must  also  be  appended  to  the  denominators 
of  equs.  (69)  and  (70),  at  the  same  time  putting  li  =  0,  if  in- 
stead of  the  backstays  there  is  introduced  a  strut  of  section  2Ai 
connecting  the  points  of  suspension  of  the  cable. 

Dividing  numerator  and  denominator  of  the  preceding  equa- 
tions by  Aq,  and  collecting  the  terms  that  do  not  contain  /  under 
the  symbols  Q  and  q  respectively,  we  obtain  the  following  gen- 
eral expression  for  II : 


My 


r  M 
J    T 


Q    ,    H^ 


dx  +    ,    + 


8/ 


y-  dx 


E- 


(71. 


/ 


y"^  dx 


+ 


Ao 


As  the  second  term  of  the  numerator  is  usually  negligible 
compared  to  the  first  term,  we  have  very  nearly 

Uy 


/ 


dx 


H 


kr- 


S 


I     ^  A, 


+ffi}->^) 


{IV 


where  n  denotes  the  very  small  quantity 


Fig.  26. 


.1./ 


y-  dx 


"We    now    introduce    the    assumption    that    the    moment    of 
inertia  of  the  truss,  I,  is  constant  within  any  panel-length  a,  and 
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its  value  in  any  panel  between  the  (m  —  l)tli  and  (m)th  suspen- 
sion rods  will  be  denoted  by  /„.  Then  the  definite  integrals  in 
the  above  formula  may  be  resolved  into  summations,  the  terms 
for  which  are  obtained  by  extending  the  integration  to  each 
separate  panel.     In  this  process  we  may  use  the  values 


X 
I*  .11 


and 


x' 


where  Mm_i  and  Mm  are  the  ordinary  beam  bending  moments  at 
the  panel-points  m  —  1  and  m,  and  the  abscissae  x'  are  measured 
from  the  (>h  —  l)th  panel  point.    We  then  obtain 

i_    f  yi]jdX=    -^    [M:n-i    (2  IJ^.^   +    !/m)   +  Mm    (2  l/m    +    i/m-i)] 

0 

and 

-L    f   ;/^Zj;=-^[(/m-i(2l/m-i  +  ^m)   +  l/.-n  (2  ^m  +  I/m-i)  ]  . 
0 

Adopting  a  mean  moment  of  inertia  1^  and  a  mean  panel- 
length  tto;  we  obtain  the  following  summation  expressions : 

+  M„  (2  !/.„  +  !;..,)  I  +-^~-  \  Mn,(2i/n,  +  »/..0 
and,  similarly, 

/\f  d  X  flo      -^  r  flm         to        /n  I  \ 
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Introducing,  for  abbreviation,  the  symbol 

^■"  (72. 

and  substituting  in  equ.   (71^),  we  obtain  a  final  expression  for 
the  horizontal  tension  due  to  the  external  loading : 

I 

H--1 — (73. 

g      h 


_o 

2   */m  Vn,  +      „ 
0  "» 


If  the  loading  consists  merely  of  a  concentration  G,  distant 
$  from  the  left  support,  then  the  two  summations  in  the  above 
expression  may  be  given  a  static  significance,  enabling  them  to 
be  determined  graphically.  Thus,  if  x^  is  the  abscissa  of  any 
panel  point, 

'  r  /  _  t    ^  £    ^  1 

2    M^Vm=G\  r—    2  Xm  I'm  +     f  2       (/-   —    ^m)    I'm  1=6'.  M 

0  L       '  0  '     £  J  i 

and     2  ijm  Vm  =  /w, 

0 

where  m^  signifies  the  moment,  at  the  load-point  {^),  produc- 
ible in  a  simply  supported  beam  loaded  at  every  panel  point 
(m)  with  a  vertical  force  of  magnitude  I'm-  Similarly,  fi  is  the 
static  moment,  about  the  chord  A  B,  of  the  forces  v  conceived  as 
acting  horizontally  at  the  respective  panel  points.  These  mo- 
ments may  readily  be  constructed  as  the  ordinates  of  the  proper 
funicular  polygons. 

If  the  panel-length  a  is  constant,  then 

Vm  =  -Qj^   (2  U:^  +    ?/m-l)    +      6  ,\^^      (2  Vm  +  2/m.i), 

and  if  the  moment  of  inertia,  /,  is  also  constant, 

Vm=  y   (i/:n-i+  4  i/:n  +  ?/m.i), 

or,  with  sufficient  accuracy, 

Via i/m- 

The  graphic  construction  is  executed  exactly  as  in  Fig.  54, 
(see  §17).  We  first  divide  the  area  between  the  cable  and  its 
chord  into  strips  of  width  a,  which  may  be  taken  equal  to  the 
spacing  of  the  suspension  rods  j   and  the  load-elements  v  are 
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either  computed  by  equ.  (72)  or  assumed  approximately  equal  to 
the  ordinates  y.  With  the  pole  distance  p,  we  next  construct  the 
two  funicular  polygons  &  and  c  for  the  forces  v  acting  vertically 
and  horizontally,  respectiveh'.  The  ordinate  of  the  polygon  &, 
directly  under  the  point  of  application  of  the  load,  gives  the 
value  of  H,  if  the  concentration  G  is  represented  by  a  length 
composed  of  the  intercept  iioU  of  the  polygon  c  on  the  chord  A  B 

plus  the  length  nn^=  c=  -^ ^.  Thus, 

(lop        A.O 

m 
H=      ,  ^      ■  G (74. 

In  an  actual  design,  the  data  were:    1  =  50  m.,  /=  6.5  m., 

2  ^  A'w  =  4.506  m.,  l^  =  15m.,        \"        =  2.049  ;  the  effect  of 
a         '^  Ao 

the  suspension  rods  was  neglected.     Choosing  a  =  2.5  m.,  p  =  35 

m.,  there  was  obtained  c  =  2.167  m.     For  a  load  at  the  center  of 

19  3 
the  span,  the  construction  yielded  E^  -^^'     =  1.286  G. 

If  the  stiffening  beam  is  a  truss  with  parallel  chords,  then 

in  equs.  (71)  to  (74)  we  may  write  7  =  A^-  -^  •    Again  7  may 

be  assumed  constant  either  throughout  each  panel  a  or,  for  a 
first  approximation,  throughout  the  entire  span.  If  we  desire, 
furthermore,  to  include  the  effect  of  the  wel]  meml)ers,  if  A4  is 
the  section  of  any  web  member  and  y  its  inclination  to  the  ver- 
tical, then,  by  equ.  (59),  we  must  correct  equs.  (69)  and  (70) 
by  adding  to  the  numerators  of  the  expressions  for  H  the  term, 

-1 sec^y   •    2   S  ^ .  A  y,     and  to  the  denominators  the  term, 

-| r  sec^  y  •   s  ^{\yY.     The    following    values,    therefore, 

must  be  substituted  in  equ.  (71)  and  the  subsequent  formulae, 
for  the  case  (b)  : 

^        '       x'l,     0  «  0        -^4 

g  =  i-2f  A^^  +  2/,5ec=a,  +  4^2^  (A^j)^ 

0    0>  -A.^        d 

J^2r  t--  ~  {tan  a-\-  tana^y  -^Ksec^y  k^  \S^yy. 
A^    Ei^  a~  0  ^4 

However,  in  the  total  work  of  deformation,  the  influence  of 
the  web  members  of  the  stiffening  truss,  as  well  as  that  of  the 
suspension  rods,  is  so  slight  that  the  corresponding  terms  may, 
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without  apprecial)le  error,  be  neglected.  Under  the  usual  con- 
ditions of  practice,  their  effect  on  the  value  of  H  cannot  exceed 
0.3  to  0.5%. 

If  the  cable  or  arch  is  parabolic  in  form,  then,  taking  the 
origin  of  coordinates  at  the  left  point  of  support,  the  equation 
of  the  curve  will  be 

y=f   0-  —  x)  .X. 

If,  furthermore,  the  distances  a  between  suspension  rods  are 
assumed  vanishingly  small,  the  summations  in  the  expression 
for  //  may  be  replaced  by  the  corresponding  integrations,  thus 
yielding  the  following  values : 

0 

0 
0 

I 

0    a  ^  ax'  I    \  6       / 


0 


0     a  J  dx^  3     I 


Finally,  if  the  moment  of  inertia  of  the  stiffening  truss  is 
assumed  constant  (  =  /)  for  the  entire  span,  and  if  the  loading 
consists  of  a  concentration  G  located  at  a  distance  |  from  the  left 
end  of  the  span,  then  we  have 

jm.y.dx=G  ~\(l-$l'fx'il—x)dx-\-$-fx(l-xy.dx'\ 

Substituting  the  above  values  for  the  summations  of  equ. 
(70),  we  obtain  the  following  expression  for  the  horizontal  ten- 
sion: 
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^=7 


tLC/)'  -'-(7)'+  1  ]«-[«(3r-=o  A^.--J]« 


111  this  expression,  Ao  denotes  the  sectional  area  of  the  siis- 

A- 
pension  rods  per  linear  foot  of  span,  i.  e.,    — -. 

Neglecting  the  effect  of  the  elongation  of  the  rods,  as  well  as 
that  of  the  compression  of  the  towers,  and  omitting  the  cable- 
weight  from  consideration,  we  have 

H      ic:-2|+i).o^ 

-tl  =-^ ; : T7^ — li ; 


U'-o. 


+  3  37T=(i  +  ¥-';^  +  2t»-".) (^5- 


The  last  equation  will  usually  be  accurate  enough  for  a  pre- 
liminary design;  on  the  basis  of  the  results  thus  obtained,  an 
estimate  can  be  made  of  the  probable  variation  of  the  moments 
of  inertia  (7),  and  a  re-design  may  then  be  executed  by  the 
more  exact  equation  (71)  or  (73).  Of  course  it  will  be  neces- 
sary, in  the  first  design,  to  guess  the  probable  value  of  the  ratio 
7/^oj  but  the  range  of  this  (juantity  in  practice  lies  between  such 
narrow  limits  that  the  corresponding  variation  in  H  is  quite 

inappreciable.    If  we  denote  the  ratio    ■       .        by  the  symbol  n, 

A  of 

A  H 

and    if    A  n   is    its    variation,    then    approximately  —^ —  ^ 

30 
—  ^-rww-  •  An.  As  may  be  shown  by  a  study  of  actual  designs, 

o-f-6\J)i 

the  ratio  n  always  lies  between  the  limits  0.01  and  0.02,  so  that, 

A77 
at  the  mean  value,  -— —  ==  3.55  .  Aw ;    consequently,  if  the  varia- 

H 
tioii  of   )i  is  0.01,   the  resulting  error  in  H  will  not  be  more 
than  3.6%. 

If  the  horizontal  span  of  the  cable  I'  differs  from  the  span 
of  the  truss  /-,  we  must  substitute  I'  for  I  in  the  first  two  terms 
of  the  denominator  in  equ.  (69)  or  (70),  also  multiply  the  terms 

containing-—  in  the  denominator  of  equ.  (75)  by—.      In    this 

case,  /  is  the  versine  of  the  cable  for  the  span  I. 

ft.)  By  the  same  analysis  as  was  applied  in  deriving  equ. 
(69),  we  may  also  obtain  the  expression  for  H  for  a  three-span 
suspension  bridge  (Fig.  27).  It  will  here  suffice  to  derive  the 
approximate  ecjuations  based  on  the  assumptions  of  a  parabolic 
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weightless  cable,  and  a  stiffening  truss  with  moment  of  inertia 
constant  throughout  each  span. 
In  the  following,  let 

/  =  the  versine  of  the  cable  in  the  main  span  (l), 
/i  =  the  versine  of  the  cable  in  the  side  spans  (l^),  measured 

vertically,* 
h  =  the  horizontal  distance  from  tower  to  anchorage, 
ai=  inclination  to  the  horizontal  of  the  cable-chord  in  the. 
side  span, 
I     I      =  moments  of  inertia  of  the  stiffening  truss  in  main  and 
side  spans  respectively. 
Fig.  27. 


I.    \ 


Then,  for  a  concentration  G  in  the  main  span,  distant  ^  from 
either  tower, 


H= 


(i)'-Kfy+'-^o-f)-^r7gk7O-i)[^4^+0-ofe 


If  the  concentration  is  applied  in  the  side  span  at  a  distance 
^  from  the  end-support,  the  horizontal  tension  in  the  cable  will 
be: 


'(76. 


H 


![(0-<0=+a74^0-(iy) 


3  I 


pN:,o-ay)  \}-h^i!i-^)m\u 


8  Ih  / 

g-4s+3    ^^  +  2^( 


-G  y..{lQ\ 


5   f 


3/r        16  f         h  /        16  f^ 

+  ^aTA  1+  ^"^  +2  y  ^1+  -3-yi  +  tan^a- 


.)] 


A.fV'^   3    V 

If  the  stiffening  truss  is  suspended  from  the  cable  in  the  side 
spans  also,  then,  in  the  above  equations: 


*In  Fif^.  27,  /",  sliould  be  measured  vertically,  not  obliquely  as  wrongly 
indicated  by  the  drawing. 
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n 


r~  (si  +  2  -J~  u) 


(77. 


But  if  the  stiffening  truss,  although  continuous,  is  not  con- 
nected with  the  cable  in  the  side  spans,  then,  in  the  above  equa- 
tions, we  must  put  /i  =  0  and 


21 


Sl  +  2l^ 


(78. 


/i 


If,  in  the  latter  case,  it  is  desired  to  include  the  effect  of  the 
elongation  of  the  rods  in  the  main  span  and  the  compression 
of  the  towers  (of  height/'),  then  there  must  be  added  to  the 
denominators  of  the  above  expressions  for  H  the  terms : 

7^[-|!r(*-f+'«-y/'  +  ^(/'-lO/1 

The  last  term  in  the  numerators  of  the  above  expressions,  1.  e., 


the  term  containing  the  factor 


ih 


vanishes  when  the 


cable  curves  in  the  main  and  side  spans  are  parts  of  like  para- 
bolas, when  there  are  no  suspenders  in  the  side  spans,  or  when 
the  stiffening  truss  is  interrupted  (i.  e.,  hinged)  at  the  towers. 
In  the  last  case,  viz.,  the  two-hinged  suspension  ibridge,  we  must 
also  put  the  factor  of  continuity  e  =  0,  thus  obtaining  the  fol- 
lowing simplified  equations : 

For  a  load  G  in  the  main  span. 


H  = 


(4)'-^^)+! 


l(i+2S-^')+^i+¥-^+2t(i+^;::+'-'«.)] 

■i.o 

f 

For  a  load  G  in  the  side  span. 


(79. 


'  f 


G 


(79,. 


To  investigate  the  effect  of  a  moving  load,  it  is  advisable  to 
apply  the  Method  of  Influence  Lines. 
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On  account  of  their  frequent  application  in  the  present  and  succeeding 
parts  of  this  book,  the  general  properties  of  influence  lines  will  here  be 
reviewed.  To  obtain  the  influence  line  for  any  given  function  for  which 
we  wish  to  investigate  the  law  of  loading,  we  erect  at  each  position  of 
the  load  an  ordinate  equal  to  the  corresponding  value  of  the  function. 
The  resulting  curve  then  indicates  definitely  the  positions  at  which  the 
influence  of  the  load  is  maximum  or  minimum,  and  also  assists  in  deter- 
mining the  most  unfavorable  position  for  a  train  load.  If  the  influence 
line  is  constructed  for  a  moving  load  equal  to  unity,  then  the  function 
in  the  case  of  a  series  of  concentrations  will  be  equal  to  the  sum  of 
the  products  of  the  loads  by  the  ordinates  {¥)  of  the  influence  line 
corresponding  to  their  points  of  application.  If,  instead  of  a  unit  load, 
any   force    G   be   taken   as   the   basis   of   tlie   influence   line,   then   for   the 

concentrations  P  we  must  take  the  sum  --;-  Z  F  Y.     The  influence  line  is 

a  continuous  curve  if  the  loads  are  applied  directly  to  the  main  truss 
(or  other  structure).  If,  on  the  contrary,  the  loading  may  act  only 
on  isolated  points  of  the  truss,  as  in  the  case  of  principal  trusses  sup- 
porting transverse  floor-beams,  then  the  curve  is  replaced  by  an  inscribed 
polygon  of  straight  lines  with  vertices  located  in  the  vertical  lines  through 
the  points  of  direct  loading.  (Proof:  Let  P  be  the  load  in  any  panel 
a  between  two  transverse  beams  at  which  the  ordinates  for  a  unit-load 
influence  line  are  Y,  and  Y„  ;  let  e  be  the  distance  of  the  load  from  the 
first  of  these  panel  points;  then  the  ordinate  Y  of  the  influence  line  at 
the  point  of  application  of  the  load  must  satisfy  the  equation 

P(a  —  e)  P.e 

p  .  Y=Y,  — +r„  — •, 

showing  that  Y  is  the  ordinate  of  the  straight  line  joining  Y,   and  Y„  ). 

If  a  train  of  concentrations  is  placed  arbitrarily  upon  the  structure, 
it  will  in  general  be  necessary  to  shift  the  entire  system  of  loads  one 
way  or  the  other  before  they  will  yield  a  maximum  value  of  the  given 
'  function.  In  order  to  establish  a  criterion  for  the  proper  direction  of 
this  shift  or  displacement,  let  a^,  a-,,  a,,  .  .  . ,  be  the  angles  of  inclination 
of  the  sides  of  the  influence  polygon  and  let  Pj,  P.,  Pi  ...  be  the  loads 
lying  within  the  projections  of  the  respective  sides.  Then  the  combined 
influence  of  these  loads  is  represented  by  the  sum  P,  Y^  +  Pj  Yo  +  -P3  Y^  + 
etc.;  and  the  variation  of  this  function  producible  by  a  displacement  of 
the  entire  train  through  the  distance  A|  (it  being  assumed  that  during  this 
displacement  no  load  enters  or  leaves  the  span  or  crosses  a  panel  point) 
will  be  given  by 

A^  (Pi  tan  Oi  +  •P2  ian  Oj  +  P3  tan  a^  ■\-   .  .  . ) 

since,  by  this  displacement  A|,  the  ordinate  Y  corresponding  to  any 
load  will  be  increased  by  A^.  tan  a.  If  the  truss  is  directly  loaded,  so 
that  the  influence  line  is  a  curve  instead  of  a  polygon,  the  same  expret-sion 
applies  provided  that  ai,  a,  ...  are  the  inclinations  to  the  horizontal  of 
the  tangents  to  the  curve  at  the  load-points  and  A$  is  assumed  to  be 
an  infinitesimal  displacement.  We  thus  find  that  to  secure  the  most 
unfavorable  loading  (yielding  the  maximum  value  of  the  function)  there 
must  be  a  displacement  either  to  the  right  or  to  the  left  according  as 
the  expression  in  the  parenthesis  is  positive  or  negative  in  value;  also  that, 
in  general,  to  secure  the  above  condition  one  of  the  concentrations  must 
rest  at  a  panel  point.  The  above  expression  may  be  represented  graphically 
as  follows:  Lay  off  the  loads  upon  a  vertical  line;  commencing  at  the 
top  of  this  load-line  construct  a  polygon  whose  sides  make  the  angles 
ai,  02  .  .  .  with  the  vertical  and  have  for  their  vertical  projections  the 
respective  forces  Pi,  Pj    ....     The  position  of  the  terminal  point  of  this 
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polygonal  series  of  lines,  to  the  right  or  left  of  the  load-line,  determines 
the  direction  of  the  required  displacement  of  the  series  of  concentrations. 

Finally,  the  influence  line  also  shows  the  effect  of  a  continuous  uniform 
load..  This  effect  will  be  represented  by  the  area  included  between  the 
influence  line  and  the  axis  of  abscissae  within  the  limits  of  the  loading. 

To  obtain  the  H-influence  line  or  H-ciirve,  we  must  cal- 
culate the  values  of  //  by  the  preceding  formulae  for  different 
possible  positions  of  a  unit  load  and  plot  these  values  as  ordi- 
nates  at  the  respective  load-points.  We  may  then  find  the  values 
of  H  for  any  loading  consisting  either  of  a  train  of  concentra- 
tions or  of  a  continuous  load.  Thus,  if  we  denote  by  ■/?i,'»/2-  •  •  •the 
ordinates  of  the  i7-curve  at  the  points  of  application  of  the 
loads  Pi,  Po ,  then  the  horizontal  force  is  given  by 

H=P,  ^^4-P3^^+.... 

If,  instead,  we  have  a  continuous  load  of  intensity  q  per  unit 
length  distributed  uniformly  over  the  distance  X2  —  x^,  then  the 
horizontal  force  will  be 

E  =  q  I  7]dx  =  q.^, 

where  $  is  the  area  of  the  JJ-curve  included  between  the  ordi- 
nates which  mark  the  limits  of  the  loading.  If  a  hinge  is  intro- 
duced in  the  middle  of  the  span,  then,  by  equs.  (64)  and  (65), 
the  Z7-curve  will  be  identical  with  the  influence  line  for  moments 
at  the  central  section  of  the  truss.  "With  a  simple  (non-contin- 
uous)   stiffening  truss,   the    H-curve   thus   becomes   a   triangle 

having  a  maximum  ordinate  of  -^  O  y  at  the  crown. 

Example.  a)  In  a  suspension  bridge  with  a  continuous  stiffening 
truss,  as  in  Fig.  27,  let  h  =  O.-i  i,  /  =  0.1  i,  /.  =  0.04  I,,  I  =  ^  I,  and 

75"=  7^;   also  let  I.  =  0.5  I,  and  tan  a^  =  0.25.      Then,  by  equ.   (77), 


Aof  ~   60 

e  =-^^47^/ 0  4)'"  y-=  0.377,  and  equs.  (76)   and    (76")    yield  the  follow- 
ing values  of  the  horizontal  tension : 

Load  in  a  side  span : 

J .   0.1      0.2      0.3     0.4     0.5     0.6     0.7     0.8     0.9 

h 
U   =  —0.0174  -0.0406  —0.0721  —0.1109  —0.1525  — 0.1S90  — 0.20S7  — O.iyCSQ  — O.lSlu  G 

Load  in  the  main  span: 
-^  =  0.1  0.2  0.3  0.4  0.5 

£f=:  0.7061     1.3832     1,9354     2.2944     2.4185  .  G. 
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The  accompanying  Fig.  28 
gives  the  IT-curve  constructed 
from   the   above   values. 

Example,  b)  If  the  stiff 
ening  truss  is  hinged  at  the 
towers,  then,  for  the  same  data 
as  in  the  preceding  example, 
we  obtain  the  following  values 
of  H  by  equs    (79)  and  (79")  : 


Via:.   28 


h 
H 


For  a  load  in  a  side  span : 

=  0.1  0.2  0.3  0.4  0.5 

0.0671     0.1270     0.1739     0.2036     0.2139  .  G. 
For  a  load  in  the  main  span: 


I 


=  0.1 


0.2 


0.3 


0.4 


0.5 


H  =-  0.5245     0.9922     1.3587     1.5912     1.6710  .  G. 
According  to  the  expression  for  E,  the  value  of  the  horizontal  force 
depends  upon  the  assumed   value  of  the   ratio  — 75-  .    But,  as   previously 

do  I 

noted,  this  ratio  in  all  practical  cases  will  fall  between  sufficiently  close 
limiting  values,  and  any  error  in  estimating  it  will  not  affect  the  value 
of  H  appreciably.     Thus,  in  the  above  example   (a),  if 

0,       then  E  will  be 


A,f~  20' 
0.85, 


80' 
1.021, 


1.098   times  the  values   calculated  above. 
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§  6.    Tallies  of  H  for  Special  Cases  of  Loading.    The 

following  formulae  are  derived  by  integrating  the  expressions 
derived  above  for  the  action  of  concentrated  loads. 

1.  Stiffening  Truss  with  Central  Hinge.     Single  Span.     If 

the  truss  is  completely  loaded  with  p  per  unit  length,  by   (64), 


H=-g-.-.p?, 


(80. 


If  the  truss  is  uniformlv  loaded  for  a  distance  A  from  one  end, 
by  (64), 


for    A  < 


2  > 


H  = 


v\' 


for    A>4.    H  =  -|^(2ZA-A^-  4-) 


(81." 


2.  Stiffening  Truss  without  Central  Hinge;  constant  mo- 
ment of  inertia  (/),  parabolic  cable. 

a.)     Single  Span.     If  the  truss  is  completely  loacled  with  p 
per  unit  length,  by  (75), 

"--BtIt-T-P' (82. 

If  the  truss  is  uniformly  loaded  for  a  distance  A  from  one  end, 
by  (75), 

H=i[K})-4(}y+l](T)^f^'-(«3. 

Here  iV^j  represents  the  denominator  of  equ.  (75)  or  (75*). 

b.)     Three  Spans.  Stiffening  Truss  Continuous.     (Fig.  27.) 
Main  span  completely  loaded:   By  (76), 


XT       1    fl         1 


2    3;. 


..(84. 


Both  side  spans  completely  loaded:   By  (76=^), 

lU        r.       3 


TT    A,n  All        II,       r   _ 

^u\5    f         8^4    3;/,+  2/,/  L 


(85. 
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Main  span  loaded  for  a  distance  A  from  either  tower:  By  (76), 

H=^{[ic-r-iay+4]-a^ 


+ 


lU 


[i-'- +(-;■- Of]) 


2     3  11,+ 2  1,1 

0^2A)}(Ay.f.. 


(86. 


Side  span  loaded  for  a  distance  A  from  the  free  end :     By 

(76^), 


(87. 


H=^{Ba)-i(^)+i]^- 

Here  N-^  represents  the  denominator  of  equs.  (76)  and  (76''). 

c.)     Three  Spans.     Stiffening  Truss  Interrupted  (Hinged) 
at  the  Towers.     (Fig.  29.) 


■if i   ^       : 


For  loading  in  the  main  span,  equs.   (82)   and  (83)   apply 
if  there  is  snhstituted  for  N  the  denominator  of  equ.  (79). 
For  a  complete  loading  of  both  side  spans,  by   (79^)  : 


H= 


2       hUl  L 


Ph 


(88. 


For  a  continuous  load  in  either  side  span  covering  a  distance 
A  from  the  free  end,  by  (79^*)  : 
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§  7.    Stresses  in  the  Stiffening  Truss. 

1.  To  Find  the  Maximum  Stresses  in  the  individual  members 
of  the  stiffening  truss,  it  is  necessary  to  first  determine  the  max- 
iiiuim  bending  moments  and  shears  in  the  structure.  If  it  con- 
sists of  a  truss  with  parallel  chords,  the  chord  stresses  are 
obtained  from  the  bending  moments  and  the  web  stresses  from 
the  shears.  The  moments  M,  according  to  equs.  (54)  to  (58), 
may  be  represented  by  the  products  E  .  z,  where  z  denotes  the 
vertical  intercepts  between  the  e(|uilibrium  polygon  of  the 
external  loading  and  the  axis  of  the  cable.  These  moment  inter- 
Fig.  30. 


eepts  must  be  measured  in  the  vertical  lines  passing  through  the 
panel-points  lying  opposite  tbe  given  chord  members,  and  con- 
sequently (see  Fig.  30), 


r. 


1^ 


^^  =  +  T  =  +f 


E 


(90. 


If,  as  in  the  system  of  Fig.  32,  the  horizontal  thrust  of  the 
arch  is  taken  up  by  the  stiffening  truss,  tlien  the  resulting  axial 
stress  must  naturally  be  taken  into  consideration  in  proportion- 
ing the  members.     The  chord  stresses  will  then  be 


H 


h 


(91. 


In  general,  therefore,  we  may  put 


C/x=- 


pi 


E 


h 


(92. 
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where  e^i  and  ei  are  the  intercepts  between  the  equilibrium 
polygon  and  the  axis  of  the  arch-curve,  or  (in  the  structures 
of  Figs.  25  and  32)  ])etween  the  eciuilibrium  polygon  and  two 
lines  obtained  by  shifting  the  arch  curve  upward  or  downward 

by  an  amount  ~. 

2.  Reaction  Locus.  Loading  for  Maximum  Stress.  In  order 
to  determine  the  positions  of  the  moving  load  for  maximum 
stresses  in  the  stiffening  truss,  it  is  necessary  first  to  investigate 
the  influence  of  a  moving  concentration.  If  the  graphic  method 
is  selected  for  this  purpose,  the  problem  reduces  to  finding  the 
equilibrium  polygon  for  any  position  of  the  load.    This  involves 


Fig.  31. 


i^J-^ 


no  special  difficulty  after  the  value  of  the  horizontal  thrust  for 
the  construction  of  the  equilibrium  polygon  is  obtained  from 
the  H-euYYe. 

a.)  For  a  Simple  Non-Continuous  Stiffening  T^'uss,  the 
equilibrium  polygon  must  pass  through  the  points  of  suspen- 
sion (A'B')  of  the  cable.  In  this  case  the  direction  of  the  sides 
of  the  equilibrium  polygon  (or  triangle)  is  simply  found  from 
the  resultant  of  the  horizontal  tension  H  and  the  vertical  end- 
reaction  ;  this  reaction,  for  a  load  placed  at  a  distance  $  from 


the  end  A,  is  defined  by  G 


I-  ? 


and  hence  is  given  by  the 


ordinates  of  the  straight  line  h  c  (Fig.  31).     If  we  construct  the 
equilibrium  polygon,  as  indicated  in  the  figure,  for  other  posi- 
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tions  of  the  load,  the  geometric  locus  of  the  point  E  in  which 
the  two  sides  of  the  polygon  intersect  each  other  and  the  load- 
line  will  yield  a  curve  K  E  K,  which  we  name  the  Reaction  Locv^. 
The  ordinates  of  this  curve,  measured  from  the  chord  A' B' , 
are  analytically  defined  by 


V 


H  .1 


(93. 


Substituting  the  approximate  expression  of  (75^)  for  E,  we  have 

A^5  .  f 


V 


f 


(94. 


From  the  latter  equation,  by  putting  ^  =  0,  we  obtain  the 
ordinate  of  the  point  K ;  to  determine  the  same  point  by  con- 


Fig.  32. 


Tension- r 
Comp'n  " 
Tension 
Comp'n 


struction  we  utilize  the  relation  A'  K  =  G  .  cot  a,  where  a  is  the 
inclination  of  the  tangent  to  the  fl'-curve  at  a. 

If  the  stiffening  truss  has  an  intermediate  hinge,  the  moment 
at  this  section  must  equal  zero;  hence  the  equilibrium  polygon 
must  always  pass  through  the  point  of  the  arch-curve  directly 
above  the  hinge.  The  reaction  locus  in  that  case  consists  of 
two  straight  lines  forming  the  prolongations  of  the  chords  A^  d 
and  B,C\  (Fig.  32). 

The  equations  of  these  two  lines,  referred  to  A^  B^  as  axis 
of  abscissae,  are 
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and 


V  =  --T-   (' 


i 
I 

2/ 
I 


(95. 


Since,  by  equ.  (90),  the  stress  in  the  upper  chord  member 
rt  (Fig,  31),  or  in  the  lower  chord  member  s  u,  is  determined 
by  the  intercept  between  the  erinililirium  polygon  and  the  point 
M  of  the  cable,  then  the  point  J  (Fig.  31),  in  which  the  con- 
necting line  A'M  intersects  the  reaction  locus,  will  be  the 
critical  point  for  the  above  members,  i.  e.,  the  position  at  which 
the  moving  concentration  produces  a  change  of  stress  in  the 
given  chord  members.  For  all  loads  placed  to  the  right  of  J, 
the  equilibrium  polygon  will  be  above  the  cal)le-curve  at  M, 
hence  z  will  be  negative ;  while  for  all  loads  to  the  left  of  J 
(up  to  some  point  J^  where  the  connecting  line  B'  M  may  cut  the 
reaction  locus),  the  equilibrium  polygon  will  fall  below  the 
cable-point  M,  so  that  z  will  be  positive.  Consequently,  a  load 
covering  the  distance  J  B  will  produce  the  maximnm  tension  in 
the  upper  chord  r  t  and  the  maximmn  compression  in  the  loiver 
chord  s  u ;  while  a  load  covering  the  remainder  of  the  span  A  J 
(or  J  Ji)  will  produce  the  maximnm  compression  in  the  upper 
chord  and  the  maximum  tension  in  the  lower  chord. 

For  those  systems  in  which  the  horizontal  force  H  is  taken 
up  by  the  chords  of  the  stiif ening  truss  ( Fig.  25 ) ,  it  is  necessary, 
as  deduced  above  from  equ.  (91),  to  replace  the  cable-curve  by 

two  similar  curves  distant  ±  -^  from  it,  the  upper  one  govern- 
ing the  design  of  the  upper  chord  and  the  lower  one  governing 
the  design  of  the  lower  chord  (Fig.  32). 

Analytically,  the  abscissa  of  the  load-division  point  or  critical 
point  J  is  given  by 


X 


^1=-  •  ^x 


(96. 


where  x  and  y  denote  the  coordinates  of  the  point  M  referred 
to  the  closing  chord  A^B^.  Substituting  for  -q^  its  value  from 
(94),  we  obtain  the  following  equation  for  the  bridge  without 
a  central  hinge : 

, (97. 


X 


il  +  m  +  r-i^  =  N,,.r~f.~ 


For  a  center-hinged  stiffening  truss,  by  equ.  95,  the  critical 
point  will  be  given  by 

li_       2fx 

I        l.y  +  2fx       

and  for  a  parabolic  cable-curve, 

I        31  — 2x        


(98. 


(98^ 
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b.)  In  the  Three-Span  Suspension  Bridge  Having  a  Contin- 
uous Stiffening  Truss,  there  is  an  added  ditficulty ;  as  the  bend- 
ing moments  at  the  intermediate  supports  are  no  longer  zero,  the 
equilibrium  polygon  does  not  pass  through  the  suspension-points 
of  the  cable.  If  M,  =  H.mi  and  iyio  =  fl^.ni2  are  the  bending 
moments  produced  at  the  intermediate  supports  by  the  vertical 
loads  acting  on  the  continuous  truss,  then  (by  Fig.  21)  the 
equilibrium  polygon  must  pass  through  two  points  respectively 
(m^ — m)  and  (m.  —  m)  above  the  cable  suspension-points,  where 
m  is  determined  by  equs.  (57)  and  (58).  (This  is  equivalent  to 
expressing  the  resultant  bending  moments  at  these  points  as  the 
difiPerence  between  the  moments  due  to  the  downward-acting 
loads  and  those  due  to  the  upward-acting  suspender  forces.) 
The  quantities  M^  and  Mo,  or  m^  and  m.,  must  be  determined  by 
the  theory  of  the  continuous  beam  (Theorem  of  Three  Moments) 
either  by  computation  or  by  construction: 

In  Fig.  33,  the  graphic  solution  is  indicated.  F,  F^  are  two 
fixed  points  located  in  the  main  span  by  laying  off  B,,F=  C,,F^ 

=  Z  -=-  (  3  +  2-—^).     Then  lay  off  C,,E=  B„C\—SF,C„ 

and  EG=BC  •  -|^  ;  also  GH=^  ^  'G-  ^-^^.     The  last  dis- 
B,,  /'    '  H  I 

tance  {G H)  is  equal  to  the  intercept  31  T,  at  the  point  of  load- 
ing, of  the  ordinary  equilibrium  polygon  constructed  with  the 
pole  distance  H.  The  connecting  line  E  H  intercepts  on  the  load- 
vertical  a  distance  M  L;  this  is  m^.  (The  corresponding  analyt- 
ical relation,  derived  from  the  Theorem  of  Three  Moments,  is 

1       Ih  '  I        \  (l  +  2tr)    (3-|-2ir) 

where  r  is  the  span  ratio,  h  :  I,  and  i  is  the  ratio  of  the  moments 
of  inertia,  /  :  Zj.)  Similarly,  the  distance  intercepted  by  E  11  on 
the  symmetrically  located  vertical  will  be  nio.  Projecting  these 
two  intercepts  (m^  and  nio)  upon  the  respective  end-verticals, 
the  resulting  connecting  line  N  0  will  be  the  closing  side  of  the 
equilibrium  polygon ;  and  transferring  the  altitude  M  T  to  P  K, 
we  obtain  N  K  0  as  the  true  equilibrium  polygon  in  its  proper 
position  relative  to  the  cable-curve. 

Going  through  this  construction  of  the  equilibrium  polygon 
for  different  positions  of  a  concentrated  load,  there  is  finally 
obtained  the  Reaction  Locus  K,  K,,  as  the  geometric  locus  of  the 
point  K  in  which  the  sides  of  the  equilibrium  polygon,  repre- 
senting the  end-reactions,  intersect  the  load  vertical.  Further- 
more, the  different  directions  of  the  sides  of  the  equilibrium 
polygon  envelop  a  curve  UUi,  which  we  call  the  Reaction  Tangent 


m,  = 
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Curve.  We  also  construct  the  curve  A,,  Q  whose  ordinates  are 
the  end-moments  per  unit  H(  =mi),  for  different  positions  of 
the  concentration  in  the  side  span.  With  a  load  at  Q,  if  the 
point  Q  is  projected  horizontally  to  Q],  the  line  drawn  from  Q^ 
through  the  fixed  point  F^  represents  the  line  of  the  equilibrium 
polygon  in  the  main  span.  (The  corresponding  analytical 
expressions  are 


m, 


and 


H 


Hh-0' 


tr 


7^0+0 


h         J(3  +  2ir)  (1  +  2 
where  i  and  r  have  the  significations  given  above.) 

It  now  becomes  a  simple  matter  to  determine  the  manner 

Fig.  33. 


of  loading  for  producing  the  maximum  bending  moments  at 
any  section  of  the  stiffening  truss.  If  S.  is  the  point  of  the  cable 
at  the  given  vertical  section,  then  the  tangent  from  S^  to 
the  Reaction  Tangent  Curve  U  ^^^ll  intersect  the  Reaction 
Locus  at  some  point  J  which  will  be  the  "load-division 
point"  (  ==  critical  point)  in  the  main  span;  while  the  critical 
point  in  the  left  side  span  will  be  given  by  the  point  Q.  In 
Fig.  33  are  shown  the  diagrams  of  loading  for  three  different 
cross-sections,  8i,  Sn,  S^. 

If  the  three-span  bridge  is  hinged  at  the  towers,  the  equi- 
librium polygons  for  a  concentrated  load  and  the  resulting  reac- 
tion locus  are  determined  for  each  span  exactly  as  in  Fig.  31. 
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For  producing  maximum  positive  (or  negative)  moments  at  any 
section,  the  corresponding  span  must  be  loaded  up  to  the  critical 
point,  and  the  other  two  spans  must  be  free  from  (or  full  of) 
load. 

3.  Determination  of  the  Moments  for  Full  Loading  and  for 
the  Severest  (Critical)  Loading. 

a.)  Metliod  of  Influence  Lines.  In  a  single-span  bridge 
(Fig,  31),  the  moment  produced  at  any  cross-section  M  is 
expressed  by 

M=^M-Ey^y\^-B\ (99. 

M 
For  a  moving  concentration,  —  represents  the  moment  influence 

line  of  a  simple  beam,  constructed  with  the  pole  distance  y. 
Hence  the  moment  M  is  proportional  to  the  difference  between 
the  ordinates  of  this  influence  line  and  those  of  the  fi^-curve. 

The  influence  line   for  the  simple-beam  moments   is 

y 

familiarly  obtained  as  a  triangle  whose  altitude  at  the  given 
section  =  — —.    It  may  be  constructed,  however,  by  using 

L  .y 

the  point  J  (Figs.  31  and  32),  which  is  obtained  by  the  aid  of 
the  reaction  locus  as  previously  described,  and  projected  down 
to  the  point  i  in  the  Z7-curve.  If  $i  and  <E>2  are  the  areas  respect- 
ively above  and  below  the  H-curve,  included  between  it  and  the 
above-mentioned  influence  line  (areas  i  h  h  and  a  m  i,  in  Fig.  31) , 
then,  for  a  uniformly  distributed  load  of  p  per  unit  length, 


max  (+M)  ^^  -$2  -y 
max  (—  1/)=-^-  ^1  .  y 


(100. 


For  finding  the  areas  $,  proceed  as  follows :   First  determine 
the  areas  of  the  fl'-curve  by  analytic  or  graphic  integration, 

divide  by  -g-,  and  plot  the  resulting  lengths  as  the  ordiuates 

of  a  curve  h  kl  ;  so  that,  for  instance,  the  area  1)  i'  i  h  =  i'k  ■  -^ 

(Fig.  31).    Then  the  ordinate  i'k  gives  the  value  of  H  for  a  uni- 
form   load    covering     the  length    B  J    if,  at    the  same    time, 

a  c  =  G  =  — ^ — .     Similarly,  dividing  the  area  of  the  triangle 
ii'l)    by    -g-  gives    the    ordinate   i'n.      Consequently    we   have 
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^i==kn  •  -g-  and 

max  ( —  M)  =  kn  .  y. 

In  the  same  manner  we  find  the  effect  of  a  full  loading  to  be 

If  tot  =  tl  .y, 
and  therefore  the  maximum  positive  moment  will  be 
max  {-\-  M)  =  (kn-\-  tl)  .y. 

The  distances  k  )i  and  1 1  are  to  be  measured  on  a  force-scale  fixed 
by  the  relation  a  c  =  -\-. 

The  above  treatment  may  also  be  applied  to  the  continuous 
stiffening  truss  (Fig.  33),  but  in  that  case  the  influence  line 
for  the  moments  M  is  no  longer  simply  a  triangle  but  must  be 
specially  derived  from  the  theory  of  the  continuous  beam.  For 
this  purpose  we  may  utilize  the  equilibrium  polygons  which  were 
required  in  constructing  the  reaction  locus ;  the  ordinates  of  these 
polygons  measured  below  the  horizontal  line  B,,  G ,,  and  divided 
by  {y  —  w)  give  the  corresponding  ordinates  of  the  required 
influence  curve.  At  the  sections  near  the  points  Y  and  W,  where 
the  values  of  y  —  vi  are  very  small,  this  method  is  not  conven- 
iently applicalile ;  but,  for  these  sections,  the  moment  3/  is  very 
nearly  (and  for  the  points  Y  and  W  exactly)  equal  to  the 
moments  M  of  an  ordinary  continuous  beam. 

b.)  Determination  of  the  Maximum  Moments  from  the 
Equilibrium  Polygon  of  the  Loading.  If  z  denotes  the  intercept 
between  the  equilibrium  polygon  of  the  loading  and  the  axis  of 
the  cable  or  arch,  measured  in  the  vertical  line  through  the 
section  M,  and  if  H  is  the  horizontal  force,  then,  by  the  prin- 
ciple established  in  §  5,  the  moment  in  the  stiffening  truss  at  the 
section  M  is  given  by 

il/=  H.2   (101. 

The  quantities  H  and  z  may  be  determined  either  by  computa- 
tion or  by  construction.  In  the  latter  case,  we  must  first  find 
the  value  of  H  for  the  given  loading  from  tlie  ordinates  or  areas 
of  the  fl'-influence  line  and,  with  this  as  a  pole  distance,  con- 
struct the  equilibrium  polygon  of  the  loading  in  its  proper  posi- 
tion relative  to  the  cable-curve. 

For  uniformly  distributed  loads,  the  expressions  for  the 
horizontal  force  H  have  been  deduced  in  §  6.  These  expressions 
may  be  plotted  to  give  an  H-curve  which,  as  previously  men- 
tioned, may  also  be  constructed  by  graphic  integration  of  the 
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ordinary  H-curve.  If,  in  addition,  we  construct,  for  a  single- 
span  stiffening  truss,  the  paral)ola  b  v  c  as  the  integrated  influ- 
ence line  for  vertical  reactions  (Fig.  31),  then  the  tAvo  inter- 
cepts i'v  and  i'k  will  represent  respectively  the  horizontal  and 
vertical  components  of  the  left  end-reaction  for  a  load  covering 
the  section  J B  of  the  truss;  and  the  vector  resultant  of  these 
two  forces  will  give  the  direction  of  the  side  of  the  equilibrium 
polygon  passing  through  the  suspension-point  A'.  The  distance 
Mz  intercepted  by  this  line  on  the  vertical  through  M  is  the 
required  factor  z.  The  determination  of  this  quantity  may  be 
simplified  by  drawing  the  locus  of  the  point  L  in  which  the 
polygon-side  A' L  intersects  the  center-line  of  the  loaded  seg- 
ment; the  resulting  curve  is  called  the  Second  Reaction  Locus. — 
"We  then  obtain  the  maximum  negative  moment  at  the  section 
M  by  multiplying  together  the  two  distances  i'k  and  Mz,  meas- 
uring the  first  by  the  scale  of  forces  («c  =  -^)  and  the  second 

by  the  scale  of  lengths. 

Assuming  a  parabolic  cable-curve,  we  may  establish  the 
following  analytical  expressions  with  the  aid  of  equations  (80) 
to  (89) : 

1.  Three-Hinged  Stiffening  Truss.  {Single  Span  with  Cen- 
tral Hinge).  Under  complete  loading,  the  e(]uilibrium  curve  co- 
incides throughout  with  the  cable-curve.  Hence  the  load  is 
carried  entirely  by  the  cable  and  the  stiffening  truss  remains 
unstressed,  i.  e.,  Mtot  =  0. 

Under  the  critical  loading  defined  by  equ.  98%  we  find 

M^.^^''%fJl:)"" "^102. 

From  this  expression  we  find  that  the  absolute  maximum 
moment  will  occur  at  a;  =  0.234  I  and  will  have  the  value 

Absolute  max.  M  =  ±  0.01883  pi' (102^ 

If  one-half  of  the  span  is  loaded,  there  will  be  produced 
positive  moments  in  the  loaded  half  and  negative  moments  in 

the  unloaded  half  amounting  to  M=  ^p-cf-g ^/'  ^^^'^  ^^^ 

maximum  moment,  occurring  at  the  quarter-point,  will  be 

Max.  M=  ^^pT- =  0.01562  pi', 

2.  Stiffening  Truss  without  Central  Hinge;  Parabolic 
Cable,  Constant  I  for  Truss. 

a.  Single  Span.  With  the  span  completely  loaded,  the  bend- 
ing moment  at  any  section  will  he  M  ^=-^-  p  x  {I —  x)  —  H  .  ty  ; 
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substituting  the  value  of  H  from  equ.   (82),  we  obtain 

Mtot  =^pxil-x)  ^^^ (103. 

For  the  critical   loading,   applying  equs.    (83)    and    (97),   we 
obtain 

M„,„=-^£i^[2-(f)-4(f)+3(|y](l-fy.(104. 

From  this  value  the  maximum  moment  may  be  derived  by  the 
relation 

M:nax  =  Mtot—Mmln (104*. 

In  equ.  (104)  the  value  of  $^  must  be  obtained  from  equ.  (97) . 

iV„  denotes  the  denominator  of  the  expression  for  H  in  equ. 

(75).     The  absolute  maximum  moment  is  affected  by  the  value 

8 
of  iVjs ;  substituting  its  smallest  value,  iV^g  =  -=-,  corresponding 

to  a  very  weak  stiffening  truss,  we  obtain  the  following  value 
of  the  absolute  maximum  moment,  occurring  at  x  =  0.250  I : 

Ahsol  max.  M=±  0.01652  pP (104^ 


With  the  half-span  loaded,  we  find  in  this  case,  as  in  the 
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preceding,  max.  M=  ^  pi-;  this  moment  occurs,  as  before,  at 


the  quarter  points. 

As  the  quantity  N,  representing  the  stiffness  of  the  truss, 
increases  in  value,  the  maximum  negative  moments  diminish, 
whereas  the  full-load  moments  and  the  maximum  positive  mo- 
ments are  increased  with  respect  to  the  above  values. 

Equation  (104)  applies  to  all  sections  from  x  =  0  to  x^  = 
-r  '  iV-5.  For  the  minimum  moments  at  the  sections  near  the  cen- 
ter, from  iCi  to  Z  —  iCi,  it  is  necessary  to  bring  on  some  load  also 
from  the  left  end  of  the  span ;  so  that  the  expression  for  these 
moments  consists  of  two  parts  which  may  be  obtained  by  apply- 
ing equ.  (104)  to  the  two  symmetrically  located  points  x 
and  I  —  X. 

In  Figs.  34a  and  34b  are  plotted  the  graphs  representing 
the  maximum  moments  in  suspension  bridges  with  and  without 
a  central  hinge. 

For  the  second  graph  there  was  selected  the  example  given 
on    page    37.      The    data    were     ?  =  50    meters,    /  =  6.5   m., 

Zi  sec^  «!  =  19.05    m.,     -^   =    2.049,    ^o  =  0.03    sq.    meters; 

hence  W  =  1.8692,  giving  a  moment  at  the  center  of  the  span, 
for  a  full-span  load,  equal  to  0.0180  pi-. 
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/3.     Three  Spans.     Stiffening  Truss  Continuous.     (Fig.  27.) 
With  all  three  spans  loaded,  the  moment  at  any  section  of 
the  main  span  is  given  by 

3/tot=[|p-H^QxG-x)-£  Q.pP-Uf)..   (105. 

and  at  any  section  of  the  side  span  distant  x  from  the  free  end 

i/tot=(|p-H^)^(^,-.r)-£  (|pZ— H/)|..  (106. 

where  the  value  of  s  innst  be  taken  from  eqn.   (77)  and  that  of 
H  from  the  combination  of  eqiis.    (84)   and   (85). 

The  maximum  moments,   produced  by  the  critical  loading, 
must  be  calculated  by  the  general  equs.   (58"^). 

Fig.  34a. 
Maximum  Moments  in  Stiffening  Truss  witli  Central  Hinge. 


Fig.  34b. 
Maximum  Moments  in  Stiffening  Truss  without  Central  Hinge. 

4=0.13      iV  =  1.8692 


I — I — I — I — I — I 

0    0,0 1  0,01  ojaa  je*-  o/is 


pl^ 


y.  Three  Spans.  Stiffening  Truss  Hingeel  at  the  Towers. 
(Fig.  29.)     With  all  three  spans  loaded,  we  have 

M,„,=  lpx(J-^)[l-^(l  +  2A0)],.  (107. 

(f            I  l^     \ 
1  -j-  2  -y rW')  ^^^y  nearly,  we  may  also 

apply  equ.  (103)  to  this  case,  the  moments  agreeing  very  closely 
with  those  of  a  single-span  bridge,  completely  loaded.  The 
moments  in  the  side  spans  are  also  given  by  equ.  (103)  if  Z^  is 
written  instead  of  I. 

The  maximum  negative  moment  at  any  section  of  the  main 
span  is  obtained  by  loading  a  length  I  —  ^^  in  that  span  and 
completely  loading  both  side  spans.     Then,  by  (83)   and  (88), 


M 


min" 


+Hm('-!r+*m 


(108 
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The  maximum  negative  moment  at  any  section  of  a  side  span 
is  obtained  by  loading  a  length  /j  —  i^  in  that  span  and  com- 
pletely loading  both  the  other  spans.    Then,  by  (82),  (88),  (89), 


(108\ 


For  the  main  span,  in  equ.  (108),  the  value  of  ^^  is  defined 
by  the  relation  similar  to  equ.  (97), 

and  for  the  side  span,  in  equ.  (108'''),  the  value  of  |i  is  defined 
liv  the  follo'wdng  relation  obtained  from  equs.  (79^),  (93) 
and  (96), 

The  maximum  positive  moments  are  given  by  the  relation 

4.  Determination  of  the  Maximum  Shears.  The  critical 
loading  for  shears  at  any  section  may  be  obtained  from  a 
consideration  of  equ.  (59).  Accordingly,  the  load-point  yielding 
a  change  in  sign  of  the  transverse  shear  is  found  by  locating 
the  point  J  (Fig.  35)  in  which  the  reaction  locus  is  cut  by  a 
polygon-ray  drawn  at  an  angle  t,  i.  e.,  parallel  to  the  cable- 
tangent  at  the  given  section.  In  addition,  the  sign  of  8  changes 
at  the  section  itself,  so  that  the  critical  loading  is  as  indicated 
in  Fig.  35.  The  same  rule  applies  to  the  main  span  of  the 
continuous  form  of  suspension  bridge  but,  at  the  same  time, 
the  side  span  nearer  the  section  must  be  completely  loaded  and 
the  other  side  span  free  from  load  or  partially  loaded  for  a 
maximum  positive  shear. 

To  determine  the  maximum  shears  we  may  again  employ 
the  two  methods  previously  introduced : 

a.)  Method  of  Influence  Lines.  The  shear  at  any  section  of 
the  stiffening  truss  is  given  by  equ.   (59)   as 

S  =  S  —  H    {tan  T — tan  <r) 
=  ( tan  T  —  tan  a)  \  — : ; H\. 

^  ^    L     Ian  T  —  1(1)1  a-  J 

Here  a-  denotes  the  inclination  of  the  connecting  line  A'  B'  below 
the  horizontal  (+  if  A'  is  higher  than  B')  (cf.  Fig.  20).  If 
the  stiffening  truss  is  one  with  parallel  chords,  and  if  8  is  the 
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inclination  to  the  vertical  of  the  web  member  at  the  given  section, 
then  the  stress  in  this  web  member  will  be 


P=^S  .  sec8  =  scc  8  .  {tan  t  —  tan  a)  I  - 


tan  T — tan  c 


r]..( 


//i..ao9. 


The  values  assumed  by  the  bracketed  expression  for  different 
positions  of  a  concentrated  load  may  be  easily  represented. 
They  are,  namel}^,  the  differences  between  the  ordinates  of  the 
H-curve  and  those  of  the  influence  line  for  the  shears  S,  the 

1 


latter  being  reduced  in  the  ratio  of 


tail  T 


tail  c 


or,   if  the 


rig.  3f 


Comm-ess/on 
Tension"^ 

A 


a 


suspension  points  are  at  the  same  level,  in  the  ratio  of  cot  t  :  1. 
The  latter  influence  line  is  familiarly  obtained  by  drawing  the 
two  parallel  lines  a  t^  and  h  s.^   (Fig.  35),  their  direction  being 


fixed  by  the  intercept  ad  =  G 


laid  off  on  the 


tan  T  —  tan  ff 

end  vertical.  The  vertices  ^^  and  s^  lie  on  the  verticals  passing 
through  the  panel-points  of  the  given  web  member.  The  inter- 
section i  with  the  H-curve,  which  should  fall  directly  under 
the  critical  point  J,  affords  a  check  on  the  construction.  The 
maximum  shears  or  shearing  stresses  produced  by  a  uniformly 
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distributed  load  are  determined  by  the  areas  included  between 
the  H  and  S  influence  lines;  all  areas  below  the  fl'-curve  are 
to  be  considered  positive  and  all  above  negative.     These  areas 

must  be  multiplied  by  the  coefficient  -^  sec  8  (tan  t  —  ian  o-) 

to  obtain  the  greatest  stresses  in  the  web  member. 

Equ.  (109)  is  applicable  also  to  the  stiffening  truss  con- 
tinuous over  four  supports,  if  o-  =  0  and  the  structure  is  sym- 
metrical about  the  center  line ;  but  in  this  case  the  S-influence 
line  no  longer  consists  of  straight  lines. 

At  the  sections  near  the  center  line,  where  t  =  o,  the  shears 
are  very  nearly  the  same  as  in  an  ordinary  truss,  i.  e.,  /S  =  S 
very  nearly. 

b.)  Determination  of  the  Shears  hjj  3Ieans  of  the  Equili- 
brium Polygon  for  Partial  Loading.  With  the  aid  of  the  second 
reaction  locus,  we  may  again  construct  the  equilibrium  polygon 
and    the    corresponding    force  polygon    for    partial    loading. 

(Fig.  35&.)     In  the  latter  diagram,  o  a  ^  is  the  force  polygon 

for  a  load  covering  the  length  JB:oa  =  H,opis  parallel  to 

the  polygon-side  at  A^,  hence  a  (3  =  S,  and  if  o  y  is  drawn  at 

an  angle  t,  y  fS  =  8  for  the  load  J  B ;  similarly  o'  a  /3'  is  the 
force  polygon  for  the  load  M  B,  so  that  y  ^'  is  the  corresponding 
value  of  *S' ;  the  difference  between  the  two  shears  S,  represented 
by  Pf3',  is  the  maximum  positive  shear  (-f-^max)  for  the  sec- 
tion M. 

On  the  assumption  of  a  parabolic  cable-curve,  we  may 
develop  the  following  expressions  for  the  maximum  shears : 

1.  Stiff eni7ig  Truss  with  Central  Hinge.  Single  Span.  With 
the  span  completely  loaded,  the  equilibrium  curve  for  the  load- 
ing coincides  with  the  curve  of  the  cable;  hence  the  shears  will 
be  ;S'tot  =  0. 

For  the  maximum  positive  shear,  the  truss  must  be  loaded 

.        .  I' 

from  the  given  section  to  a  point  whose  abscissa  is  |o  =  3^_4^  • 

For  X  ^  0  .251,  the  load  must  extend  from  the  section  to  the 
end  of  the  truss.    We  thus  obtain,  for  x  =  0  to  0  .  25  Z, 


max.  ( ±  S)  =  ± 


,(110. 


2/^(3;  — 4a;) 
for  X  =  0.25  to  0.5  Z, 

max.  (  ±  /N)  =  ±  - — ^—^r-^ 

The  absolute  maximum  shears  occur  at  the  supports  and  at 


Stresses  in  the  Stiffening  Truss.  61 

the  center  of  the  span  and  amount  to  max.  (  zt  S  )  =  y  2^^  ^^^ 
-g-  pZ  respectively. 

2.     Stiffening    Truss   witJiout   a    Central   Hinge.     Constant 
Moment  of  Inertia. 

a.)     Single  Span.     "With  complete  loading,  the  shear  at  a 
distance  x  from  the  end  of  the  span  will  be,  by  (59)  and  (82), 

^tot=^p(«-2a;)^|^ (IIL 

Loading  the  truss  from  the  given  section  to  the  end  of  the 
span,  the  maximum  positive  shear  will  be,  by  (59)  and  (83), 


..(112. 


X 


For  the  sections  near  the  ends  of  the  span,  from  x  =  0  to 

^-K-  (1 V^Y  the  loads  must  not  extend  to  the  end  of  the 

span  to  give  the  maximum  positive  shears,  but  must  extend 
only  to  a  point  whose  abscissa,  ^2?  is  determined  by  the  following 
equation,  deduced  from  (94)  : 

ui'  +  i^2  -  a)  =xr^  (113- 

For  these  sections,  the  shears  given  by  equ.  (112)  must  be 
increased  by  an  amount 

We  have  also : 

The  largest  shear  occurs  at  the  abutments ;  with  the  approxi- 
mation  N-j^^-^,  its  value  is 

Absolute  max.    {  -\~  S  )  ^=0.1523  pi. 
At  the  center  of  the  span, 

max.    {  -{-  S  )  =  ±  -^  pi. 

In  Figs.  (36a)  and  (36b)  are  shown  the  graphs  of  the  max- 
imum shears. 


(112^ 


6S 
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/?.)  Three  Spans.  Stiffening  Truss  Hinged  at  the  Towers. 
(Fig.  29.)  With  the  three  spans  completely  loaded,  the  shear 
at  any  section  in  the  main  span  will  be,  by  (82),  (88)  and  (59), 

S,„-lt,(,-2.)[l~^^(l  +  2'Jlif)]   ....(US-. 
and  in  the  side  spans, 

«•»■  =y  ('.-2.) [i  -^Jl (i  +  2';;;/;)]  . .  (114. 

The  maximum  positive  shears  in  the  main  span  are  calcu- 
lated, exactly  as  for  a  single  span,  by  equs.   (112)   and  (112^) 

Fig.  36a. 
Maximum  Shears  for  Stiflfening  Truss  with  Central  Hinge. 


Fig.  36b. 
Maximum  Shears  for  Stiflfening  Truss  without  Central  Hinge. 

^  =  0.13         N  =  1.8692 


|iiii|iiii| 


0,1  0,2, 


<i3pl 


but  substituting  for  N~-  the  denomination  of  equ.  (79).     In  the 
side  spans, 

and   for   the   sections    near    the    ends   of    these   spans,   namely 
from  .r=0  to  x  =  -^  (  1  —J  iV^,   ^^f^r,^   and  from  x=  \    (  1 

4~  ^  iVjg  '— To)   to  j:;  =  ?i,  the  value  given  by  equ.    (115)   for  the 
maximum  shear  must  be  increased  by  the  amount 
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(116. 


where   in,   the   abscissa   of  the  second   critical  point,   must   be 
obtained  from 


^2(n  +  h^2-^ 


h' 


h  —  2x 


(117. 


The  above  equations  (115),  (116)  and  (117)  for  the  side  spans 
are  analogous  in  form  and  derivation  to  equs.  (112),  (112^)  and 
(113)   for  the  main  span. 

5.  Effect  of  Temperature  Variations. — If  t  is  the  variation 
of  temperature  from  the  condition  of  no  stress  and  m  is  the 
coefficient  of  linear  expansion,  then  the  equation  of  condition 
for  the  horizontal  force  H  to  replace  equ.  (67)  will  be 

/(f.+"Ofl"^^+/i-lf-"-«-'ii«- 

If  the  denominators  of  the  expressions  in    (69),    (70),  etc., 

are   denoted   by   iV«n,   iV-o,   etc.,   and   if   2 h  2?i  sec~  a^    is 

assumed  approximately  equal  to  the  cable-length  L,  then  the 
development  of  the  above  equation  in  the  same  manner  as  on 
page  (32)  will  yield  the  following  expressions  for  Ht  for  the 
several  cases : 

a.)  Single  Span.  Stiffening  truss  -v^dthout  a  central  hinge, 
cases  a)  andb),  (p.  31)  : 


L  +  2,/'  -^  —  2f'  tan  a  I  Ao.EM.t 


L  +  ^il 


,^=.'/ 


and,   neglecting  the   effect  of  the  suspension  rods, 


2f'(tan  a+  taua,)  lAo.E.oj.t 


(119. 


Ht 


L.E.u.t 


(120. 


In  the  type  of  structure  shown  in  Fig.  25,  a  uniform  change 
of  temperature  in  all  the  members  will  produce  no  stresses 
in  the  structure.  But,  in  that  construction,  if  the  arch  under- 
goes a  temperature  change  of  t  and  the  stiffening  truss  and 
rods  are  subjected  to  a  temperature  variation  of  t',  the  horizontal 
stress  will  be 
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(?-2|   A=2/)j„7:.a,(i-f  ) 


Ht  =  + 


".1 1 


(121. 


For  determining  the  moments  and  shears  M^e  have  the  equa- 
tions 

31=  —  Ilt.y,       S  =  —  Ht.tanT. 

In  a  similar  manner  we  may  obtain  the  effect  of  a  displace- 
ment of  the  points  of  support  of  the  cable  produced  either  by 
a  yielding  of  the  anchorages  or  by  a  stretching  of  the  backstays. 
If  the  span-length  is  thus  diminished  by  an  amount  8  I,  then  the 
variation  in  the  horizontal  tension  will  be 

AF  = ^i^ —    (122. 

With  the  approximate  assumption  of  a  continuously  curved 
parabolic  cable,  the  denominators  of  the  expressions  (119),  (120) 

1    fl 
and  (122)  may  be  replaced  by     3--^—  •  N^^  (where  iV-g  repre- 
sents the  denominator  of  expression  (75)  or  (75*^)).    Neglecting 
the  effect  of  the  suspension  rods  there  results, 

^' 8~  ^  '^  *  y    y        1   ,  iii_L    L    ....  (123. 

or,  substituting  the  value  of   —, 

In  the  example,  for  which  the  maximum  live-load  moments 
are  plotted  in  Fig.  34b,  the  horizontal  tension  due  to  a  tempera- 
ture variation  of  =!=  30°  is  computed  by  equ.  (123*^)  as  follows: 

„    _     (1.8521)  (20,000,000)   (0.0000118)  (30)  (0.06147) 

~~  24.3854  :..    „_  , 

=  rp  33.05  tonnes. 

The  resulting  moment  at  the  center  of  the  stiffening  truss  attains 
a  value  of  ±  214.8  t.  m. 

b.)  hi  the  Three-Span,  Continuous  Suspension  Bridge,  the 
horizontal  tension  due  to  a  uniform  variation  of  temperature 
throughout  the  structure  will  be : 

3^/».[(l  +  f^)+2A(l+^+,„.,.,)] 
If  the  stiffening  truss  has  a  central  hinge,  it  might  be  sup- 
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posed  that  no  temperature  stresses  can  occur,  since,  in  a  static- 
ally determinate  structure,  no  change  can  be  produced  in  the 
horizontal  force  except  by  the  application  of  external  forces  to 
the  system.  Actually,  however,  there  will  be  a  change  of  stress 
since,  in  general,  the  deformation  of  the  cable  accompanying  the 
sag  or  rise  at  the  central  hinge  cannot  be  neglected  from  con- 
sideration ;  so  that  the  original  assumption  underlying  the 
approximate  theory  can  no  longer  be  retained.  Engineer  G.  Lin- 
denthal  M'as  the  first  to  call  attention  to  this  point  :*  but  his 
approximate  method,  too  inaccurate  for  a  very  stiff  truss,  results 
in  overestimating  the  effect  of  temperature  in  the  structure  with 
a  central  hinge. 

When  the  cable  is  lengthened  by  a  temperature  rise  of  ^° 
(or  by  a  displacement  of  the  cable  supports),  the  crown  or  cen- 
tral hinge  will  sag  through  some  distance  A  /.  If  we  assume  that 
the  axes  of  the  two  halves  of  the  truss  remain  straight  during 
this  sag,  there  will  result  a  break  in  the  cable-curve  at  the  mid- 
point ;  hence  the  cable  will  no  longer  conform  to  the  parabolic 
equilibrium  curve  corresponding  to  a  uniformly  distributed  load. 
There  must  therefore  result  a  change  in  the  distribution  of  the 
suspender- forces :  the  suspension  rods  near  the  ends  A  and  B, 
as  well  as  those  near  the  central  hinge,  C,  will  increase  in  stress 
while  the  intermediate  rods  will  be  relieved  of  load.  The  effect 
of  this  is  to  give  the  stiffening  truss  an  increased  share  of  the 
load  at  the  intermediate  points,  causing  it  to  deflect  downward. 
The  reverse  occurs  with  a  rise  of  the  cable  crown :  the  rods  at 
the  points  specified  above  are  subjected  to  increased  stress  and 
the  truss  is  bent  upward. 

A  rigorous  treatment  of  the  problem,  t  along  the  main  lines 
developed  in  §  9,  leads  to  the  following  results :  Let  11  be  the 
horizontal  tension  in  the  cable  for  that  condition  in  which  the 
cable  coincides  with  the  equilibrium  curve  of  the  external  load- 
ing, so  that  no  forces  are  acting  on  the  stiffening  truss.  As  a 
result  of  temperature  variations  or  other  cause,  let  the  cable- 
crown  deflect  downward  through  the  distance  A  /.  Let  the 
accompanying  deflection  of  the  truss  at  a  distance  x  from  the 
abutment  be  -q.  Then,  neglecting  the  elongation  of  the  sus- 
penders and  denoting  the  half-span  by  a,  the  cable  ordinate  is 

changed  into   y  -] •  A  /  -j-  •>; 

and  the  horizontal  tension  becomes 


f  +  ^f 


*  Keport  of  Board  of  Engineer  Officers,  Washington,  1894.  Appendix 
D:     Temperature  Strains  in  Three-Hinged  Arches, 

t  Melan,  Die  Ermittelung  der  Spannungen  im  Dreigelenkbogen  und  in 
dem  dureh  einen  Balken  mit  Mittelgeleiik  versteiften  Iliingotriiger  niit 
Beriicksichtignng  seiner  Formiinderung.  Osterr.  Wochenschr.  f.  d.  offentl. 
Baudienst.   1903,  No.  28. 
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The  bending  moment  in  the  stiffening  truss  will  then  be 

or 

If  the  cable  is  initially  a  parabola,  then 

X  (2  a — x)  .f 

V   =     3 ' 

hence, 

The  differential  equation  of  the  elastic  curve  of  the  truss, 
EI  —j—r-= — M,  on  introducing  the  abbreviation 

^  =  -TrT'  -h  (125. 


becomes 


I      o  a?  (a  —  a;)        .    ,       ^^ 


The  integration  of  this  equation  finally  yields  the  following 
expression  for  the  moments  in  the  stiffening  truss : 

M^[,-J^l^^]2El.^ (126. 

The  maximum  value,  at  a:=  g- ,  will  be 

The  bending  moments  are  therefore  directly  proportional  to  the 
crown  deflection  A/;  but  not  exactly  to  the  quantity  /,  because 
this  is  also  involved  in  the  coefficient  c.  Only  for  small  values 
of  /  is  M  proportional  to  the  stiffness  of  the  truss,  since,  at  the 

limiting  value,  with  /^O,  (f==oo),we  obtain  Mmax  =  2  EI  — r' 

At   the   other    limit    (with    an   infinitely   rigid   truss),    7=  oc, 
(c  =  0),  ■>?  =  0,  hence, 

il/max  =  ^  H'.  A/ (127». 

The  last  expression  gives  pretty  close  results  even  for  trusses 
of  moderate  stiffness. 
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The  sag  A/  at  tho  crown,  caused  by  an  elongation  of  the 
cable  amounting  to  A  L  =  oj.  t.  J,  is  given  with  sufficient  accuracy 
by 

^/=(7+2-^)-r  a2«- 

The  e(iuations  (127)  and  (127^)  apply  also  in  the  case  where 
the  crown  deflection  A  /  is  caused  by  a  uniform  load  covering 
the  entire  span,  if  H  is  the  total  horizontal  tension  resulting 
from  this  load. 

Consequently  it  cannot  be  asserted  that  the  introduction  of 
a  hinge  in  the  stiffening  truss  will  wholly  eliminate  the  second- 
ary stresses  due  to  temperature  variation. 

6.  Secondary  Stresses.  Up  to  this  point  in  the  theory  of 
the  stiffened  suspension  bridge  it  has  been  assumed  that  there 
is  no  friction  either  at  the  pins  of  the  chain-cable  or  at  the 
panel-points  of  the  truss.  The  effect  of  riveted  connections  at 
the  latter  points  is  the  same  as  ordinarily  given  in  discussions 
of  secondary  stresses  in  framed  structures  ;*  so  that  we  need 
to  consider  only  the  effect  of  friction  at  the  joints  of  the  chain 
upon  the  values  of  the  horizontal  tension  and  of  the  external 
forces  acting  on  the  stiffening  truss.  In  wire-cable  suspension 
bridges,  the  resistance  of  the  stiffness  of  the  cable  takes  the 
place  of  frictional  resistance. 

If  d  denotes  the  diameter  of  the  pins,  <^  the  coefficient  of 
friction,    T    the    cable    tension,    then    the    moment    taken    up 

by  the  joint-friction  cannot  exceed  M^  =  (f)  .  T  .  -^  or  approx- 
imately Mfp  =  cf>.H .  g-;  the  moment  transmitted  to  the  stiffen- 
ing truss  will  then  be 

M=M-ff.^-3/^=M-//(^  +  c^  4). 

The  expressions  for  //  established  in  §  5  (equs.  69  to  73)  need 
not  be  altered,  therefore,  except  to  increase  the  arch  ordinates 

y  by  ^  .  -g-    The  latter  quantities,  however,  will  always  be  very 

insignificant  compared  to  y ;  even  with  the  full  effect  of  friction, 

assuming  <^  =  0.2,  the  value  of  ^  -g-  will  never  exceed  a  few 

centimeters  or  millimeters ;  consequently  this  correction  may  be 
completely  neglected  in  the  expressions  for  H.  Thus  the  value 
of  the  horizontal  tension  is  not  sensibly  affected  by  friction  in 

*  Handbuch  des  Briickeiibaues,  Chap.  IX;  Konstruktion  der  eisernen 
Balkenbriicken.     Leipzig,  1906. 
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the  chain  or  stiffness  in  the  cable.  The  external  forces  acting? 
on  the  stiffening  trnss  likewise  remain  unaffected ;  at  the  most, 
the  bending  moments  may  be  diminished  by  the  friction-moment 

If  the  members  of  the  chain  are  not  pin-connected,  but  riv- 
eted instead,  the  stiffness  of  the  chain  mnst  be  added  to  that 
of  the  stiffening  truss ;  and  the  moment  M  =  M  — Hy  must  be 
shared  by  both  of  these  structural  elements  m  the  relative  pro- 
portion of  their  moments  of  inertia.  If  7o  is  the  moment  of 
inertia  of  the  cross-section  of  the  chain,  and  I^  that  of  the  stiff- 
ening truss,  then  the  chain  will  carry  a  bending  moment  of 

M'  =  - .  M,  and  the  truss  will  carry  1/"  =  il/  —  M'. 

lo  +  h 

In  pin-jointed  chains,  M'  cannot  exceed  the  value  (f>  .  TI  .  -  „-  . 

From  the  value  of  71/'  we  may  compute  the  resulting  secondary 
fiber  stresses  in  the  chain. 
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§  8.    Computation  of  the  Deflections. 

1.  Deflections  Due  to  Loading.  By  Castigliano's  Theorem, 
the  deflection  at  any  point  of  an  elastic  system  may  be  obtained 
as  the  differential  coefficient  of  the  work  of  deformation  with 
respect  to  a  force  supposed  to  be  acting  at  the  given  point  in 
the  direction  of  the  deflection. 


On  the  truss  A  B,  Fig.  37, 
let  a  concentration  G  be  ap- 
plied at  a  distance  $  from  the 
abutment.  Let  the  resulting 
axial  forces  and  moments  in 
the  structure  be  denoted  by 
iV^andM^.  Then  the  deflec- 
tion at  any  section  having  the 
abscissa  x  will  be, 


Fig-  37. 


V^: 


dW  _  rN_ 

dG^       J  E. 


EA 


dNx 
dGz 


where  Nx  and  Mx  denote  the  axial  force  and  moment  producible 
by  a  load  G^  applied  at  x.  Writing  for  the  horizontal  tensions 
corresponding  to  the  load-positions  |  and  x,     H^  =  Ji^.  G   and 

Bj,  =hx  .  G,  respectively,  where  the  coefficients  h^  and  hx,  repre- 
senting the  horizontal  tensions  per  unit  load,  may  be  obtained 
from  the  previously  established  equations  (69)  to  (15^)  or  from 
the  fl^-curve  and  may  therefore  be  considered  as  known  quanti- 
ties, there  results 


d  N^ 


dNx 


d  Ot       dH^ 


^^'    iG-.-K-dG-.-y  ^Q' 


we  thus  obtain  for  a  single-span  suspension  bridge  without  a 
central  hinge : 


Cable : 


Backstays : 


dW  i   rr 

Jg.  —  ^^^^ 


'eI 


/tx 


EA, 


7  7  '^' 


G 


0 


^^  —  ^  w 
-jg:-^^^ 

2      , 
=  EA,  ''^ 


sec  a 


2li  secai 
EAo  sec  ai 


hs.S€Cai 


/ix  .  h sec  ^ a^.  G 
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Suspension  Rods :  d  i''  ^  tt       ^^    j/'_     7,        ^'y 

f/Crx  ^         a        LA'  It 


=  —  - 1  mx  +  lif  .  lix.fJ:  —  hx.nit —  li    .iiu  I  ,Q 


Here  nix  denotes  the  moment  at  the  point  M  of  a  simple  beam 
produced  by  a  loading  composed  of  the  ordinates  of  the 
moment-curve  for  a  unit  load  at  C.  For  this  we  obtain  the 
expressions 


torx<$,    mx  =  [2/|  — 4-  — x=]^-*^g^ 

k(l  —  x) 


for  ic  >  ^,    mx=[2;x  —  x-  —  $-] 
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...(130. 


Furthermore,  nit  and  Wx  represent  the  moments  producible 
at  the  sections  C  and  31,  respectively,  in  a  simple  beam,  when 
the  loading  consists  of  the  area  between  the  cable-curve  and  its 
chord,     jj.  is  the  doubled  static  moment  of  the  same  area  about 

the  chord  (/x  =  |   y^dxj.  Since,  by  equ.  (74),/i|  =  — —^    and 
^.x  =  — ^— ,   therefore  m  t.hx  =  mx-  ht  .       Adding  together   the 

fi-f-cp  ?  * 

d  W 

several  values  of  -y-r^,  we  obtain 

°  ■  I.  . .  (131. 

+  -yj  (i-nx  +  /(x./'i-/A— 2  A^  .  >Hx)  J  .G 

Noting    that    the    first    bracketed    expression    in    the    above 

equation,  Avith  the  notation  previously  introduced,  =-y'  fP,  and 

that  mx  =  /ix   (/A  +  cp),  we  finally  obtain  the  following  simple 
formula  for  the  deflection  of  the  truss  at  M : 


E 


——  [mx  —  h,  ■  »ix]    G (131" 

which  could  also  have  been  derived  directly  from  the  differen- 
tial equation  of  the  elastic  curve  —^-^r-  =  ~^j~-    ^^  ^he  above 

expression   for  1;,    nix  is  determined  by  equ.   (130),  h^  by  equs. 
(71)  to  (75^),  and  m^  by  the  relation 
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nii  =  — -^  I  x//(:Zx  +  '^  I    ij  (I,  —  x)dx.   . ,  (132'o 

or,  for  a  parabolic  calile. 

m^  =  ^(x^—2lx^^P) (l;32^ 

The  ordinates  of  the  elastic  curve  may  also  l)e  obtained  by  a 
graphic  construction.  This  is  essentially  the  same  as  the  metliod 
used  for  the  t\yo-hinged  arch  in  Figs.  1*^  to  1^  (Plate  I).  Thus, 
if  we  write  the  expression  for  -q  in  the  form 


then  that  quantity  may  be  represented  as  the  difference  between 
the  ordinates  of  two  funicular  polygons,  one  of  which  (I)  coin- 
cides with  the  fl'-curve,  wdiile  the  other  (III)  is  constructed 
for  an  imaginary  loading  consisting  of  the  simple  moment- 
diagram  (Fig.  1"^).  The  latter  is  dra"UTi  by  means  of  the  force 
polygon  (Fig.  I'')  having  H^  for  its  pole  distance.  If  z^  and  z^ 
are  the  ordinates  of  the  two  funicular  polygons,  measured  to 
the  scale  of  lengths,  and  if  a  is  the  width  of  the  strips  into 
which  the  load-diagrams  are  divided,  and  p  is  the  pole  distance 
of  the  force  polygons  (Figs,  l*"  and  1^)  which  were  used  for 
the  construction  of  the  funicular  polygons  I  and  III,  then  we 
have 


v--in^'^~'^^  ■  ^ 


EI 


so  that  the  scale  for  measuring  the  deflection  ordinates  is 
times  the  scale  of  lengths. 

In  the    example    on  page   37,  /  =  0.0625  ni.*,   a  =  2.5  ni.,  p  =  35  m., 

11.45 

H|  =     -^g  Q     G  =  0.764   G,    E  =    20,000,000   t./sq.  m.;  if  the  scale  of 

lengths  adopted  is  1  m.  =  2  mm.,  then  the  scale  for  the  platted  deflection 
ordinates  will  be  1  mm.   (actual)    =  37.4  mm.  on  the  drawing. 

With  the  aid  of  the  deflection  diagram  drawn  for  a  unit 
load  at  C,  it  becomes  a  simple  matter  to  determine  the  deflec- 
tion producible  at  C  by  any  system  of  concentrations  or  by 
any  continuous  loading.  By  the  principle  of  the  reciprocity 
of  deflections  (Maxwell's  Theorem),  the  deflection  at  C  caused 
by  any  load  at  31  is  equal  to  the  deflection  producilile  at  M  by 
an  equal  load  at  C.  Consequently,  the  curve  of  deflections  (77) 
for  a  unit  load  at  C  is  at  the  same  time  an  influence  line  for 
deflections  at  the  point  C ;  hence  to  find  the  total  deflection  at 
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C,   multiply  each  load  by  the   corresponding  ordinate   of   the 
deflection  curve,  and  add   the  products  thus  obtained. 

The  above  construction,  based  on  the  assumption  of  a  con- 
stant moment  of  inertia  of  the  stiffening  truss,  may  also  be 
extended  to  the  case  of  a  variable  moment  of  inertia.  If  I  is 
the  moment  of  inertia  at  any  section  and  /„  a  fixed  moment  of 
inertia,  then  it  is  simply  necessary  to  reduce  the  ordinates  of 
the  load-diagrams,  i.  e.,  the  area  between  the  cable-curve  a7id  its 
chord  and  the  area  of  the  simple  moment  diagram,  in  the  ratio 
/r,  :  /,  and  proceed  with  these  reduced  areas  exactly  as  in  the 
above  construction.  In  the  example  of  the  arch  in  Plate  I,  the 
variation  of  the  moments  of  inertia  was  thus  taken  into  account. 

For  any  specified  loading,  the  deflections  of  the  stiffening 
truss  may  be  computed  in  another  manner.  On  the  truss  there 
are  acting,  in  addition  to  the  external  loads  which  produce  the 

moments  M,  the  upward-directed  suspender-forces,  B  ■ — ~,   or 

H  ^j\  per  unit  length.     The  former  loads  produce  a  deflection 
at  a  distance  x  of 

/        I  —  X  CM        -,  ,     X    C   ^    /I         \  1 

''=-rJ  -Ei'^^''    +tJ  ^a-^)^^^ 

0 


(133. 


while  the  latter  loads,   the  suspender-forces,   in   the  case  of  a 

8  f 
parabolic   cable,   are  uniformly   distributed  and    =    -4-    -  H  ; 

they  produce  a  deflection  —  ??''  which,  with  a  constant  /  in  the 
stiffening  truss,  is  determined  by  the  equation 

v''=^^x(P-2ax'  +  x')-l,  •  H=^-  H  -m, (134. 

The  resulting  deflection  of  the  truss  is  therefore  r]  =  r]'  —  ■>/', 
which  coincides  with  equ.  (131^).  We  thus  find  the  deflection 
at  the  mid-point  produced  by  a  uniform  load  of  p  per  imit 
length  covering  the  entire  span  to  be  given  by  the  equation 

^=="38r(l— T¥")^ • ^^^^• 

where  N  denotes  the  denominator  of  equ.  (75)  or  (75*^). 

If  merely  the  half -span  is  loaded  with  p  per  unit  length,  then 
the  deflection  at  the  quarter  point  will  be,  by  (133)  and  (134), 
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in  the  loaded  half,       ^^Inii'  y^^ 2~  '  slv"/  i:  f 

in  the  unloaded  half,  ?;= jtjj^  C~2~  *  "5^  — ^'^Jl[JT- 


(136. 


By  equ.  (75),  N  will  always  be  greater  than  -g-  ;  substituting 

this  minimum  value  in   (136)   we  olitain  the  upward  or  down- 
ward deflections  at  the  quarter  points : 


1 


384 


EI   \2j 


For  the  stiffening  truss  with  central  hinge,  we  must  substi- 
tute in  the  deflection  formula,   equ.    (131),   the  values   h^    = 

-^and /ix  =oT,  where  it  is  presupposed  that  |  and  x   <  o    • 

If  ^f  ^ 

Denoting  the  first  bracketed  expression,  which  represents  the 
cfifect  of  the  axial  forces,  by  the  symbol  2,  equ.  (131)  takes  the 
form.: 


"i^  —  TfEA,  ^ 

,    G   r      ,    X 


/x  — -o?  ("*'^^+  '^^H-^)  J 


(137. 


The  symbols-  nix,  ^,  m^  and  vi^   have  the  significations  pre- 
viously specified.     For  x  >  -g-, 


{I—X)^  1      r 


(138. 


Substituting  the  values  of  wi^,  /x  and  m^    which  obtain  for 
a  parabolic  cable,  there  result  the  following  expressions : 


For  X  <  ^  <  2  : 

—^i{x^^e)—^3rr~] 

For    t  <  X  <-^  : 


'    (139. 


Gx  ^2 


Gk 


-5x(a;=*+^3)— 5f^2] 


'.... (140. 


74  Arches  and  Suspension  Bridges. 

For  re  >  2"  >  t  : 

Here,  again,  we  may  apply  the  graphic  method  for  deter- 
mining the  deflection-ordinates.  Thns,  equ.  (137)  may  be 
written 

rj.  =  1^  (m -■/( ^  mO  +8^"^- (142. 

where 

8  =  [;.j(^+{;5)-«,j]i.|,  (143. 

The  bracketed  expression  in  e\[\\.  (142)  may  be  represented, 
as  before,  by  the  intercepts  between  the  two  funicular  polygons 
I  and  III.  (Figs,  l""  to  1',  PI.  I),  where  the  simple  moment  dia- 
gram  (Fig  I'')    is  obtained  from  the  force  polygon    (Fig.  1^) 

t 
constructed  with  the  pole  distance    H^  =  G  .  -y^.     To  obtain 

the  actual  deflections,  the  above  intercepts  must  be  increased 
by  the  ordinates  of  a  triangle  whose  altitude,  at  the  center  of 

the   span,    is   S  •  ^^-^  • 

If,  as  before,  r/  and  i/'  denote  the  deflections  specified  by 
equs.  (133)  and  (134)  for  the  hingeless  structure,  produced  by 
the  external  loads  and  by  the  suspender-forces  respectively;  if 
H  is  the  horizontal  tension  produced  in  the  hinged  structure  by 
the  given  loading  and  Ho  is  the  horizontal  tension  producible  in 
an  identical  structure  untliout  the  hinge ;  and  if  'K  is  the  denom- 
inator of  the  expression  for  Bo  in  equ.  (75),  then  by  a  trans- 
formation of  equ.  (137)  we  obtain, 

^x  =  r;'-.?--f-^^^^(H-^o)-f     ......(144. 

From  this  we  find  the  deflection  at  the  mid-point  produced 
by  a  uniform  full-span  load  of  p  per  unit  length  to  be 

v=9e(^-S-)i7*  ("5. 

and  the  deflections  at  the  quarter-points  produced  by  a  half- 
span  load  are,  in  the  loaded  half, 

"?        2       384*iJ/V2y  ^384  V  5  J  EI 

in  the  unloaded  half, 

"?"        2  *384  '£/V2/  "^384\^'        5/EI 


(146. 
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2.  Deflections  Produced  by  Temperature  Variations  or  by 
Displacements  of  the  Cable  Supports.  Equ.  (ISl'^),  which 
defines  the  deflection-ordinate  at  a  distance  x  from  the  end  of 
the  span,  applies  also  to  the  case  of  deflections  produced  not  by 
the  loading  but  by  temperature  effects  or  by  a  yielding  of  the 
towers  or  backstays.  In  this  case,  m^  =  0 ;  and  G.  h  must  be 
equal  to  the  horizontal  tension  B^t  caused  by  the  given  influence. 
Consequently, 

■n= —  —  Ht.m^ (147. 

•  Here  Ht  must  be  determined  by  equs.  (119)  to  (123)  or,  if 
the  deflection  is  caused  by  a  yielding  of  the  cal)le  supports,  liy 
equ.  (122),  while  m^  is  given  by  equ.  (132)  or  (132^).  Since 
the  quantity  v/ix  is  proportional  to  the  horizontal  tension  pro- 
ducible by  a  concentration  applied  at  the  poiut  x,  the  deflec- 
tions of  the  stiffening  truss  are  given  by  the  ordinates  of  tlie 

i7-curve,    i.  e.,  the  funicular  polygon  I    (Fig.  1%  PL  I),  where, 
with  the  previous  notation,  the  scale  unit  to  be  adopted  is  —-^ 

^  lit  a  p 

times  that  of  the  scale  of  lengths. 

In  the  stiffening  truss  interrupted  by  a  central  hinge,  any 

stretch  in  the  cable  will  cause  a  sag  at  the  point  x  (<  -„-)  ;   if 

the  bending  of  the  truss  is  neglected,  this  sag  will  amount  to 

where  A/  is  determined  by  equs.  (39)  to  (44). 
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§  9.    The  More  Exact  Theory  for  the  Stiffened  Sus- 
pension Bridge. 

The  theory  developed  in  the  preceding  paragraphs  (§§  5-8) 
gives  satisfactory  results  only  for  those  systems  in  which  the 
elastic  deformations  are  limited  in  amount.  In  the  systems 
treated  above,  the  admissibility  of  that  approximate  method  of 
design  depends  upon  the  degree  of  thoroughness  with  which  the 
stiffening  truss  performs  its  function  of  limiting  the  mobility 
of  the  system.  If  the  truss  is  provided  with  but  small  chord- 
sections  or  has  but  small  depth,  that  is,  if  it  has  a  small  moment 
of  inertia  and  consequently  great  flexibility,  or  if  it  is  provided 
with  an  intermediate  hinge,  then,  under  certain  cases  of  loading, 
the  deformation  of  the  system  ought  no  longer  to  be  neglected  in 
determining  the  stresses. 

1.     Truss  without  a  Middle  Hinge.    Single  Span.    Let  Bq 

denote  the  horizontal  tension  in  the  cable  in  its  initial  position 
of  equilibrium  (when  it  is  carrying  no  live  load),  in  which  con- 
dition it  is  assumed  to  form  a  parabolic  curve.  The  stiffening 
truss  is  then  without  stress.  Let  the  suspender-forces,  under 
this  loading,  be  denoted  by  So  (per  unit  length),  and  the  dead 
weight  of  the  cable  by  h ;  then  by  equ.  (51)  we  obtain  the  follow- 
ing differential  equation  of  the  equilibrium  curve : 

fl'o  ^.  =  -  ( So  +  A; ) ( a . 

On  bringing  a  live  load  upon  the  structure,  of  intensity  q 
per  unit  length,  let  the  suspender-forces  change  to  s^,  the  hor- 
izontal tension  to  iHo-\-H),  the  ordinates  of  the  equilibrium 
curve  to  (?/  +  ■>?);  we  may  again  write  the  relation  between 
these  quantities : 

-(Fo  +  /7)^+^  =  .,-f/.     (/?. 

By  the  addition  of  the  live  load  q  there  is  also  produced  a 
deflection  of  the  stiffening  truss.  Neglecting  the  elongation  of 
the  suspension  rods,  the  deflection  of  the  truss  at  any  section 
may  be  equated  to  the  sag  {-q)  of  the  cable  at  the  same  section; 
so  that  y)  is  the  ordinate  of  the  elastic  curve  of  the  truss  for 
which  we  may  write  the  differential  equation 

EI^^=q~{s~s,) (y. 
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The  addition  of  equs.  (a),  (/?)  and  (y)  yields 

doc  V      "    '         -^     d  X  dw  ^ 

Introducing  the  abbreviation, 

^  +  ^"  ^c' (148 


EI 


and  assuming  that  I  and  q  are  constant  within  the  limits  of 
integration,  the  integration  of  the  above  differential  equation 
yields 


dx' 


Agcx    I   ^    -ex ^_  /JL    I    i^    1    _i  ^  J_      V 


or  since,  on  account  of  the  initial  parabolic  form  of  the  cable, 
d>__^f  and  ^-0 

£^  =  4.»  +  B.-"-^f^(^-l/) (S. 

The  forces  q  —  (s^  —So)  acting  on  the  truss  produce  a  bend- 
ing moment  M  =M   —  (//  +  Ho)   (y  -{- 1])  +  -ZIo  •  y,  i-  e., 

3I  =  m—(H  +  Ho)v—Jl.y (149. 

where  M  denotes  the  moment  producible  by  the  loading  q  in  a 
simply  supported  beam.     Consequently, 

Ecjuating  the  expressions  (8)  and  (e),  substituting 
2/=  — 2—  -^  •  0  —  -r)    ^11  cl  replacing  the  arbitrary  constants  A 
and  B  by  Ci=  ^'~-  and  Cg  =  ■ — ^>     we  finally  obtain 


H 
V  = 


(c,e-+W-+-^^-^.(^-x)  +  f— ^) 


(150. 


The  arbitrary  constants  C'l  and  C,  are  determined  by  the 
condition  that  at  ic  =  0  and  x  =  l,  we  must  have  77  =  0.  If  the 
load  q  covers  but  a  fraction  of  the  span,  different  values  must 
be  given  to  the  constants  in  the  equations  of  the  elastic  curve 
for  the  loaded  and  the  unloaded  segments.  The  necessary  equa- 
tions are  then  given  by  the  condition  that,  at  the  division  point, 
the   two  adjacent  segments  must   have   identical  values  of  r}  . 

n       dV 

and  -r-^. 
dx 
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Sij|)HliliJlin{i^   1.1m;    ViiliK;    of    >/    in    i<)n.    (\4'J),    wc    obtain    an 
cxfjrcKsioii   lor  llic  inoiiicnl, 


M 


=_//jr,.<-f^;,.-  +  ^,(^f_;; )]    .,(101. 


From  f!<jii.  i]4U)  wc  ol)H(!r'V(!  Iliat  the  motrifait,  M  \h  no  lonf^f^r 
proporl  ion;il  to  I.Ik;  inl.cnHil.y  of  llic  load  (/  wlii<;li  prodiicfs  it, 
l)ul,  (Icpfnd.s  in  a,trioijnl,  also  ujxjn  I.Ik;  horizontal  1.(;nsi(ni  //„ 
wliir;li  or-if^inally  <;xiHl('(|  in  the  HirMK-t  iif<-  \h-\'(>vc  I.Ik;  appli(;alion 
of  I.Ik!  load  (/.  In  diHtin(;lion  riotn  IIk;  approxitnaO;  theory,  the 
terrn  —  (//  \- If,,)  rj  rfpt'csentH  the  effeelH  of  tiK;  d(;rorrrialion 
and  th(;  initial  tension  //„  of  lh<;  (;al)le.  1'his  (;ocreetion  is  in 
a,  di'sindili'  direetion  in  the  cjisi'  of  IIk'  stifffni'd  suHj)enHion 
liridf.^*;,  sinctc;,  for  the;  loadinfj^  whi(;h  produces  a  niaxitnuni  f)Osi- 
tive  irKiUK-rd,,  y  is  positive;,  ho  that  the  hendinj^  tnottK;nt  will  })0 
diminished;  ami  the  sairK;  is  true  with  respe(;t  to  the  numerical 
value  ol"  IIk'  fU'f^Htiv(;  mouK'nt.  In  the  ardi  eonstruction,  how- 
ever, the  reversf;  obtains,  for-  t.hcj'e  the;  delleetions  of  th*;  stj'uc- 
1ur(;  tejid  to  increase  the  hendin^^  UH)nK'n1s.  The  rntio  of  the 
missing  term  —  (11  |  11,,)  ij  to  the;  approximate  VidiK;  of  the 
rrKxneid,  (M  —  //;/;)  niiiy,  under  eert;iin  conditions,  bettomc;  vcvy 
hir^'c;  even  with  a,  ri^id  stirCeninf^  truss,  j);i.rt  icularly  at  those; 
s<;ct,ionH  where  (M — Hy)  is  very  sniidl  or-  e<|ual  to  zero.  On 
tin;  ollK;r  hand,  the  effect  of  this  deformation  will  not  he  sensible 
for  tflOHO  cmcH  of  londinj^-  which  prodiatr;  maxiinuin  bi-ndin^' 
irKHtK'uts  ind<'SS  tin;  ('(X'fdcient  c  is  vcvy  hir^'e,  eor-resj)ondinj^'  to 
a,  Vfvy  small  v;due  of  /.  ((J(jmpare  the  examples  (;al(;ulate(l 
below.) 

The  bcndin}^'  inomcnis  produi-cd  in  I  Ik;  stiffening  t.ru.ss  by 
a.ny  j^ivcn  |();Hlin;j;-  m.'iy  be  d(;t(;r'mined  exactly  by  e(|u.  (IHl), 
if  thf;  value;  of  the  horizoidal  tension  //  is  kiK)wn.  Since;  the 
d(;fornud,ionH  of  the;  (;al)l(;  will  in  j^cneral  b(;  but,  vcvy  small, 
w<!  nuiy  state;  in  atdietipation  lluii  these;  value's  of  //  will  eliffe;r 
but  slif^'htly  from  the-  value;s  f^'ive-n  by  the  for-eMe)in^' approximate 
e'((ualie»ns  (§§r)  anel  ('»).  It  will  tln'relore;  usuidly  suffie-e;  te)  use; 
the;  appre)ximat,e;  v;due'S  e)f  //  in  e'e)mpulin^'  the;  be-neliiif^  me>nK'nts 
by  e'(|u.   ( ir»l ). 

To  elclcrmine  //  KK)re'  ae-eMirale'ly,  we;  (riake-  use-  e)f  the-  prin- 
eiple;  that,,  lor  small  dcronn;!!  ions,  tln'  work  e|e)ne'  by  the-  l"e)rce8 
(.s'l  |- /(■)  ae-tin^'em  I  he-  e-nble;  must  e'fpial  the;  we)i'k  e)!"  dcfetrmal  ie)n 
of  the;  inb'r'nal  stfe-sse'S  in  the;  e-able-;  he;)ie;e',  with  the;  pre;vioUHly 
a(loj)1eel  notatie)!), 
t 

l''i-e)m  c(|u.  i/i)    \yr  may  write',  ap|»re)xim;de'|y, 


MXAC'I'   'I'llMOKY    l''()H,   Till',    Si  ISI'I'INSION    I'lMIKJI': 

(s,    I    k)    - 


CC 


7U 


ill   I  //,j   ;'^':        ")!  (//  I  //.J; 


also,  ;nlo|)l  in^f  I  he  ;il)|)ccvi;il  ion   ii         |    2 /,,s7r'"' f/,,     :/>,  so  llifil,  for 
a  j);ii'aliolic  cjihli-, 

l^l{\  I  '.;■' ;.;)  1 2/,,.s7.:^,,, 

jitid    ,siil>Htil  lllin^?    Ilif   vJiliif    of    »/    Iroin    ciin.    MTtOj,    Ihc    .-ihov*; 
•  •(|ii;il  ion  ol'  virlii.'il  work  Ix-coiiich 


,2     /    '/•'/' 


Solviti}^  I  his  <'<|ii;i1  ion   I'oi'  IIm'  liorizonl.'il   tension,  \v<"  olil.iin 


ff= 


/(M-;^),/. 


. ..  nn2 


-/(r,„-|  r,>"j</.x-|  lii->li  +  ,-l<-^; 


In   or<lir   lo  .'ipply   fliis   ronriiil;i,   it    is  ticccHHnfy   Ht-Ht-   lo   liml 
lJn;  jipproxitriaU;   Viiliic  ol'  //    hy   lfi<;   ))r<'C(Mliiif.'   nnlliod,    n;iiii<ly 

I 
J  M  I  I  d  w 

l)v   Mh!  onuatioM    //■  "  — -— ,     JKiil  lo  iis<-  tliis  v;iliic  in 

/•/■"»  +  4r 

computing  l.hf;  quanliticH  <■,  (!,  jukI  C,.  appc.-iriri,"  m   ili<'  .ihovc; 
(!Xpn'SHion. 

]'](jual,ionH   (I.Olj    juid    (]^>2)    lioM  {/ood    lor  ;iny   condition  of 
lojidin^^.     \j('\.  iJH  fij'Hl,  Jfl'ply  tfi<'ni  lo  lln'  ciisc  of  ;i  sinf^lc  conccji 
Inilion    (I')    loc/dUii}  at  thi;  <JiHl,am',(;H  (  iind   /       (■        i'   fronj   IIm; 
n-Hpcctivc   ;i,l)ul,incri1,H.      I^'or   Ifiis   lojidin»_',    lli<-    loilovvijij.^   vjiIiK'h 
arc;  obl.aincd   i'or  llic  ;irl)it r-iry  consliinls: 

For  thr;  H<;Ktricnl  frotn  0  lo  /  : 

l\n  tli<;  HCgrriont  I'roifi  t  lo  if :  r  •  •  ••  ^  ^^>'-i. 

C,  =  ;^^{j;,-(.-««-e-«)-,"l.  (1      '=-"'^        } 
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We  thus  obtain : 


E  = 


|pir 


8f 


where,  for  abbreviation, 


(154. 


_f_|(,e.^,-c,_2) 


(154« 


The  bending  moments  in  the  stiffening  truss  are  then  to  be 
computed  by  equ.   (151). 

With  this  more  exact  theory,  as  previously  observed,  there 
is  no  longer  any  proportionality  between  the  applied  loads  and 
the  internal  stresses.  The  method  of  influence  lines  is  therefore 
inapplicable. 

If  the  loading  consists  of  a  load  g'l  uniformly  distributed 
ov^er  the  entire  span  and  a  similar  load  pA  covering  a  distance 
A  from  the  left  abutment,  then  the  arbitrary  constants  of  equ. 
(150)  are  defined  by  the  following  expressions: 

For  the  segment  from  ic=0  to  ic^A 

tic   l^i—  ^  l_e^-'  V  Z'  ^  /1  +  e^' 


-  • . .  (loo. 


For  the  segment  from  x==X  to  x=l, 
Hc-C\=Hc'C,  —  lpe-''^ 

and  equ.  (151)  yields  the  following  expressions  for  the  moments: 
Forx=0  to  x^X, 

For  x=\  to  x^l, 

Here  H  is  the  horizontal  tension  produced  by  the  loading 
g'l  +  pA,  c-  =  "t!^" ,  and  H^  denotes  the  horizontal  tension  cor- 
responding  to  the  initial  parabolic  curve  of  the  cable  and  the 


(156. 
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unstressed  condition  of  the  stiffening  truss.  In  determining  the 
value  of  c,  the  value  of  H  given  by  the  approximate  theory  may 
be  used. 

If  only  the  uniform  load  gr',  covering  the  entire  span,  is 
applied,  the  constants  reduce  to 


and  the  moment  becomes 


(157. 


M 


--A^'--h)[^-'-t-^] (158. 


Example  1.  Double-Track  Railway  Bridge.  Spau  I  =  150  meters. 
Steel-wire  cable:  Rise  =  20  m.,  horizontal  length  of  back-stays  i,  =  75 
m.,  tan  a,  =  0.4,  cable-section  Ao  =^  328  cnr.  Stiffening  truss :  parallel- 
chords,  depth  =  7  m.,  mean  moment  of  inertia  per  truss  I  =  69,473,000 
cm*.  =  0.69473  m*.  Dead  load  per  truss  g  =  2.4  tonnes,  live  load  p  =  4.0 
tonnes  per  linear  meter.  It  is  assumed  that  the  total  dead  load  is  carried 
by  the  cable  alone,  and  hence  there  are  no  bending  moments  in  the 
stiffening  truss  when  the  bridge  is  unloaded.  To  attain  this  condition,  the 
stiffening  truss  is  provided  with  a  central  hinge  during  erection  and  not 
until  the  construction  is  completed  and  the  suspension  rods  adjusted  is 
this  hinge  to  be  replaced  by  a  rigid  connection.     We  have 

Hence  the  denominator  of  equ.    (75")    1  ecomes 

8  3  X  0.69473 

^=^5-  +     0.0328  X  400     ><  ^^^^  =  1-9582. 

By  the   al.ove   assumption, 

2 

1  150 

Ho^  ~g~  X  — 20 —  ^  2.4  =z  337.5  tonnes. 

With  the  half-span  loaded,  by  the  approximate  theory    (equ.  82), 

l""  p  4 

H  =  -^YT  '     2    ^  114-90  X  "2"  =  229.8  t. 

With  the  same  half -load,  the  lending  moments  computed   by  the  approxi- 
mate ihcorn  are  as  follows:      (M  =M — //.''.) 

1  1 

At  x=  4  .',    M,=  J,,    pi'  —  /7  7,  =  5623  —  22"). 8  X  15  =  2178  t.  m. 

1  1 

-    At  x=  2  ''    ^^-=   ir,    pi''  —  11  -f  =  5625  —  22J.S  X  20  =  1029  t.  m. 

3  1 

At  .r=   .   J,    M,=  oo    ;>/'  -  ////,  =  2812.5  -  229.8   x  15  =  -  634.5  t.  m. 
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In  applying  the-  inore  exact  theorij,  we  have : 
n,+ H  567.3 


EI        ~    20,000,000X0.69473 


=  0.000040835 


1         „.  „  8f 


2=24,488.8         f  =  0.00639         c/  =  0.9585       -~  ■  H --=  1.(^^48 


Using  these  values  and  putting  g'  ==0,  \  z=  -g-  ?,  in  equs.   (155)  and   (156), 
we  obtain  the  bending  moments : 


Ata;= 

1 
4    '' 

M,= 

1 
-^  X  0.0847565  =  2075.6  t.  m. 

Atcr= 

1 

.1/,= 

1 

-^  X  0.038268  =  937.1  t.  m. 

At^= 

3 

4    '' 

M,= 

1 
—  —tX  0.027238  =  —  667.0  t.  m. 

Comparing  the  two  methods,  it  is  seen  that  the  exact  design,  which 
allows  for  the  deformation  of  the  cable  under  load^  yields  results  for  the 
positive  moments  Mi  and  M.  smaller  by  4.7  and  8.8%  respectively  and 
for  the  negative  moment  M3  larger  by  4.9%  than  the  corresponding 
results  of  the  approximate  theory.  If  the  stiffening  truss  is  more  flexible, 
as  in  the  following  example,  larger  differences  will  appear. 

If  the  entire  span  is  loaded  with  p  =  4.0  tonnes  per  linear  meter,  we 
find  by  the  approximate  theory, 

H  =  114.9  X  4  =  4.59.6  t. 

and  the  moment  at  the  mid -point 

1 

il/=-g-pP—F/'=  11250  — 459.6  X  20  =  2058.0  t.  m. 

The  more  exact  method  yields: 

^ 797.1 

'■'""    20,000,000  X  0.69473    =  0.000050173 

1 

-^=19,931.0  c/  =  1.06249 

c 

and  by  equ.  (158),  substituting  for  (/'  the  value  /*  =  4.0  t., 

1  1 

ata;=-o-  I,        M  =  0.92195—^  =1837.6  t.  m. 

This  is  about  10%  less  than  the  result  of  the  approximate  design. 

Example  2.  Highway  Bridge.  Span  and  rise  as  above.  Stiffening 
truss,  2.5  meters  high;  mean  moment  of  inertia  I  =  7,812,000  cm*  =  0.07812 
ni*.  Cable-section  Ao  =  200  cm".  Dead  load  per  truss,  g  =  2.40  tonnes, 
live  load  73=  1.4  t.  per  linear  meter.  It  is  again  assumed  that  the  total 
dead  weight  of  the  bridge  is  carried  by  the  cable.  With  L  =  2.255  ;,  we 
find 

8  3X0.07812 

^  =  -5-  +  -0.02  X  400     X  2-255  =  1.66606, 

1  (150)=' 

g„=-g-X         20         X  2.4  =  337.5 1., 
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and,  with  the  half -span  loaded,  by   eqn.    (82), 

1.4 


//  =  135.048  X 


=94.53  t. 


For  this  half-load,  the  approximate  theory  yields  the  following  values 
of  the  moments: 


Atx==^l,         l/'i=  1968.75  —  94.53  X  15  =  550.8  t. 


m. 


Atx^-^l,         .1/,  =  1968.75  — 94.53X20  =  78.15  t.  m. 


At  x=  -^  I,         J/a  =-  984.37  —  94.53  X  15  =  —433.57  t.  m. 


Applying  the  exact  theory,  we  have: 

H„+  H  432.05 

^'  ^         e1        ^  20,000,000 X. 07812     "=  -0002766, 


:  3,615.4,        ci  =  2.49466, 


>/■ 


I' 


ff=:  0.672213. 


Using  thete  values  and  ^  =  ■0"^  "i  ^qu.    (156),  we  compute  the  following 
moments : 

1  1 

At  x=  -4-  I,       Mi=  —T  0.12717  =  459  76  t.  m, 

1  1 

At  x=  -g-^       M2=—3  0.01304  =  47.15  t.  m. 

3  1 

At  x=  ~r  ly       M,=  —  —2-  0.10701  =  —386.89  t.  m. 

4  C 

The  deviation  from  the  approximate  values  amounts  to  about  17% 
in  i/,,  and  about  40%  of  the  approximate  value  in  the  small  bending 
moment  at  the  mid-point;  and  in  every  case  the  approximate  theory  makes 
the  bending  moments  too  large. 

With  the  entire  span  loaded  with  p  =  1.4  t.  per  linear  meter, 

H  =  135.048  X  1.4  =  189.06  t. 
and  the  moment  at  the  mid-point  is  given  by  the  approximate  method  a.9 


M=-:^  pr  —  R.  f=^  3937.5  —  3781.2  =  156.3   t.  m. 

For  the  more  exact  design  we  have: 

526.56  1        „       .   o, 

=  0.0003370,   -x=  2,967.2,   cZ  =  2.7o37 


1.562.400 


I 


and  by  equ.   (158),  for  x  =  -k-,  we  obtain 

1 
il/=  0.029203  •  -^  =86.6  t.  m. 
c 

Hence   the   approximate   design   in   this   case   yields   a   value   too   great 
by  more  than  40%. 
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2.  Truss  with  a  Middle  Hinge.  Let  the  stiffening  truss 
have  a  constant  moment  of  inertia  1 ;  and,  in  the  unloaded  con- 
dition, with  only  the  dead  load  of  g  units  per  linear  meter  act- 
ing, at  a  definite  temperature,  let  the  form  of  the  cable  coincide 
with  the  equilibrium  curve  of  the  dead  load,  so  that  there  is  then 
no  stress  in  the  stiffening  truss.  Let  Ho  be  the  horizontal  tension 
of  the  cable  when  this  condition  obtains. 

Upon  applying  a  live  load  p,  which  increases  the  horizontal 
tension  by  H,  or  for  any  other  cause,  let  the  cable  sag  at  the 
crown  by  an  amount  A  /,  producing  a  bending  in  the  stiffening 

truss.    "Writing  for  the  half-span    -o-  =  <*,  and  denoting  by  i]  the 

deflection  due  to  bending  of  the  stiffening  truss  at  a  distance  x 
from  the  abutment,  then  the  total  deflection  at  that  point  will 

be  T^  +  —  .  A  /,  and  the  same  amount  will  represent  the  increase 

in  the  ordinate  y  of  the  cable-curve  if  the  stretching  of  the 
suspenders  is  neglected.  The  horizontal  forces  {Ho  -\-  H)  cor- 
responding to  the  initial  position  of  the  cable-crown  will  now 

change   to  (H'o+S')  =       J ^      (Fo+  H).      If  M  denotes  the 

moment  of  the  loads  g  -\-  p  in  a  simply  supported  beam,  then  the 
bending  moment  in  the  stiffening  truss  will  be 

M  =  M-  (H^  +  H')  (^  -f  -^  A/-f .;) (a. 

and  the  differential  equation  of  the  elastic  curve  of  the  structure 
will  be 


cri)  2  ->/M  oc     .  _f\  ,  n 

when,  for  abbreviation,  we  put 

,2_  H'o-f  F'    .    E,^-E 


C 


EI       ~       EI 


If  we  assume  A/  independent  of  ?/,  which  is  very  nearly  the 
case,  then,  for  a  parabolic  initial  form  of  the  cable  and  for  the 
cases  of  loading  occurring  in  practice,  the  bracketed  quantity  in 
(ft)  will  be  a  homogeneous  algebraic  expression  of  the  second 
degree;  let  this  expression  be  denoted  by  F{x)  and  its  second 
derivative  with  respect  to  x  by  F"{x).  Then  the  integration  of 
(^)  yields 

^=Ae'=^  +  Be-'=^  +  i^(x)  -\-j,F"{x)     (y. 

The  constants  A  and  B  are  given  by  the  conditions  that  at 
X  =  0  and  x  =  a,  ■>;  =  0.  Substituting  the  expression  (y)  in 
equation  (a)  gives  the  bending  moment 
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M=~(H'o+n')(Ae''^  +  Be-'^)—EI.F''(x)..{^- 

The  design  for  any  given  loading  now  becomes  a  simple 
matter.    With  a  full-span  load  of  p  per  unit  length  we  obtain 

and  the  maximum  moment  at  the  quarter  point 

M...=  '-rr'''2g7-^  (,.5... 


+  1  a 


When  the  half -span  is  loaded  with  p  per  unit  length, 

^     ~  EI~  4:f 

and  the  maximum  moments  at  the  quarter-points  in  the  loaded 
and  unloaded  segments  will  be 


_  (c%ca_i)2      2 EI     2(g-{-p)Af  +  pf 
_   (e%ca_l)2       2 EI      2gAf-pf 

M2msiX       -  „ca_i     1  ■        „2 


e 


"  +  1  a^  2g  +  p 


(160. 


For  a  very  stiff  truss  (/^  00,  c^O),  we  have 

so  that  the  extra  moment  at  the  quarter  points  due  to  the  sag 
A  /  at  the  crown  will  be  given  with  sufficient  accuracy  for  most 
cases  by  the  formula 

M=l(no+n).Af (161. 

The  crown  sag  A  /,  due  to  an  elongation  of  the  cable  amount- 
ing to  A  L,  is  expressed  with  sufficient  accuracy  by  the  equation 
(128), 


^f=i7  +  l{,) 


1  f\      AL 

2 


Example.     If  the  bridge  of  the   above  example  1.  is  constructed  with  a 

1       6.4  (150)^ 
middle  hinge,  then,  with  p  =  4.0  t.,  H  -\-  Ho^  ^g 20 ~  *'' 

c'  =      ^°  J".^       =    0.0000648,     ca  =  0.6037;    hence,    by    equ.     (159), 
E  1 

900 
Mmax  =  216.83  A  f  OT  approximately,  by  equ.  (161),  Mmax  =       4      .  A  f  ^ 

223  .  Af.     The  elastic  stretch  of  the  cable  will  be 
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hence 


and 


E  562.5  X  338 

^^^eI'   ^'~  2000  X  328  —  ^•^^"  ™'' 


/75       1  20\ 
'^/=(20  +  2'75)0-14^5  =  0.5G3m. 


j/„,,^  ^  216.83  X  0.563  =  122.1  t.  m. 


1    8.8    (loO^" 
With   only  the   half-span   loaded,  E  -\-  H(,=  ja. ofj ~  ^^  618.75   t., 

c'  =  0.0000445,    ca  =  0.5002,  and  we  obtain,  by  eqii.  (160), 

ih  max  =  (1369.3  +  219.1   A  /)  t.  m. 

.17,  ,„.,^  =  (  —  1369.3  +  82.2  ^  f)  t.  m. 

The  approximate  formula  for  the  rigid  truss  gives, 

1  1 

.l/^^ma^  =  ±  ^  pi-  +  ^  (Ho+E)  .  Af==  (±1406+  154.7A/-)  t.  )i 

Here,  neglecting   the   effect   of   temperature   variations,  the  value  of  A  f 
must  be  taken  as  one-half  the  value  for  full  load,  or  A  f  ^  0.281  m. 
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C.     The  Arched  Rib. 

(Arch  with  Solid  Web.) 

§10.    Internal  Stresses  iu  Curved  Ribs. 

We  conceive  an  arched  rib  as  generated  by  a  plane  figure 
whose  center  of  gravity  moves  along  a  line  of  single  cnrvatnre 
while  the  plane  of  the  figure  remains  continually  perpendicular 
to  this  directrix.  The  generating  figure  is  called  the  cross- 
section  of  the  arch  and  the  directrix  is  called  its  axis. 

It  is  presupposed  that  the  lines  of  action  of  all  the  external 
forces  acting  on  the  arch  (loads  and  end-reactions)  lie  in  a 
single  plane — the  force-plane,  which  coincides  with  the  plane 
of  the  arch-axis  and  contains  a  principal  axis  of  each  cross- 
section. 

If  the  external  forces  are  known,  then  the  resultants  of  the 
internal  stresses  at  any  section  are  also  determined,  since  these 
must  be  in  equilibrium  with  all  external  forces  acting  on  the 
rib  between  the  given  section  and  the  end  of  the  span.  If  the 
resultant  of  these  forces  at  every  section  passes  through  the 
center  of  gravity  of  the  cross-section,  that  is  if  the  loads  are 
so  distributed  that  their  e(iuilibrium  polygon  coincides  through- 
out with  the  arch-axis,  then  the  stresses  ^^^ll  be  uniformly  dis- 
tributed over  each  cross-section  and  there  will  be  none  but 
normal  stresses  (pure  tension  or  compression)  throughout  the 
structure.  Under  any  other  loading,  for  which  the  line  of 
resultant  pressures  departs  from  the  arch-axis,  bending  stresses 
will  appear  in  the  structure. 

Upon  applying  any  load,  the  axis  of  the  rib  assumes  a  new 
form  called  the  elastic  curve  for  the  given  loading.  To  be  pre- 
cise, the  quantities  employed  in  the  following  analysis  ought  to 
relate  to  the  condition  of  the  structure  after  deformation  (cf. 
§28).  Nevertheless  let  us  presuppose  —  what  appears  to  be 
admissible  in  all  practical  cases — that  the  deformations  are  so 
slight  that  all  relations  based  on  the  original  coordinates  of 
the  axis  will  hold  good,  even  after  deformation. 

"We  locate  the  origin  of  coordinates  at  the  left  end-point  of 
the  arch-axis  and  measure  the  positive  abscissae  toward  the  right 
and  the  positive  ordinates  upward.  Let  the  inclination  to  the 
horizontal  of  the  tangent  to  the  arch-axis  at  the  point  {x,y),  or 
the  inclination  to  the  vertical  of  the  plane  of  the  cross-section,  be 
denoted  by  ^.  Then,  for  a  positive  dx,  if  the  curvature  is  convex 
upward,  (/</>  must  be  taken  as  negative.     Also  let  R  denote  the 
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resultant  of  the  external  forces  acting  on  the  portion  of  the 
arch  to  the  left  of  the  section  ix,y).  Let  its  components  paral- 
lel to  the  coordinate  axes  he 
n  and  V,  and  the  components 
parallel  respectively  to  the 
tangent  and  normal  to  the 
arch-axis  at  the  point  {x,  y) 
heP  andS  (Fig.  38).  Let  M 
denote  the  moment  of  the  ex- 
ternal forces  about  an  axis 
perpendicular  to  the  force- 
plane  at  the  point  {x,  y),  con- 
sidered positive  if  directed! 
clockwise.  The  external  jf- 
forces  may  then  be  replacedj 
by   a  single   force   R,   or  its'  * 

components    {H,V)    or   (P,  S)  applied  at  the  center  of  gravity 
of  the  given  section  together  with  a  couple  whose  moment  is 

M.     With  these  external  forces, 


^je 


Fig.  39. 


the  internal  stresses  at  the  sec- 
tion {x,  y)  must  be  in  equilib- 
rium. 

Consequently,  if  u,  t.^  and  t^ 
denote  the  normal  and  shearing 
stresses  on  any  elementary  area 
d  A  ^=  d  u.  dv  oi  the  cross-sec- 
tion (Fig.  39),  we  may  write 
the  following  equations  of  equi- 
librium : 


P+fa.dA      =0 


.dA     =0 
.dA     =0 


(162. 


M-^fa.v.dA=0 

fa.u.dA  =0 

j T^.u  .dA — JTz-v .dA^O 

1.  Determination  of  the  Normal  Stress  cr.  It  is  assumed 
that  the  axis  will  remain  a  plane  curve  after  deformation  and 
that  all  bending  takes  place  in  the  force-plane.  The  radius  of 
curvature  of  the  arch-axis  at  the  point  {x,  y)  will  be  denoted 
by  r  {positive  if  the  curve  is  convex  upward).  If  d  Sv  denotes 
the  length  of  a  fiber  between  two  cross-sections  infinitely  close 
together  before  deformation,  and  A  dsy  is  its  change  in  length, 
then  the  length  of  the  fiber  after  deformation  will  be  d  Sv  + AcZsv 
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We  adopt  the  same  assumption  as  in  the  common  theory  of  flex- 
ure of  straight  beams,  namely  that  the  material  cross-sections 
remain  plane  and  perpendicular  to  the  axis  after  deformation. 
By  this  assumption,  if  —  dcf)  denotes  the  angle  between  the  two 
consecutive  cross-sections,  and  if  this  changes  upon  deformation 
into  —  ((Z^  +  A  d<p),  (dcf)  and  A  d  ({>  being  considered  negative 
when  the  curve  is  convex  upward  and  when  the  curvature  is 
increased  by  the  deformation ) ,  we  have 

dsv=ds — vd(f> 
and 

d Sv  +  A dsy=ds-\- A ds — v  (d(f)-{- Adcf>). 

Subtracting  tlie  first  of  these  equations  from  the  second,  we 
obtain : 

Adsy  =  Ads  —  V  •  Ad(f>. 

The  proportional  elongation  or  strain  of  the  fiber  is,  therefore, 

A d Sv  Ads^vAd(f> 

dsv  ds  — vd<p 

or,  since  ds  =  —  /■  defy, 

Adsv  /Ads  Ad(p 


^/^_^A^\r       3^ 

\    ds  ds    /  r-j-  V  ^ 


dsv  \    ds  ds    /  r  -\-  V 

If,  in  addition  to  the  normal  stress,  a,  there  is  also  a  tem- 
perature variation  t  contributing  to  the  fiber-strain  A  ds^,  then, 
with  a  coefficient  of  expansion  oj, 

Adsv  "■      I        ± 


dsv  E 

Combining  this  with  equ.  (163)  and  solving  for  o-, 

„   /Ads  Ad<f>\       r  t;t      .  /-i/^^ 

a^=E  i—r- — 'y— 5 — I — i Eoit......  (164. 

\    ds  ds    /   r  -\-  V  ^ 

Substituting  this  expression  in  the  first  and  fourth  of  the  equa- 
tions of  equilibrium  (162),  we  obtain 

P^-E^(^  +  E^C^;^dA  +  Eo.t.A^ 

ds  J    r-\-v  ds    J    r  +  V 

3I=-E-^C-^dA+E  ^C^-dA        ..(165. 

ds    J     r  +  v  ds    J     r  +  v 

-\-Ewtfv.dA 


Observing  that 


fdA  =  A,     fv.dA  =  0, 
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and  hence  that 
lA 


XrdA 
r+v 


and 


J    r+v  r  J  ^     r  J    r  +  v 

r''  J    r+  V 


J    r+v  •'  J    r+v  r  J 

and  introducing  the  abbreviation 


r  V 


r+v 


dA, 


J 


r  V 


dA=J, 


r  +  v 

then  the  equations  (165)  become 


(166. 


and 


i  V  fZs      '  /  \     ds        '      r     ds  /    r 


M 
E 


( 


^d4 

ds 


+^ 


1     Af/.s 
ds 


)j. 


Solving  these  equations,  we  find 
^ds 


ds 


_Ad0_ 
ds 


_     P     _. M_ 

~  EA     '     EA, 

P        ,        M 
EAr  ~^  EAi'- 


•OJ  t 


(167. 


Substituting  these  values  in  equ.   (164),  we  obtain  the  normal 
fiber  stress 


-a- 


M 


-\--Fz  + 


Mrv 


Ar 


J  {r+v) 


(168 


This  equation  (168)  show^s  that  o-  is  not  a  linear  function 
of  V  but,  on  the  contrary,  is  represented  by  the  ordinates  of 
an  equilateral  hyperbola  whose  asymptote  normal  to  the  given 
section  passes  through  the  center  of  curvature. 

The  fiber  stress  a  will  be  zero  at 


V- 


Pr  M 


+ 


M      .     .1/ 


Ar    '      J 

Hence,  if  P  =  0,  the  neutral  axis  does  not  pass  through  the 
center  of   gravity  of  the  cross-section    (f=0),   unless  r=  oo, 
i.  e.,  unless  the  axis  of  the  rib  is  originally  straight. 
The  quantity  J  may  be  expanded  into  a  series: 
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But  I  V'  clA  represents  the  moment  of  inertia  /  of  the  cross- 
section  about  the  f-axis.  If,  furthermore,  the  cross-section  is 
symmetrical  about  this  axis,  all  the  terms  in  v^,  v'' .  .  .  will  vanish, 
so  that  we  obtain 

If  the  radius  of  curvature  r  is  very  large  in  proportion  to  the 
depth  of  cross-section,  all  the  other  terms  in  the  expression  for 
J  may  be  neglected  in  comparison  with  the  term  /,  so  that  we 
may  substitute  the  moment  of  inertia  /  for  the  quantity  ./  in  the 
formulae  established  above. 

For   example,   in   a   rectangular   cross-section  of  width   h   and   depth   h, 
we  find: 

for   a  ratio  of    ~=      0.05  0.10  0.20 

r 

^=      1.0004    1.0015    1.0060 

This  approximation  appears  to  be  admissible  in  all  prac- 
tical applications  of  the  formulae  to  arch-bridges.  In  most  cases 
it  even  suffices  to  replace  equs.  (167)  and  (168)  by  the  simpler 
equations  applying  to  straight  beams : 


^ds 

P 

ds 

EA 

Ad0 

M 

ds 

EI 

d, 


(167« 


_^=^4_^ (168a 

The  fundamental  relations  employed  in  the  preceding 
analysis  impose  one  more  test:  to  determine  under  what  con- 
ditions, if  any,  the  fifth  of  the  equs.  (162),  also  involving  the 
quantity  a-,  will  be  satisfied.  Substituting  the  expression  of 
(164)  and  making  a  slight  omission,  we  obtain 

or,  since    |  u  .  d  A  =  0, 

/ll  V  .dA  n 

— T ^^^ 

This  equation  will  be  satisfied  by  the  condition,  among 
others,  that  the  cross-section  be  symmetrically  disposed  about  the 
force-plane ;  if  r  is  very  large  compared  with  v,  the  equation 
reduces  to 
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/ 


uv.dA  =  0, 


which  shows  that  one  of  the  principal  axes  of  the  section  must 
lie  in  the  force-plane. 

2.     Determination  of  the  Radial  Shearing  Stress  xg.    As  a 

rule,  the  shearing  stresses  in  an  arch  may  be  neglected ;  never- 
theless a  knowledge  of  them  is  sometimes  important,  and  the 
value  of  Tg  should  therefore  be  derived.  We  shall  adopt  the 
assumption,  however,  that  the  radius  of  curvature  is  suf- 
ficiently large  compared  ivith  the  depth  of  cross-section  to  per- 
mit the  use  of  equ.  (168=^)  in  determining  the  normal  stresses. 
If,  from  the  rib-segment  included  between  the  sections  at 
{x,  y)    and    {x- -\- dx,  y-\-dy),   we  cut  off  an  uppei*  portion 

Fig.  40. 


by  means  of  a  section  perpendicular  to  the  force-plane  and 
parallel  to  the  arch-curve,  there  will  be  acting  upon  this 
elementary  body  the  forces  and  stresses  represented  in  Fig. 
40. 

Here  d  G  denotes  the  external  load  acting  on  the  arch  segment 
and  qds  the  dead  weight  of  the  latter.  It  is  assumed  that  the 
shearing  stresses  T3  are  the  same  for  any  two  mutually  perpendic- 
ular planes  at  any  point  and  that  they  are  uniform  in  intensity 
throughout  the  elementary  tangential  section.  Distinguishing 
the  stresses  at  the  neighboring  section  by  affixing  an  index  (') 
and  presupposing  but  a  slight  variation  of  cross-section,  we  have, 
by  (168^), 

\  C       1  A  P. a       El's, 

'Cy^A—       (P  +  dP)a         (M  +  dM)2 


.dA=- 
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Here  a  denotes  the  area  of  cross-section  included  above  the 
tangential  cutting  plane,  and  2  denotes  the  static  movement  of 
this  area  about  the  U-axis.    Now  (by  Fig.  38)  we  have 

P  =  H  cos  <!>  +  V  sin  <j>, (169. 

hence 

Js  ^  ^~^ *^'^ '^  +  ^^^^"^^^  +  rf7 sin4>+  —  cos cf>. 

But,  since  (by  Fig.  38), 

8  =  —E  .  sin  <p~\-Vcos<f> (170. 

and 

dV=dG  .  sin  a  —  qds,    dH  =  dGcosa,  —z — = , 

d  s  r    ' 

we  obtain 

dP  S  ,   dCr         f        ^s  .    ^  -Sf    ,  f^„^ 

-r-  = +  -r-  cos  (a — (b)  — q  sind)= r  Qn,  .  (171. 

ds  r   ^    ds  T J        J.         -r  ^    1     J   7      \ 

where  ^n  denotes  the  intensity  (per  unit  length  of  axis)  of  the 
normal  component  of  the  total  load  on  the  elementary  solid.  In 
like  manner  we  obtain 

d3I=  — H  .  ds  .  sincf>-{-  V.ds  .  cos<f>-\-dG  .  m.  cos  (a  —  <{>)  ; 

hence, 

^=  S-{-m'^cos(a—<f>), (172,. 

ds  d  s  ^  ^  ^ '  ^ 

where  vi  is  the  radial  lever  arm  of  the  force  dG  about  an  axis 
through  the  point  (x,  y). 

Finally,  the  condition  that  the  algebraic  sum  of  all  the  force- 
components  parallel  to  the  tangent  must  be  zero,  jnelds  the  fol- 
lowing equation  adapted  for  determining  Xg : 


— Tg.  h  (ds—vd<}))—dcf>CTs'.dA-]-Ccr\dA—  Ca 
-}-  dG  cos  (a — <f>) — q.ds.  —  •  sin<f>  =0. 


dA 


Substituting    ds  —  v  d4>  =  —  d4>  (r  +  v)   or,    by    the    above 
assumptions,  =  —  d(f>.r  =  ds,  putting  j  T\.dA=i  r^.dA,  and 

substituting  the  value  of  j  o-'f/^l —  |  a.dA,  also  the  expressions 
of  (171)  and  (172),  we  obtain 
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If  we  put r —  =  —  =0,  the  above  reduces  to 

a  s  r 

fl  c 
If,  in  addition,  —-  =^  0  or  cos  (a  —  <^)  =0,  the  above  becomes 

tto 

^^=-iri    ^^'^' 

The  above  results  (equs.  168^  and  ITS'')  show  that  the  for- 
mulae for  straight  beams  may  he  applied,  ivith  close  approx- 
imation, to  the  arched  rib,  provided  the  radius  of  curvature 
is  comparatively  large ;  in  all  further  stress-analysis,  determina- 
tion of  principal  stresses,  etc.,  the  same  principle  will  be  applied 
and  flat  arches  wdll  be  treated  approximately  as  straight  beams. 

In  bridge-arches  for  the  usual  descriptions  of  loading,  the 
shear  S  will  always  be  very  small  compared  with  the  axial-force 
P,  so  that,  as  a  rule,  the  shearing  stresses  in  arched  ribs  may  be 
o'.nitted  from  consideration. 
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§11.  Conditions  for  Stability.  Line  of  Resistance. 
Core-Points.    (xrai)hic    Determination    of   Normal    Fiber 

Stresses. 

Neglecting  the  shearing  stresses,  as  just  suggested,  the  prin- 
cipal stresses  become  identical  with  the  normal  fiber  stresses. 
These,  by  equ.  (168),  attain  their  greatest  values  at  the  extreme 
fibers ;  if  these  fibers  are  distant  i\  and  —  Vn  from  the  gravity- 
axis,  the  respective  stresses  will  be : 


P  M  M  r  i\ 


^  A  Ar  J  (r  +  iH) 

""2"         A  Ar   +    J  ir—v,) 


(174. 


Neither  of  these  values  should  exceed  the  safe  working  intensity 
of  stress. 

If  r  is  sufficiently  large  relative  to  v,  the  a])0ve  expressions 
become 


cr-i 


CTn 


P  .1/   1-1    1 

A  I 

P  M  r. 

A  ^  ~  1 


(174^ 


which  values  may  also  be  obtained  directly  from  equ.  (168^). 

If  we  substitute  3I-=P.p,  then  it  appears  that  the  dis- 
tribution of  fiber  stresses  in  the  cross-section  is  especially 
dependent  upon  the  value  of  p,  i.  e.,  upon  the  distance  of  the 
piercing  point  D  (Fig.  38)  of  the  external  resultant  R  from  the 
gravity-axis.  It  is  therefore  desirable  to  know  the  position  of 
this  point  at  every  cross-section ;  and,  for  any  given  loading,  the 
curve  constituting  the  locus  of  these  piercing  points  is  named 
the  Line  of  Resistance. 

The  curve  enveloping  the  successive  resultants  of  the  ex- 
ternal forces  (generally  differing  but  little  from  the  line  of 
resistance),  i.  e.,  the  equilibrium  curve  of  the  external  loading, 
is  called  the  Li)ie  of  Pressures  or,  more  briefly,  the  Pressur<) 
Line.  A  line  drawn  from  any  point  of  the  line  of  resistance 
tangent  to  the  pressure  line  will  constitute  the  line  of  action  of 
the  corresponding  resultant  pressure  R.  The  name,  line  of 
resistance,  is  adopted  because  that  line  determines  at  each  sec- 
tion the  point  at  which  the  internal  resisting  siresses  must 
balance  the  external  forces  to  produce  stable  equilil)rium.  An- 
other important  property  of  the  line  of  resistance  is  that  its  dis- 
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tance  from  the  gravity  axis  controls  the  magnitude  and  distri- 
bution of  the  stresses  in  the  cross-section. 

If  i  denotes  the  radius  of  gyration  of  the  cross-section  in  the 
force-plane,  then  I  =  A  .  r,  and  by  equ.  (168^), 


Mv 


-i(l  +  ^) ("5. 


Equ.    (175)    shows  that  the  normal  stresses  vary  along  llie 
section  as  the  ordinates  of  a  straight  line ;  specifieally, 


at  V  =  v^, 
at  f  ^  0 , 
Sit  V  =  —  V2, 


-— ^0+^) 


0-0  = 


(To 


A 


i(^-m 


(17G. 


Equations  (176)  show  that  the  extreme  stresses  o-j  and  a^, 
and  hence  all  the  stresses  in  the  section,  wdll  have  the  same  sign 
provided 


p  > and,  at  the  same  time,  <  — 


(177. 


Hence,  in  each  cross-section,  if  we  fix  two  points  at  dis- 
tances k^  and  —  k. 


2  from  the  gravity  axis,  determined  by 


ki  =  — f 


fvo 


Vi 


(178. 


or  by  the  corresponding  graphic  construction  of  Fig.  (41),  they 
will  so  divide  the  section  that  all  the  normal  stresses  will  be  of 

the  same  sign  so  long  as  the  line  of  resistance, 
representing  the  resultant  pressure  B,  passes 
between  the  two  points.  These  points,  whoso 
position  depends  only  upon  the  form  of  tho 
cross-section,  are  called  the  Core-Points,  their 
continuous  loci  are  the  two  Core-Lines,  and 
the    portion   of   the   force-plane   intercepted 


Fig.  41, 

d 

«?i: — * 


between  these  lines  is  called  the  Core 


All  the  normal  fiber  stresses  at  any  section  will  therefore 
have  the  same  sign  or  direction,  so  long  as  the  line  of  resistance 
cuts  the  section  within  the  core. 

Introducing  the  quantities  k-^  and  Zfg  into  equations  (176), 
we  obtain 


A 
A 


P(kr  —  p) 


+ 


/ 

MkiV, 


(179. 


Normal  Fiber  Stresses  in  the  Arched  Rib. 


97 


where  Mu^  and  Mk,  represent  the  moments  of  the  external  forces 
about  the  two  core-points  of  the  cross-section. 
These  equations,  or  the  equivalent  forms 


A 


(179^ 


form  the  basis  for  the 
graphic  method  of  Fig.  42 
for  determining  the  normal 
stresses.  Ni,  N^,  are  the  core- 
points  lying  in  the  force- 
plane;  and  the  ordinate  8C, 
at  the   center  of  gravity,  is 


Fig.  42. 


made  equal  to   — . 


The  lines 


4!^^/«WV/W^/'^^^'^^/^*/lV>//Z/^^^^ 


^i 


drawn    from   the    core-points        I   ^/     ''^—Iit.-..^...^-i. 

N^,  No,  to  the  point  C  will       '"*  *^ 

intercept    on     the     resultant 

normal    pressure    P,    two    lengths    representing    extreme    fiber 

stresses  o-i  and  a^  respectively. 

From  this  construction  it  is  evident  that  the  stress  at  one  of  the 
extreme  fibers  will  be  zero  when  the  line  of  resistance  passes  through  the 
corresponding  core-point;  that  the  stresses  o-j  and  ff.^  will  have  like  signs 
when  the  resultant  force  pas'ses  inside  the  core,  and  unlike  signs  when  it 
passes  outside  the  core ;  and  the  neutral  axis  will  come  the  nearer  to  the 
center  of  gravity  the  farther  the  line  of  resistance  is  removed  therefrom. 
With  the  aid  of  analytical  geometry  it  may  also  be  shown  that  the  neutral 
axis  is  the  anti-polar  of  the  central  ellipse  with  respect  to  the  point  of 
application  of  the  resultant  pressure  as  pole. 

If  the  cross-section  consists  of  two  flanges  of  area  A^  and  A2, 
and  if  h  is  the  effective  depth  or  distance  between  the  centers 
of  gravity  of  the  flanges,  then  approximately,  neglecting  the 
effect  of  the  web,  we  may  write  At^v-l  =  AoV2,  A^^  ■^1^+  A2V2^  = 
(J-i-j- J.2)  *^  and  ^1^2=*^  k2Vi=i~ ;  hence  we  find :  k{=v^,  Jc2=V2, 
i.  e.,  the  core-points  coincide  with  the  flanges  of  the  girder. 
Consequently,  by  equ.  (179), 


P  (p  +  k,) 


A^(k^  +  l•,) 
P(ki  —  p)     _ 


4- 


AJi 

.l/u 


(180. 


A^k.  +  k.) 

Here  M^  and  3Ii  represent  the  moments  of  the  external  forces 
taken  about  the  centers  of  gravity  of  the  upper  and  lower  chords 
respectively. 
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§12.    Determination  of  the  Deformations. 

1.  Elongation  of  the  Axis.  If  {x,y)  and  {Xo,  y,,)  are  the  co- 
ordinates of  two  points  on  the  arch  axis  and  if  s  and  So  are  their 
respective  distances  measured  along  the  axis  from  any  assumed 
initial  point,  the  change  in  the  axial  distance  between  the  two 
points  is  obtained  by  integrating  the  first  of  eqiis.  (167)  ;  there 
results : 

s 
As— ASo=o.  t  {s  —  .%)  —f  (^^-  +  -^)  ds..  (181. 

So 
and  approximately,  if  r  is  very  large, 

s 

As— A  So=io  t  (s  — .vo)  —J  (^)  ds (18P. 


So 


2.  Variation  of  the  Angle  0.  The  variation  of  the  angle 
between  the  normals  or  tangents  at  two  points  whose  initial 
coordinates  are  {x,  y)  and  [x^^,  y^)  is  given  by  the  integration  of 
the  second  of  equs.   (167)  : 


-*--*-J(^  +  ^l?+i)"-"'/^ 


J    E.J 


kj^' 


As  —  A,5 


(182. 


If  r  is  very  large  compared  with  the  dimensions  of  the  cross- 
section,  then  approximately. 


ds 
r 


Ac/.-Ac/.o=J^-.^| 


(182^ 


3.    Variation  of  the  Radius  of  Curvature.      If  r,  is  the   ra- 
dius of  curvature  at  any  point  after  deformation,  then 


1 


d0  4-Ad0 
"ds  +  Ads     ' 
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so  that  the  variation  of  curvature  is 


1^ 1_ d(p  +  Ad(f>     ,    d<p 

ri        r  ds  +  Ads'ds 


Ad(f>  _,     1    A  ds 
'     r     ds 


ds 


1  + 


Ads 
ds 


On  substituting  the  values  from  equs.  (167),  the  above  becomes 

J.  _  j.  ^        .¥  1 

ri         r 


M 
EJ 


0-.-^ 


M 
EAr 


\+   OJt 


) 


(183. 


As  an  approximation,  since 


Ads 
ds 


is  always  very  small  com- 


pared with  unity  and  as  r  is  assumed  very  large  relative  to  the 
sectional  dimensions,  we  may  write 


M 
EI 


(183'' 


If  the  arch  is  made  to  conform  to  an   equilibrium  curve,  then,  as  the 
line   of   resistance   coincides   with   the   axis,   M  =0,    and,   if   the   ends   are 

1  1 

free   to    undergo    the   necessary    displacements,   by   equ.    (183),  —  =  —  ' 

or  the  radius  of  curvature  remains  constant  at  every  point.  The  deforma- 
tion then  consists  merely  of  a  shortening  of  the  axis  by  the  distance  Ads. 
Consequently  there  must  be,  on  the  whole,  a  shortening  of  the  span.  As 
this,  however,  is  impossible  with  an  arch  whose  ends  are  immovable,  it  is 
seen  that  a  perfect  coincidence  of  arch-axis  with  line  of  resistance  cannot 
be  attained,  or  may  be  assumed  approximately  only  when  the  deformations 
are  negligible  or  the  material  is  considered  incompressible. 

4.  Variation  of  the  Coordinates.  Let  ^  x,  Ay  denote  the 
displacements  of  the  point  B  {x,y)  in  the  directions  of  the 
respective  coordinate  axes  (Fig.  43)  ;  and 
let  Ad  X,  A  d  y,  Ads  represent  the  varia- 
tions in  the  distances  dx,  dy,  d s  between 
the  two  consecutive  points,  B,  B' .  Let  the 
section  at  B'  undergo  a  rotation  A  ^  which 
we  assume  equal  to  that  at  B.  The  point 
B  of  the  arch-axis  is  thus  displaced  to  5" ; 
and  the  projections  of  this  displacement 
BB"  upon  the  coordinate  axes  may  be  " 
determined  from  the  triangle  B  B"  C 
which  is  similar  to  the  triangle  B  B'  D.    We  thus  have 


Fig.  43. 


B  C=— A(^.  ds  . 
B"G=A<i>.ds. 


dy 
ds 

dx 

ds 


-' — A</) .  dy,  and 
-A(f) .  dx  . 


If  the  arch-axis  suffers,  in  addition,  a  change  in  length,  in 
particular  if  the  arch  element  BB'  =  ds  is  lengthened  by  A  ds. 
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then  the  point  B^'  receives  a  displacement  whose  rectangular 
components  are  A  ds  —^  and  A  cZ  s  -7^,  so  that  the  total  dis- 
placement  of  B  relative  to  B'  is  given  by  the  expressions, 

Adx=—A<p.dy  +  Ads.  ^ 
Ady=A<i>.dx-\-Ads.  ^ 

Considering  such  displacements  in  all  the  arch  elements  begin- 
ning at  some  initial  point  A,  and  summing  these  up  to  get  the 
total  displacement  of  B,  we  obtain, 


AiC^ —  I  A^  .  di)-\-  I 

ai/=Ja<a.cZ^+/^ 


Arfs 
ds 


dx 


dij 


If  we  indicate  the  values  of  the  coordinate  and  angular  varia- 
tions pertaining  to  the  initial  point  A  with  the  subscript  0,  and 
the  values  pertaining  to  the  point  B  with  the  subscript  1,  then, 
by  partial  integration  of  the  above  equations  and  substituting 
the  proper  limits,  we  obtain 


Si  Xi 

At/i— Ai/o=A<^ia;i— A(/)oa-o  — J   ^  .xds-\-j  -^dy 


So 


Xo 


(184. 


Substituting  for— — ^  and  -^ the  expressions (167), liut  intro- 


ds 


ds 
M 


ducing  the  abbreviation  P+ -^  =  P',  and  writing  A</)i  =  A  </)o  + 


a  1 


C  Ad 
J      dt 


0 


ds,  we  obtain, 


St 

Axi— Axo=— A<^o(2/i  — .(/o)  — J  7^7  (yi—y)ds 

«!  S, 

-f£^(:^ds^dx)+.tf(^.ds  +  dx) 
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Si  Si 


(186. 


The  above  equations  may  be  simplified  if  the  radius  of 
curvature  is  very  large  relative  to  the  sectional  dimensions.  We 
may  then  put  P'  ^P,  J  =  I^  and,  in  the  temperature  terms, 

omit  the  parts  containing    — .     There  results: 


Si 


ds 


Sl 


So 


...  (185" 


A!/ 


Sl 

1— A(,'o     A</>o(a;i— Jo)+ J  -fjix^—x) 


ds 


Sl 


(186« 
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§  13.    External  Forces  of  the  Arched  Rib. 

"We  here  consider  plate  arches  or  curved  ribs  whose  ends 
are  connected  to  rigid  supports.  The  connections  may  be  either 
such  as  to  keep  the  ends  of  the  rib  completely  or  practically 
immovable,  although  permitting  free  rotation  of  the  axis — 
Arches  with  Hinged  Ends — or  such  as  to  prevent  rotation  also, 
so  that  the  ends  of  the  axis  remain  fixed  in  direction — Arches 
ivith  Fixed  Ends  (or  Hingeless  Arches).  Both  of  these  types 
of  arches,  as  explained  in  the  Introduction  (§1),  belong  to  the 
statically  indeterminate  class  of  structures,  i.  e.,  the  conditions 
of  static  equilibrium  do  not  suffice  to  determine  the  external 
reactions ;  it  thus  becomes  necessary  to  establish  additional 
equations  of  condition  on  the  basis  of  the  elastic  deformations. 
For  this  purpose  we  may  employ  the  deformation  equations 
established  in  the  preceding  section  (§12),  or,  as  will  later 
be  shown,  we  may  apply  the  Theorem  of  Least  Work.  Static 
determinateness,  however,  may  be  attained  in  the  arch  with 
hinged  ends  by  introducing  a  third  hinge,  thus  obtaining 
the  Three-Hinged  Arch. 

In  the  general  case  of  the  fixed-ended,  hingeless  arch,  there 
exist  the  following  relations  between  the  external  forces :  Let 
A  and  B  (Fig.  44)  be  the  two  end  points,  assumed  to  be  at 
different  elevations.     Let  G  represent  one  of  the  forces  acting 

in  any  direction  upon  the 
^'^S-  44.  arch.     Let  us,  for  the  mo- 

ment, imagine  the  end  A 
free  to  slide  horizontally 
while  the  end  B,  at  the 
same  time,  has  a  hinged 
connection ;  and,  in  the 
freely  supported  girder 
thus  obtained,  let  us  deter- 
mine the  bending  moment 
M  at  any  point  {x,y),  the 
ordinate  y  being  measured 
from  the  closing  chord  A  B. 

If  g  and  y  are  the  lever  arms  of  the  external  forces  about  the 
end  B  and  the  point  {x,y),  respectively,  then 


M=  ,-jG^.^-2    G.y 


(187. 


The  fixedness  of  the  ends  of  the  rib,  preventing  either  rota- 
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tion  or  liorizontal  displacement,  may  be  replaced  by  the  effect 
of  a  force  with  horizontal  component  7?i,  applied  at  A  and  acting 
in  the  direction  of  the  chord  A  B,  and  a  moment  M^  applied  at 
A  together  with  another  M.  applied  at  B ;  these  reactions  must 
be  added  to  those  of  a  freely  supported  girder.  The  bending 
moment  at  the  point  (x,y)  then  becomes: 


3i  =  m+  Ml(hz^l±Ml^_E,.y 


(188. 


Using  the  notation  indicated  in  Fig.  44,  we  may  also  write 
the  follo^nng  general  equations : 


T7  1      ^      />  I      -1^  —  .1/l      I       TT      4  \ 


I 


0 


I 


I 


—  V,  =  V,—  '^G  simp 

0 


^     ....(189 


At  any  section  ,r,  the  horizontal  and  vertical  components  will  be 

(190. 


0 


V=\\—^G.sin-4; 

0 

If  </)  is  the  slope  of  the  tangent  to  the  arch-axis  at  the  point 
{x,  y),  the  axial  and  shearing  components  are  given  by 

fP=Vsin<f>-\-Hcos<f> (191. 

\8=Vcoscl>  —  Hsincj> (192;. 

With  M  and  P  known,  we  may  determine  the  internal  stresses 
in  the  arch  by  equ.  (168)  or  (IGS'^),  and  the  maximum  fiber 
stresses  by  equ.  (174)  or  (174''),  so  that  the  entire  problem  is 
solved.  But  in  order  to  find  M  and  P,  in  the  general  case,  it  is 
necessary  to  first  determine  three  statically  indeterminate  quan- 
tities :  i?i,  Ml  and  AI^.  In  the  two-hinged  arch  the  end  moments 
il/i  and  Mr,  vanish ;  hence  the  number  of  indeterminate  quantities 
reduces  to  one,  viz.,  the  horizontal  thrust  H^.  Finally,  if  a  third 
hinge  is  put  into  the  arch,  it  provides  another  static  condition, 
namely  that  the  moment  of  the  external  forces  about  the  center 
of  the  hinge  must  vanish;  this  condition  determines  the  value 

If  the  two  ends  are  at  the  same  level,  and  if  all  the  applied 
loads  are  vertical  in  direction,  the  above  general  equations  reduce 
to 


H^=n=n, 


V,- 


Y^Cr.g  + 

I    0 


M.  —  Mt 


(193. 
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If  the  loading  is  vertical,  M  may  be  represented  by  the  ordi- 
nates  of  a  funicular  polygon.  If  this  polygon  is  constructed 
with  the  pole  distance  =  Hj,  and  placed  in  such  a  position  rela- 
tive to  the  arch  as  to  intersect  the  end-verticals  at  distances 

e^^-^  and  62=^' above  the  points  of  support,  then  the  ordi- 
nates  of  the  polygon  measured  above  the  arch-chord  and  multi- 
plied by  Z?!  will  represent  the  moments  M  -\ —^ ^-^—  ; 

consequently,  by  equ.  (188),  the  vertical  intercepts  between  the 
cquilihrium  polygon  of  the  loading  and  the  axis  of  the  arch,  mul- 
tiplied by  H^,  Will  give  the  bending  7noments  at  the  correspond- 
ing points  of  the  axis.  This  principle  was  first  established  by 
Winkler. 


Reaction  Locus  and  Tangent  Curves. 
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§  14.  Reaction  Locus  and  Tangent  Curyes.  Critical 
Loading. 

1.  Reaction  Locus  and  Tangent  Curves.  "When  the  end 
reactions,  i.  e.,  the  resultants  of  (H^,  V-^)  and  {H^,  V^),  and  the 
end  moments,  M^  and  M2,  are  kno^ni  for  any  given  loading, 
we  may  construct  the  force  polygon  and  equilibrium  polygon  and 
the  line  of  resistance  for  that  loading.  The  two  end  reactions 
intersect  each  other  in  a  point  on  the  resultant  of  the  applied 
loads,  which  changes  as  the  positions  of  the  loads  change ;  when 
this  load  variation  folloAvs  some  definite  rule,  the  curve  described 
by  the  intersection  of  the  reactions  is  named  the  Reaction  Inter- 
section Locus  or,  more  simply,  the  Reaction  Locus. 

"With  the  shifting  of  the  load  resultant,  the  end  reactions 
alter  their  position ;  one  way  in  which  these  reactions  may  be 
determined  is  to  have  for  each  point  of  the  reaction  locus  the 


Fig.  45. 


two  points  in  which  the  reactions  intersect  the  vertical  lines  pass- 
ing through  the  ends  of  the  arch-axis. 

Another  way  of  fixing  the  positions  of  the  end  reactions  is 
by  means  of  the  two  curves  which  are  enveloped  by  them 
when  the  load  resultant  passes  through  the  successive  points  of 
the  reaction  locus.  The  reactions  are  thus  determined  in  posi- 
tion and  direction,  for  any  load,  by  the  two  tangents  drawn 
from  the  corresponding  point  of  the  reaction  locus  to  the  two 
nappes  of  the  enveloping  curve.  The  magnitudes  of  the  reac- 
tions are  then  found  from  the  force  triangle  composed  of  the 
load-resultant  and  lines  parallel  to  the  two  tangent  directions. 
The  two  curves  enveloping  the  reactions  are  called  the  Reaction 
Envelope  Curves  or,  more  simply,  the  Tangent  Curves. 

In  Fig.  45,  let  {x,  tjx)  be  the  coordinates  of  any  point  of  one 
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of  the  reaction-lines,  (r/i,  rjo)  the  distances  intercepted  by  the  reac- 
tion-lines on  the  left  and  right  end-verticals  respectively,  and 
(  ^,  r)^)  the  coordinates  of  the  point  of  intersection  of  the  two 
reaction-lines ;  then,  in  the  general  case, 


and 


"-7/7 (13*- 


'/2  —  Z/o  =  ;^,    or  r;.  =  )/.  +  — (19o. 


Also,  for  tlie  left  reaction, 

V>^<^  —  Vi  +  :^  ■  ^~ Jfr ' ^ 

and  for  the  right  reaction, 

i7x>^  —  V2-r-jf^  U  —  ■^j  — jf^ ••  •  Uy*- 

Putting  x  =  i  in  equ.  (196)  or  (197),  we  obtain  the  ordinate 
of  the  reaction  intersection  point,  or,  with  variable  $,  the 
equation  of  the  reaction  locus: 

To  obtain  the  equation  of  the  tangent  curve,  the  value  of 
$  must  be  considered  as  the  variable  parameter  in  equations 
(196)  and  (197).  The  ecpation  of  the  tangent  curve  for  the 
hft    reactions   is    derived    by    eliminating   ^    from    equ.    (196) 

{  7^x<|  =>   — '"t    '^     )         and  the  equation  obtained  by  dif- 
ferentiating this  with  respect  to  $. 

Similarly,  we  derive  the  equation  of  the  tangent  curve  of  the 

right  reactions  by  eliminating  |  from  equ.  (197)       (   7?x>^    = 

M,  +  H,y,  +  y.  (i-x)       \     ^^^^  ^^^  equation  obtained  by  dif- 
H  2  / 

ferentiating  this  with  respect  to  $. 

If  end  hinges  are  considered,  Mi  =  M2  =  0,  and  hence 
Vi  =  0,  ??2  =  yn,  or  the  reactions  always  pass  through  the  centers 
of  gravity  of  "the  end-sections ;  consecpiently  the  tangent  curves 
in  this  case  reduce  to  the  two  end-points.  The  reaction  locus  in 
this  case  will  be 


%  =  Ti:  ^= % 


(l98^ 


In  the  case  of  the  three-hinged  arch,  the  above  formulae 
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apply  in  a  general  way.  We  may,  however,  make  use  of  the 
relation  that  the  line  of  resistance  must,  in  this  case,  always 
pass  through  the  three  hinges,  so  that  it  is  readily  determined 
for  any  given  loading.  For  a  moving  concentration,  the  reac- 
tion locus  will  then  consist  of  two  straight  lines,  meeting  at  the 
middle  hinge,  which  are  the  prolongations  of  the  lines  joining 
the  end  hinges  to  the  middle  hinge. 

On  the  basis  of  the  above  principles  it  is  readily  seen  how  the  reactions 
may  be  found  graphically  as  soon  as  the  reaction  locus  and  tangent  curves 
are  known.  It  should  be  observed  that  with  the  aid  of  the  curves  drawn 
for  a  single  concentration  we  may  construct  not  only  the  reactions  for 
different  positions  of  this  load,  but  also  those  for  a  train  of  concentrations 
resting  on  the  structure.  These  procedures  become  particularly  simple 
when  the  ends  are  hinged  since,  in  that  case,  all  the  reactions  for  the 
individual  loads  pass  through  the  same  point  so  that  the  position  of  the 
resultant  reaction,  determined  in  magnitude  and  direction  by  the  cor- 
rei-ponding  force  polygon,  is  at  once  knowB ;  whereas  in  hingeless  arches 
this  line  of  action  must  be  determined  by  a  special  funicular  polygon. 

The  reaction  corresponding  to  a  train  of  concentrations  may  he  deter- 
mined either  as  the  resultant  of  the  sums  of  the  horizontal  and  the  vertical 
components  of  the  reactions  for  the  individual  loads,  or  as  the  closing 
side  of  a  force  polygon,  -  whose  sides  represent  the  reactions  for  the 
individual  loads.  Next,  combining  the  reaction  determined  by  either  of 
the  above  methods  with  the  total  loads  acting  on  the  portion  of  the  rib 
separated  from  the  rest  by  a  given  section,  or  by  constructing  the  cor- 
responding equilibrium  polygon,  we  obtain  the  magnitude  and  position  of 
the  resultant  pressure  B  at  the  section  considered  and  with  these  data,  as 
jjreviously  indicated,  we  may  calculate  the  values  of  the  extreme  fiber 
stresses. 

With  the  aid  of  the  reaction  locus  and  tangent  curves  drawn 
for  a  single  concentration,  the  critical  loading  for  any  stress, 
i.  e.,  the  manner  of  loading  for  making  the  stress  a  maximum, 
may  be  determined. 

2.  Laws  of  Loading  for  Normal  Stresses.  As  previously 
shown  (§11),  the  normal  fiber  stresses  attain  their  maximum 
values  in  the  fibers  farthest  from  the  axis.  Hence  it  will  gen- 
erally suffice  to  determine  the  critical  loads  just  for  these 
extreme  fiber  stresses;  and  it  should  here  be  recalled  that  the 
stress  o-i  in  the  uppermost  fiber  will  have  a  sign  the  same  as 
or  opposite  to  that  of  the  normal  pressure  P  according  as  the 
resultant  pressure  R  intersects  the  section  above  or  below  the 
lower  core-point.  On  the  other  hand,  the  stress  a-n  in  the  lowest 
fiber  will  have  its  sign  the  same  as  or  opposite  to  that  of  P, 
according  as  R  cuts  the  section  below  or  above  the  upper  core- 
point.  Furthermore,  for  a  concentration  G,  the  resultant  R 
coincides  with  the  first  reaction  jRj  if  the  load  is  located  in  the 
segment  {l  —  x),  but  with  the  equilibrant  of  the  second  reac- 
tion Ro  if  the  load  is  located  in  the  segment  {x).  The  sign  of 
the  normal  pressure  P  for  different  positions  of  the  load  is  thus 
dependent  upon  the  signs  of  the  individual  values  of  R^,  Rn, 
and  upon  their  position  relative  to  the  cross-section.     For  the 
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cases  under  present  consideration,  it  may  be  stated  that  P  will 
have  the  same  sign  for  all  sections  and  all  load-positions ;  in 
fact,  for  vertical  loading,  P  will  be  positive  if  the  axis  is  con- 
cave downward  (arch),  and  negative  if  the  latter  is  convex 
downward  (suspension  cable). 

To  investigate  the  effect  of  the  loading  on  the  normal  stresses 
in  the  uppermost  fibers  of  a  cross-section   (Fig.  46),  we  draw 


Fig.  46. 


jp^oisr* 


'«>-; 


f^^of-^ 


Jir^0S=t 


two  lines  from  the  lower  core-point  n^,  of  the  section  tangent 
to  the  tangent  curves.  The  points  J  and  G,  in  which  these 
tangent  rays  cut  the  reaction  locus,  determine  the  limits  of 
loading  or  ^'critical  points."  Any  load  applied  between  C  and 
J  yields  a  resultant  pressure  cutting  the  section  below  w,,  hence 
producing  tension  (if  P  is  positive)  ;  any  load  between  J  and  E 
(the  intersection  of  a  vertical  through  the  uppermost  fiber  with 
the  reaction  locus)  yields  a  resultant  pressure  acting  above  J  E, 
and  every  load  between  E  and  G  yields  a  resultant  above  F  G, 


Fig.  47. 


^^os^l 


so  that,  in  either  case,  the  resultant  will  pass  above  Wo,  producing 
compression  in  the  upper  fibers ;  every  load  between  G  and  D 
yields  a  resultant  pressure  acting  below  F  G  or  n^,  producing 
tension  in  the  given  fibers. 

For  the  normal  stresses  in  the  lowest  fibers  of  a  cross-section 
(Fig.  47),  the  tangents  J^  H^  and  F^  G^  must  be  drawn  through 
the  upper  core-point  n^  ;  the  points  J^  G^  are  then  the  critical 
points,  so  that  all  loads  lying  between  C  and  J,,  or  G,  and  D  wL 
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produce  compression  if  P  >  0,  and  all  loads  between  J^  and  G^ 
will  produce  the  reverse  stresses. 

If,  from  the  points  C  and  D,  lines  are  drawn  tangent  to  the  tangent 
curves,  their  intersections  with  the  core-lines  will  divide  the  rib  into  portions 
having  alternately  one  or  two  critical  jioints,  according  as  the  intersections 
of  the  tangents  from  the  core-points  with  the  reaction  locus  fall  within 
or  without  the  limits  of  the  span. 

In  the  two-hinged  arch,  the  end  points  take  the  place  of  the  tangent 
curves;  and,  in  the  three-hinged  arch,  the  reaction  locus  consists  of  two 
straight  lines  meeting  at  the  middle  hinge. 

3.  Laws  of  Loading  for  Shears  8.  The  shears  S  determine 
the  shearing  stresses  in  the  plate-arch  or  the  stresses  in  the  web 
members  in  the  framed  arch  with  parallel  chords  It  is  there- 
fore important  to  determine  the  critical  values  of  the  shears. 

Fig.  48. 


rY/z/^/r^^-w-f^^''^'"'"^^^^^^^^^  — -""^ 


Drawing  the  vertical  line  HE  (Fig.  48)  through  the  upper 
fiber  H  of  the  section  and,  parallel  to  the  arch-tangent  F  G 
another  line  F^  G^  tangent  to  the  tangent  curve,  the  intersec- 
tions E  and  G^  with  the  reaction  locus  give  the  division  points 
of  the  loading  or  "critical  points"  for  shearing  stress.  For  a 
section  to  the  left  of  the  crown,  all  loads  between  C  and  E,  or  G^ 
and  D,  produce  a  negative  shear,  and  all  loads  between  E  and  G^ 
produce  a  positive  shear.  For  sections  to  the  right  of  the 
crowai,  the  reverse  rule  obtains ;  and,  in  general,  the  loading 
beginning  at  any  section  will  have  a  positive  or  negative  effect 
according  as  it  extends  toward  the  right  or  the  left,  and  the 
limits  of  the  loading  are  given  either  by  the  end  of  the  rib  or 
by  the  intersection  of  the  reaction  locus  with  the  parallel 
tangent. 

Drawing  tangents  from  the  points  C  and  Z)  to  the  tangent  curves,  the 
points  at  which  the  arch  axis  is  parallel  to  these  tangents  divide  the  rib . 
into  portions  having  alternately  one  or  two  critical  points.  Naming  the 
points  of  contact  of  the  tangents  under  consideration  M  and  N,  then  for 
all  sections  between  M  and  N  the  vertical  through  the  uppermost  fiber 
gives  the  sole  critical  point,  since  the  intersection  G„  used  above,  here 
falls  outside  the  span.  The  extreme  values  of  the  shear  S  will  then  be 
produced  by  loads  extending  from  the  given  section  to  the  left  or  right 
ends  of  the  span,  exactly  as  in  the  case  of  maximum  shears  in  a  simple 
truss. 
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1.     THE  THREE-HINGED  ARCH. 
§  15.    External  Forces. 

By  equ.  (188),  if  the  ends  of  an  arched  rib  are  hinged,  so 
that  -/If  1  =  Mo  =  0,  Ave  have  in  general 

M=  M-  n,y   (199. 

The  insertion  of  a  third  hinge  at  the  point  {x  =  g,  y  =/) 
of  the  arch-axis  supplies  an  additional  equation  of  condition 
enabling  H^  to  be  determined  directly.  Namely,  at  the  hinge 
point  the  moment  of  the  external  forces  must  vanish,  and  hence 

M,-HJ=0 

where  Mq   is  the  simple  beam  bending  moment  at  the  center 
of  I  he  hinge.     Consequently 

E,  =  ^ (200. 

If  a  vertical  load  G  is  applied  at  a  distance  i  {<.  g)   from 

€ 

fore 


the  end  of  the  arch,  we  have  M„  =  (7  .  -^     ij'  —  g),  and  there- 


jj^Q.Ail_ffl_ ^ ^2*01 

Similarly  we  find,  for  $  >  g, 

E=G  ^^~^'''   (20P. 

The  influence  line  for  horizontal  thrust  (77)  in  a  three-hinged 
arch  thus  proves  to  be  a  triangle  with  base  /,  whose  apex  lies 
on  the  vertical  line  through  the  middle  hinge  and  Avhose  altitude 

is  ecpal  to  G   -    ^     ~^  ■• 

If  the  middle  hinge  lies  at  the  crown,  then  g  =  — »  so  that  the 

Li 

horizontal  thrust  for  a  unit  load  is  given  by  e(ius.   (201  ">   and 
(20P),  as 

E=g4^i    or  H  =  G  ^^~^^  - 


2/  '     "^   "         -        2/ 

With  the  value  of  II  known,  we  may  determine  the  moment 
M  for  any  load  applied  at  x  =  $,  hy  e([u.  (199)  : 
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M,^,=  G-^  'X  —  H.y 


:<^ 


M.>^ 


G-\  (l  —  x)—H.y 


(202. 


We  also  obtain  the  following  expressions  for  the  axial  and 
transverse  forces  from  equs.  (191)  and  (192)  : 


Px 


<l 


1 — ? 
G ; sin  (/)  +  /?  COS  cf) 


Px>^  ==  —  G-j-  sm  (f>-\-  n  cos  (j> 


(203. 


^Sx  >  ^  =  G  — —  COS  (f)  — 11  sin  (j) 
Sx<:^=  —  G  -j-cos  cf)  —  H sin 4> 


(204. 


It  is  advantageous  to  take  the  moments  M  aliout  the  core- 
points  of  the  cross-section,  substituting  for  y  the  ordinates  of 
these  points,  since,  by  equ.  (179),  the  extreme  fiber  stresses  are 
proportional  to  these  moments;  it  then  becomes  unnecessary 
to  proceed  with  the  determination  of  the  axial  forces. 
-  The  moment  and  shear  influence  lines  are  formed  of  broken 
straight  lines  whose  vertices  lie  in  the  verticals  of  the  crown 
and  of  the  given  section,  and  whose  equations  are  given  by 
(202)  and  (204)  if  $  is  considered  the  variable.  These  influ- 
ence lines  may  also  be  obtained  by  a  simple  construction  which, 
for  the  moments,  coincides  with  that  of  Fig.  32  if  Mu  and  il/i 
occurring  there,  are  understood  to  represent  the  core-points  of 
the  given  section. 

The   shear  influence  line   is  drawn   in  Fig.   49.     The   two 
parallel  directions  at  and  hs  are  determined  by  the  intercept 
a  d  =  G  .cot  c/)^    on    the    end-verticals ;    furthermore    the    point 
i  must  lie  vertically  below  J, 
the  point  at  which  the  reac- 
tion locus  is  intersected  by  a 
line    dra^m    from    the    end 
hinge  parallel  to  the  section 
tangent.      The    intercepts    of 
the   figure   included   between 
atsh  and  ach  give  the  val- 
ues of  the  shear  for  a  unit 
G 


load^       ... 

sin  01 

The  horizontal  thrust  for  a 
uniform  load  covering  the 
entire  span,  wdth  an  intensity 
of  p  per  unit  length,  is 


Fia:.  40. 
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pi' 


8/ 


(205. 


If  the  load  extends  only  for  a  distance  A^  from  one  end,  then, 
by  equ.   (200), 


for   Ai  <  -n-^      H  — 


_  pK' 


4/ 


Ai> 


H 


8/ 


(4:Xj~2xi—r~) 


(206. 


By  the  general  rules  given  in  §  14  it  is  a  simple  matter  to 
determine,  for  any  given  form  of  arch,  the  greatest  moments 
and  shears  producible  by  a  moving  load.  The  influence  lines 
may  be  used  for  this  purpose,  this  method  being  advantageous 
v.'henever  the  load  consists  of  a  train  of  concentrations. 

For  a  continuous  uniform  load,  the  critical  loading  for 
moments  is  determined  by: 


Xi 


2fxk 


2fxk-\-  li/k 


(2'07. 


where  Xi,  and  ^k  are  the  coordinates  of  the  appropriate  core- 
point  in  the  given  section  (ef.  equ.  98).  If  the  distance  Ai  <  -g- 
from  the  left  end  is  covered  with  the  uniform  load  p,  we  have 


Mn 


p\,.xk{2l—\) 
21 


Xk 


—  p-9. P 


4/ 


•  IJk 


pxk  (Ai  —  Xk) 


(208. 


which  is  identical  with  the  moment  in  a  simple  beam  of  span  Ai. 
If   the   distance    {I  —  A  )    is  covered   with   the  load  p,   we 
obtain 


1  p  /" 

Mnnn^=  -7^  P  ^k  (I Xw) ^g--  •  jh 


Mn 


^  px\,  (/  — Aj) 


8f    '  ^^ 


(2'09. 


The  critical  point  for  maximum  shears  is  given  l)y 


T 


2f 


2f  +  l  tan  0 


(210. 


We  then  have  for  any  section  for  which  A2< 


2  ' 


^n 


2  1^^ 


x 


)  -  —  ( /  —  A., )  -  ]  cos  cf)  — ~  y  ( Aj  —  x~ )  sin  (f) 
(\,  —  xy 


/' 


^P  .  cos  (J3 


2\„ 


(211 
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and 


Smin^=-o-P    (l  —  2  X)   COS  (f)  —  -^    •  81)1  <p  —  S^nax 


8f 


p  .  COS  </> .    3\,;— 2x/— 2^^— ;^ 

4X, 


(212. 


For  all  sections  for  which  equ.  (210)  gives  Ao  >  -g-  we  must 

substitute  Ao  =  Z  in  equ.  (211). 

If  the  axis  of  the  arch  is  of  parabolic  form,  equs.  (110)  also 
yield  the  values  of  8. sec  (f>. 

Fig.  50. 


Figs.  (50)  and  (51)  show  the  plotted  graphs  of  the  maximum  moments 
and  shears  in  a  segmental  arch  having  a  constant  distance  between  core- 
points.  The  curves  acmdh  and  c  g  n  hf  in  Fig.  50  represent  the  moments 
about  the  upper  and  lower  core-points  when  the  entire  span  is  loaded ; 
the  curves  ap  qr  slj  and  p-^  q^,  r^  s^  give  the  maximum  negative  and  positive 
moments  about  the  upper  core-points,  and  the  curves  ti  u^,  i\  u\  and 
etunvwf  give  the  same  moments  about  the  lower  core-points.  In  Fig.  51, 
ah  cd  is  the  curve  of  shears  for  a  full-span  load,  a  e  f  g  h  and  I:  I  m  n  d 
are  the  curves  for  loads  extending  from  the  section  to  the  right  or  left 
ends  of  the  span,  respectively,  while  p  e  or  ql  represents  the  effect  of  a 
load  extending  from  the  point  J  (see  Fig.  49)  to  the  end-point  B. 

If  the  half-span  is  loaded,  and  if  the  arch-axis  is  a  parabola, 
the  moments  in  the  loaded  or  unloaded  segments,  respectively, 

will  be  3f  =  ±  -7-  px  (-^ — xj,   and   at   the    quarter  -  points 
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§  1 6.    Deformationg. 

1.  Effect  of  Temperature  Variation  and  a  Horizontal  Dis- 
placement of  the  Abutments.  We  consider  a  three-hinged  arch 
whose  ends  are  at  the  same  level.  Let  the  span  I  be  increased 
by  the  amount  A  I  through  a  yielding  of  the  abutments ;  also  let 
there  be  a  simultaneous  temperature  variation  of  ±  t°.  Setting 
71/ =  0  and  P=0  in  the  general  deformation  equation  (185), 
extending  the  integration  over  the  half-arch,  denoting  the  total 
length  of  axis  by  h  and  the  length  from  the  end  to  the  point 
{x,  y)  by  s,  and  assuming  a  segmental  form  of  axis  for  the  arch, 
Ave  find: 


M 


=— A</)o./±  wf  [      2      +2  J 


hence 


(213. 


which  formula  may  also  be  applied  to  non-segmental  arches  of 
flat  pitch. 

Substituting  the  expression  (213)  in  (185)  and  (186),  we 
obtain  the  following  values  for  the  displacements  of  any  point 
of  the  arch-axis : 


Ax= g-  f  1  —  y) ±  oi  t  (s  .  cos  4> 2j 

Al       X    ^         ,  /  .       .     I       h 


y 


) 


.  (214. 


or  approximately. 


A  X 


(2l4^, 


The  upward  deflection  at  the  crown  is  given  by  the  second 
of  equs.  (214)  as 


A/  = 


4/ 


M 


t 


bl 
4/ 


(215. 


2.  Deformations  Due  to  Loading.  In  equs.  (185)  and 
(186),  which  serve  to  determine  the  deformations,  there  remains 
to  be  determined  the  quantity  A  <f>o,  i.  e.,  the  rotation  at  the  left 
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end  A.    The  following  values  may  be  established  for  this  quan- 
tity in  three-hinged  arches : 

If  b  is  the  total  length  of  axis,  and  A  cft'^  the  rotation  of  the 
right  segment  of  the  arch  at  the  crown-section,  then,  applying 
equs.  (185)  and  (186)  to  the  two  half-arches  with  the  admissible 
approximations  J  =  / and  P'  =  P,  we  obtain  the  following  ex- 
pressions for  the  displacement  of  the  crown : 


ds 


s 


=  — A<^o7  — J-^/y  •  (f—y) 

h  A    \      r  / 

h 
AiCe=  +  Ac^',   •/  + J-^y   (l/)    ds 


\  ....  (216. 


A  ?/c  =  A  <^o  ■   o-  +  j  y 7  (y  —  x^ds 

0 

0 

b 

-A!/e=Ac/>'e    ■^+J'^^j(l  —  X)ds 


(217. 


Adding  the  first  and  second  of  the  above  equations,  also  the 
third  and  fourth,  and  eliminating  A^'c  from  the  resulting  equa- 
tions, we  finallv  obtain 


0 

EA  \.V~^~T  )^'^~2rr  —  ~'r\ 


(218. 
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Since  M  and  P  may  now  be  considered  as  known  for  any 
given  loading,  the  above  equation  will,  in  general,  enable  A  <p„ 
to  be  determined  and  hence,  by  equs.  (185)  and  (186),  we  may 
find  the  deflections  at  any  point  of  the  arch  and,  by  equs.  (216) 
and  (217),  the  deflections  at  the  crown. 

a.)    Flat  Parabolic  Arch,  Loaded  with  a  Concentration.    The 

*      4f 
equation  of  the  axis  of  the  rib  is  y  =  -~  x  {I  —  x)  ;    also,  for 

a  flat  arch,  we  may  put  d  s  =  d  x,  r  ^  -^-r ,  and  P,  constant  for 

all  sections,  =  11.       I  and  A  will  likewise  be  assumed  constant. 
We  then  obtain   for  a  concentration  G,  lying  at  a  distance  $ 

(<  -i^j  from  the  left  end,  by  equ.  (218), 

^*«=-|T[^*/-(l-¥  +  2^)<i-+T/('— ) 

(l f -\- -^"^d  x~ -^^  j  X  (l  —  x)  (l  — -^-^ -f^^-^fZxJ 

0 

I  I 

0  0 

Hence, 

■  ■  _  G.ai'-5(i-ir]      r?.g(8f+3n 

^"Po—  ^OEI  .f  12  E  A  f-l  ■■  ^'^^'^' 

Similarly  we  find  the  rotation  at  the  right  end  B, 

— A,/>,—  3Q^— ,  12EAfl •  •   <''^'''^- 

The  components  of  the  deflection  at  any  point  {x,y)  of  the 
axis  of  the  rib  are  found  by  equs.  (185)  and  (186)  to  have  the 
following  values : 

For  x  <  ^  and  <  $, 


—  ■l5P(2l—3x)—iX'i0r-—55lx-\-16x')  Vr-1 


(221. 
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^y- 


G 


EI 


X 

"30F 


[Sx-jP  — ^  (Sl—x)  I 


+ 


G 


^x 


EA 


12/=/^ 


[16(3x  —  2l)f~~:iP\ 


(222. 


For  X  <   2"  but  >  $ 


— 2  x' (Id  P-}-15$- 1—5  e)+10r-x^— 551x^  +  16  x"] 


(223. 


Alj- 


G 


I 


j,[5$H~  — X  (4:1^  +  151$-— 5$') +  15 xH' 


EI      30 

—15xH  +  5x']-\-^-  4^[16(3a:— 20f-3P] 


(224. 


.(225. 


EA       12  ft 
Finall}',  for  x  >  ^  (and  hence  >  $)  : 

^^=fj-  y  [-i''-\-2xi{u'-5ei+5e) 

-2x^  {2\l^-5ei  +  5e)    -^  70  x' r- ~  55  xH  +16x'^] 
-  £^^-^^  {^Q  (2JC-1)  P-hSP  }  (2^x-l). 

The  expressions  for  the  vertical  deflections  agree  in  the  first 
parts,  viz.,  the  terms  depending  on  the  moments,  with  the  cor- 
responding terms  given  in  equs.  (139)  to  (141)  for  the  system 
of  arches  or  cables  stiffened  with  a  three-hinged  truss.  We  may 
therefore  apply  here  also  the  graphic  construction  there  given 
for  determining  the  deflections. 

The  displacements  at  the  crown  are  found  to  be : 


. .  (226. 


Ax, 


=  ^¥hO'^l''-^'')   (227. 


^y<^=wETi(^^'+l^'-''^'') 


Gu^r+sn 


2iEAf       (22^- 

The  rotations  at  the  crown  are  found  to  be,  for  the  left  arch- 
segment, 

^•^•^^  r20^l7F<^^^'-^0^'^  +  20^^)  -  i2^7r^(3^=-16n-  (229. 
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and  for  the  right  arch-segment, 

The  preceding  formulae  apply  only  if  ^  <  — o*^  '  ^^^®  effect 

of  a  load  in  the  right  half  of  the  arch  is  obtainable  by  the  princi- 
ple of  symmetry. 

If  the  load  is  at  the  crown,  there  results 

^y'^—       4S0lfl  4:SEAf         ^ 

A</.e  — -Ac/>e  — -    i80£/^        2iEAf-        ....{^6Z: 

By   equ.    (227),    the   horizontal    displacement    of   the    crown   will    I'e   a 

maximnm   for  a  load  at  |  ^  -j-;   furthermore,  every  load  on  the  left  half 

of  the  rib  produces  a  displacement  of  the  crown  toward  the  right.  Also, 
if  we  consider  only  the  first  term  in  equ.  (228),  we  find  A  i/c  =  0  at  about 
^  =  0.3.36  I,  so  that,  approximately,  all  loads  in  the  outer  thirds  of  the 
span  produce  an  uplift,  and  all  loads  in  the  middle  third  produce  a 
depression  of  the  crown. 

b.)  Flat  Parabolic  Arch;  Continuous  Load.  The  deforma- 
tions produced  by  any  loading,  whether  a  train  of  concentra- 
tions or  a  continuous  load,  are  readily  evaluated  by  means  of 
the  influence  lines  which  may  be  constructed  in  accordance  with 
equs.  (219)  to  (280).  Let  us  consider  here  only  the  case  of 
a  uniformly  distributed  load  of  intensity  p  extending  for  a 

distance  A  from  the  left  end,  where  A  <  -g-.    For  such  loading 

we  obtain  the  following  formulae : 

-^*.=  l2f|n-[2P-5JA^  +  4A=]-'-^^lS.^^ (234. 

and,  at  the  crown, 

^*-=  m^'  [9P-30U=  +  8A.]  -  "^'Zln' (2.35. 

^*'«=2i^-[''  +  10'^^-«^'l  +  '^J?T^ (236. 

'^ ^«  =  18BW  [5''-2n U=  +  16A»] ■■ (237. 
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If  the  loaded  length  A  extends  from  the  left  end  to  some 
point  beyond  the  crown,  i.  e.,  if  A  >  -g-.  we  have  the  following 
formulae : 


48  EA  f  I 


—  A</>, 


A(/)c 


_p(I  —  \)' 


120^/1^  t-^' +  2PA  + 3/ A^  +  4A^] 

_  p(4j\  —  r-  —  2\')(sr-  +  3r-) 

~~  48  EA  f  r 

I^L^;  [/3  +  io;(/_A)^^-8(/-A)==] 

p(4/X  — P— 2\=)(3/,=  — IG/M 


'iSEAfl 


240  EI  l- 


p  (4jX—f-  —  2\=)  (3;'— 16f) 
+  48  EA  f-  I 


^y^='m^E]]^  vsp-2oi{i~xr-^i6  a-xy] 

p(4l\  —  f—2X')  (Sr-J\.Sf) 

deEAf" 


. .  (239. 

. .  (240. 
. .  (241. 

. .  (242. 

. .  (243. 
. .  (244. 


The  horizontal  deflection  of  the  crown  is  found  to  be  a  max- 


imum for  A  =  ^-;  we  then  obtain 
max.(Aa;e)=9^^ 


(245. 


The  maximum  uplift  of  the  crown  occurs  approximately 
when  the  first  and  last  thirds  of  the  span  are  loaded ;  we  then 
obtain 

37        pi'  _pf{3l-+Sf) 


max.  (A  (/c)^ 


. .  (246. 


116,640  EI  216  E A  f 

The    maximum    downward    deflection  at    the    crown,    which 

occurs   approximately   when   the    middle  third  of   the   span   is 
loaded,  is  found  to  be 


.  37        pi'    ,      5     ijr-(3r-+8f-) 

max.  (^— A  i/c ;  —  -fiQ^-^Q  -^j  -r  gg4       ^^  ^.= 


(247. 
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2.    ARCHED  RIB  WITH  END  HINGES. 

§  17.    Determination  of  the  Horizontal  Thrust. 

1.  General  Case.  By  equations  (187)  to  (192),  putting 
both  of  the  end  moments  31^  and  Mo  equal  to  zero,  the  external 
forces  may  be  determined  as  soon  as  the  horizontal  force  H  is 
known.  To  determine  the  latter  it  is  necessary  to  consider  the 
elastic  deformations.  The  appropriate  equation  of  condition 
may  be  developed  from  the  Principle  of  Virtual  Work,  or  it  may 
be  derived  directly  from  equ.  (185).  From  the  latter,  with  the 
approximation  J  =  I,  we  obtain  the  displacement  of  the  end  B 
toward  A: 

b  I  I 

0  0  0 

By  the  Principle  of  Virtual  Work,  equ.  (248)  may  be  established  a3 
follows:  The  general  expression  for  the  work  of  deformation  of  curved 
ribs  may  be  written, 

where,  with  the  previous  notation,  P'  =  P  -\ ,  and,  for  the  two-hinged 

arch,  M  =  M.  —  Hy  and  P'  =  T  sin  (p  ^  E  cos  (p  +  ■ —  —  — -.     But,  by  the 

dW 
above   mentioned   principle,  must   equal    the    virtual   work   per    unit 

dW 
value  of  the  horizontal  end-forces  77;  i.  e.,  ==  —  A  I  if  the  two  ends 

increase  their  horizontal  distance  from  each  other  by  A  I,  (cf  .Castigliano 's 
Theorem ) .     We  thus   obtain 

JP'         dP'  C    '^I         ^1^  C         dP' 

or 

which,  as  ds  cos  (p  =  dx,  is  identical  with  equ.   (248). 

In  flat  arches  (up  to  about  ^  "~5")  ^^^-  ^^• 

we  have,  very  nearly, 

P'=H.4^=ri  .sec4> 

<,  dx 

and,  if  the  curvature  is  approximately 
constant,  we  may  write 
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-^ds  —  d  x=  —d  s  .  cos  B; 

r  '^ 

this  is  an  approximation  always  admissible  in  practical  applica- 
tions on  account  of  the  relatively  small  effect  of  P  upon  the  end 
deflections. 

Introducing  also  an  average  cross-section  A^,  defined  by  the 
formula 


b 


J    Acos(p  Aicos  (pi  Ao  00802 


where  b  is  the  total  length  of  axis  of  the  arch,  A^  / n.  .the  mean 
cross-sections  of  the  arch  elements,  s^So.  . their  lengths,  and 
</)i02--  their  inclinations  to  the  horizontal,  and  substituting 
il/ =  M  —  n  y,  equ.  (248)  yields  the  following  expression  for 
the  horizontal  thrust: 


CMy 


d  s  +  Ei^t  .b  .cosP  —  E  M 
b  cos  P 


H  =  - j^ (250. 


i     }fds  b  cus  I 


It  should  here  be  observed  that  the  abutment  points  of  the 
arch  need  not  lie  at  the  centers  of  gravity  of  the  end  sections, 
but  may  be  located  either  higher  or  lower  at  will.  It  is  merely 
necessary  to  always  measure  y  from  the  line  joining  the  end 
points. 

If  the  two  ends  are  not  at  the  same  elevation,  but  have  their  connecting 
line  forming  an  angle  a  with  the  horizontal  (Fig.  53),  then  the  horizontal 
component  of  the  end  reactions  is  given  by  the  following  expressions: 

Fi-.  53 


a.)     In  case  the  span  is  increased  by  the  amount  A  I  through  a  horizontal 
displacement  of  the  abutments,  A,B^ 

b 
B= ,, . .  .  (251«. 


/^ 


ds  b.cos  (P  —  a) .  sec' a 

+  To 
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b.)      In  case  the  abutments  are  displaced  in  the  direction  of  the  con- 
necting line  A  B  through  the  distance  A  l.sec  a, 


rMjL. 


(Is  -\-E  0}  t  .1)  cos  (jS  —  a  )  .  sec  a  ^  £  A  Z  sec'  i 
V 


H  = s — — . .  .  (25P. 


J         I  '  Ao 

0 


(Is  h.COs(^  —  a).sec'a 


In  flat  arches  we  may  also  write,  with  close  approximation, 
h  cos  (3  ==  I   and  h  cos  (/?  —  a)  =  I .  sec  a. 

In  the  above  expressions  for  H,  the  first  term  in  the  nnmer- 
ator  gives  the  effect  of  the  loading,  the  second  term  that  of  a 
variation  of  temperature,  and  the  third  term  that  of  a  displace- 
ment of  the  abutments.  The  symbol  t  denotes  the  difference 
of  temperature  in  the  arch  from  that  of  erection,  i.  e.,  from  the 
temperature  at  which  the  arch,  supposed  to  be  without  load  or 
weight,  would  be  entirely  unstressed.  In  a  full-centered  (semi- 
circular) arch,  for  which  the  above  formulae  are  by  no  means 
sufficiently  accurate,  no  stresses  are  producible  by  changes  of 
temperature. 

If  the  moment  of  inertia  of  the  cross-section  of  the  arch  is 
constant  within  each  panel-length  a^^a.,.  .  Om-  -,  then  the  defi- 
nite integrals  in  the  preceding  expressions  for  H  may  be  trans- 
formed into  summations  exactly  as  developed  in  §  5.     For  this, 
purpose  we  must  introduce  the  modified  moments  of  inertia, 

r  =  Icos<t>=I-^ (252. 

We  then  obtain,  on  the  basis  of  equs.  (72)  and  (73),  if  a^ 
is  a  mean  panel-length  and  Fo  a  mean  value  of  /', 

&                             I 
f^  .  ds  =  >  2  M^  V. , (253. 

0 

CjL,cls  =  '^'^^ym  Vm, (254. 

0 

where 

''»=-|s;-  7K2!'»  +  i'«-.)  +  ^  ■7fe(2!/-^+!'-..)-  (255. 

Thus  the  same  rules  apply  for  an  arch  carrying  a  vertical 
concentration,  as  have  been  established  for  the  suspension  sys- 
tems considered  in  §§  5  et  seq.;  the  horizontal  thrust  produced 
by  the  action  of  such  load  may  be  taken  proportional  to  the 
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ordinates  of  a  funicular  polygon  constructed  by  treating  the 
quantities  v  as  forces  applied  at  the  respective  panel-points. 

If  the  loading  consists  only  of  a  horizontal  force  W,  acting 
at  a  height  /;  above  the  closing  chord  at  a  point  of  the  arch-axis 
whose  abscissa  is  «",  then,  if  we  omit  the  effects  of  temperature 
variation  and  of  shifting  of  the  abutments  and  substitute  for  the 
axial  force  the  approximate  expressions 


P=(H—W)seccf>l_^      and  P=Hseci>\ 


x  =  l 


the  fundamental  ecjuation  (248)  yields  the  following  formula  for 
the  horizontal  thrust  at  the  right  abutment : 


w 

Is 


fJ!^.,U  +  W.cos,f^^ 


.  COS(p 

B^^= 1, ....   (256. 

y^ds     I      h  .  cos  j3 


J  I  '  .io 

0 


or,  substituting  the  approximate  value         '  '^'  ■    for  the  second 

term  of  the  numerator,  and  replacing  the  definite  integrals  by 
the  summation  expressions  of  (253)  and  (254), 


— ' ill.  '-'ill      I       '•      ■  J 

Q  Ao  .  do 

H.=  — -^-    (257. 


.  Ao.Uo 


At  the   left   end,   there   is   acting,  then,   the  outward   force 

But,  for  the  single  horizontal  load  W,  we  have 

M=W.ij~W.-^.xY^'"      and  M=W.  A  .(;_^)l-=' 
'  Ja;=0  I  '^  Jx  =  w 

hence 

I  rw  ,.  w  ,    I 


W  lji(l-  x)  Vu.—  2  (/i  -  y)  v^ 


..  (258. 


1     ' 


The  expression    —   2    (l  —  x)  r™    gives  the  reaction  at  J.  for 

'      0 

the  forces  Vm  considered  as  acting  vertically'.    If  we  imagine  this 

1   ' 
reaction,  which  is  easily  determined  and  =  -s-  2  i^m  in  sym- 


2   0 
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metrical  arches,  to  be  applied  horizontally  at  A,  also  the  forces 
Vm  to  be  acting  in  the  opposite  direction  at  the  respective  panel- 
points,  then  the  above  expression  in  brackets  denotes  the  static 
moment  of  those  forces  about  the  line  of  action  of  W  and  may 
be  represented  by  the  ordinates  of  a  funicular  polygon  in  the 
well-known  manner. 

Fig.  54. 


The  construction  for  the  horizontal  thrust  produced  by  a 
vertical  load  G,  also  by  a  horizontal  force  W,  is  shown  in  Fig. 
54.  Fig.  54^  is  the  force  polygon  constructed  with  the  quanti- 
ties Vm  computed  by  equ.  (255)  ;  Fig.  54*"  is  the  funicular  polygon 
of  these  forces  considered  as  acting  vertically;  Fig.  54*=  is  the 
funicular  polygon  for  the  same  forces  acting  horizontally.  These 
funicular  polygons  give  the  intercepts  pp^  and  qq^  on  the  lines 
of  action  of  G  and  W  respectively.  If  we  add  to  the  latter  inter- 
cept the  small  distance  qq^  =      .    °' —  ,   then  the  length  pp^^ 

Ao.  (to.  p 

and  ^„  q^  will  represent  the  horizontal  thrusts  for  the  forces  G 
and  W  respectively,  provided  the  latter  forces  are  represented 
by  the  distance  tIq  n^.    The  latter  length  is  composed  of 


I 

no  M  =  2  :?/m  Vm    and  n  Wi=      . 


h  .  cos  P  .  I'o 


where  p  is  the  pole  distance  of  the  force  polygon  (Fig.  54^).* 

With  am  and  /'  constant,  i.  e.,  with  the  moment  of  inertia 
increasing  toward  tlie  abutments  in  the  same  ratio  as  sec  (f>,  we 
obtain  approximately  Vm  =  2/m- 

*  That  the  H-curve  for  concentrated  loads  on  arches  with  end  hinges 
may  be  represented  by  a  funicular  polygon,  was  first  demonstrated  by  Mohr. 
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In  plate-girder  arches,  in  which  the  depth  of  web  is  usually  fairly 
constant,  the  approximation  Vm  =  2/m  will  always  give  sufficiently  accurate 
results.  It  appears  that  the  variation  in  the  moments  of  inertia  must  be 
very  marked  before  it  will  exert  any  appreciable  influence  upon  the 
value  of  R. 

If  the  two  ends  lie  in  a  line  inclined  at  an  angle  a  to  the 
horizontal,  the  preceding  method  for  determining  the  horizontal 
thrust  H  must  be  modified  as  shown  in  Fig.  55.     The  quantities 


Fig.  55. 


V  are  given  here,  as  above,  by  equ.  (255),  the  ordinates  y  being 
measured  from  the  closing  chord ;  and,  in  I'  =  I  cos  </>,  <^ 
denotes  the  inclination  of  the  arch  elements  to  the  horizontal. 
The  funicular  polygon  giving  the  quantity  2  yv  must  be  con- 
structed for  the  forces  v  considered  as  acting  parallel  to  the  arch- 
chord,  using  a  force  polygon  whose  vertical  pole  distance  is  p. 


The  correction  length  is,  in  this  case,  n7i^  = 


6  .  cos  /3  .  sec'  a  .  !'„ 
Ao  ■  do  ■  p 


Equ.  (250),  likewise  (251^)  and  (251''),  may  be  extended  to 
the  case  of  an  arch  having  its  two  ends  connected  by  an  elastic 
tie.     li  Ai  is  the  cross-section  of  this  tie-rod,  the  lengthening  of 
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the  span  becomes  A  I  = 
assumes  the  form : 


H 


E  Ai 


l-\ru>tl     so  that  eciu.    (250) 


r^  .ds  +  Eo>t.(h cos  /?  -  /) 


H- 


(259. 


Si 


The  problem  becomes  somewhat  more  difficult  if  the  tie-rod 
itself  is  arched  and  is  connected  to  the  main  arch  by  suspension 
rods.  The  equation  for  H  may  then  be  established  by  applying 
the  Principle  of  Least  Work. 
If  the  suspension  rods  are 
distributed  at  uniform  inter- 
vals of  length  a  (Fig.  56), 
and  accepting  the  approx- 
imation, admissible  in  flat 
arches,  of  equating  the  axial 
forces  in  the  arch  to  77,  we 
have 

M=M  -  ny  ^  H  7] 


M 


//  1/ ; 


and  if 


^0 

A, 
A. 


and 


a  mean  cross-section  of  the  rib, 
the  cross-section  of  the  tie-rod, 
the  cross-section  of  a  suspension  rod, 
the  rise  of  the  tie-rod, 

16  A= 
3 


'.='(i  +  x?> 


then  we  obtain. 


H 


_0 

0 


Si-^^+'~'^+^+iv^'C^) 


. .  (260. 


This  formula  leads  to  the  same  graphic  method  for  deter- 
mining H  as  has  been  deduced  above  from  equ.  (250)  et  seq., 
but  in  place  of  the  arch-ordinates  y  there  must  be  introduced 
the  intercepts  y'  between  arch  and  tension-rod. 

If  the  tie-rod  does  not  connect  the  ends  of  the  axis  but  two 
higher  points  thereof  {CD,  Fig.  57),  its  stress  is  to  be  com- 
puted  by  the  formula: 
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D 

j'^  .ds+Eo,t(hcos(3-k) 
c 
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H= 


D 


J^.,,  +  A^+A 


Fig.  57. 


Here  y  is  the  arch-ordinate  measured  from  the  tie-rod,  M  is 
the  moment  of  the  given  loading  in  a  simple  beam  of  span 
AB  =  I,  Zj  and  A-^  are  the  length  and  cross-section  of  the  ten- 
sion-rod, and  &i  and  A^  are  fhe  length  and  mean  section  of  the 
arch  between  the  points  C  and  D.  The  influence  line  for  H  is 
given  by  the  funicular  polygon  of  the  forces  v  (computed  from 
the  values  oi  y)  ;  this  polygon  is  prolonged  outward,  above  the 
points  c  and  d,  to  the  closing  side  a  h. 

If  the  arch  is  connected  through  hinges  to  elastic  piers,  and 
if  h  is  their  height,  /,  their  constant  moment  of  inertia,  and  E^ 
the  coefficient  of  elasticity  of  their  material,  then  the  outward 

deflection  of  each  pier  by  the  force  H  must  equal     ^^     gQ  f}^rjt 

2     TJ    h^ 

the  increase  in  span  will  be  A  Z  =  -„-      '       .    Substituting  this  in 
equ.  (250)  and  solving  for  H,  we  find 


J 


J-M 


Ml/ 


ds 


H  = 


Cy-    ,1,4.  ^^»'^^  4-^  A.  hi. 


.  . .  . . (259^ 


2.     Arch  with  Flat  Parabolic  Axis  and  Parallel  Flanges. 
Concentrated  Load.     Adopting  the  same  simplifying  assurap- 
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tions  as  above,  equ.  (250)  for  determining  the  horizontal  thrust 
is  also  applicable  to  the  present  case.     Assuming  A  cos  <f>  =  Ao, 

d  10 
constant,    likewise   I.cos  <j>  =  I  — —  = /q?  constant,   and  noting 

that,  for  flat  parabolic  arches,  h  fos  j8=l=Z(1 +3-  4  )  (l~^;a)  ^ 

1 — ^)t\  then  for  a  parabola  of  rise  /  with  a  load  G  at  a  dis- 
tance I  from  the  end,  we  have  (cf.  the  derivation  of  equ.  75)  : 


v       3  iV 


I 


+1^^^»        /./,  18/ 


^'-^'^H'-t'f) 


(261. 


For  the  effect  of  a  concentration  alone,  we  obtain  from  the 
first  term  of  the  above  expression 

^=  IK?-2f+l)f  0      (261-. 

where,  for  abbreviation, 

/'  =  /[l  +  ^^(l-¥9] (262. 

The  substitution  of  /'  =/  would  be  an  approximation  corre- 
sponding to  the  assumption  that  the  axial  force  contributes  but 
very  little  to  the  deformation  of  the  arch. 

The  equation  of  the  reaction  locus  is  derived  from  equ. 
(198^)  : 

-  ^^'^'  (263. 


^o'+n-e) 


A  much  simplified,  approximate  expression  for  the  hor- 
izontal thrust  in  a  fiat,  parabolic,  two-hinged  arch  of  uniform 
section  has  been  established  by  Engesser  and  Mullcr-Breslau ;  it 
reads : 

ff=  |(? .  l(l:zl)  (263^ 

With  this  approximation,  the  infiuence  line  for  H  becomes, 
a  parabola,  and  the  reaction  locus  a  straight  line  parallel  to  the 
arch-chord.  The  error  in  comparison  with  the  more  exact  equa- 
tion (261^)  amounts  to  —  4%  for  a  load  at  the  cro-wTi,  but,  in 
the  small  values  of  the  horizontal  thrust  for  loads  near  the  abut- 
ments, the  error  becomes  relatively  greater  up  to  about  -\-\0%. 
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3.  Plate-Girder  Arch  with  Parabolic  Intrados  and  Straight 
Extrados.  Although  the  general  formulae  [equ.  (250)  together 
with  (253)  to  (255)]  are  sufficient  for  the  treatment  of  thia 
ease,  let  us  establish  a  direct,  approximate  formula  for  the 
horizontal  thrust  producible  by  a  concentrated  load.  If  A^  B^ 
is  the  gravity  axis  of  the  rib  (Fig.  58),  /'  its  rise,  /  the  height 


of  its  crown  above  the  line  connecting  the  end  hinges,  h,^  and  h^ 
the  effective  depths  (or  distances  center  to  center  of  flanges)  of 
the  cross-sections  at  the  crown  and  abutment  respectively,  and 
Iq  and  7]  the  moments  of  inertia  of  the  same  cross-sections ;  also 
introducing  the  ratio-symbols 


hi  —  ho 

ho 
._  /i  +  /o 


and  the  abbreviations 


2hx 

ho 


y  = 


(264. 


2r 


and,  approximately, 

/'x  =  /o(l  +  8^^  +  16x7^) 

where  x  is  the  distance  of  any  section  from  the  crown;  then 
equ.  (250)  yields  the  following  formula  for  the  horizontal  thrust 
producible  by  a  load  placed  at  a  distance  |'  from  the  crown : 


H  = 


{-i(l-y)+-^.a(l-y)-3^o«»(l-7')+o^c(l-y)!  G^+yJl.<->tbcosp 


lo  0  COS  /3 
Aofl 

(265 


130  Archer  and  Suspension  Bridges. 

where 


a=(8v-^— l)v-2e 

The  a)  ove  equation  may  also  be  used  as  an  approximate,  general 
formula  for  calculating  the  horizontal  thrust  in  any  arch-rib  having  a 
parabolic  gravity-axis  and  any  continuous  variation  of  depth  of  girder. 
Thus,  if  the  cross-section  is  uniform,  we  may  obtain  the  horizontal  thrust 
from  the  above  formula  by  putting  e  =  ^^  =  0  and,  if  the  end  hinges  are 

Fig.  59. 


in   the    axis,    v  —  1.     For  the   crescent    arch    (Fig.   59),     we  must  write 
j^^l,  e==  —  1,  X  ^  +  l;we  then  obtain  for  this  case, 

8   P       Ipbcos  ^ 

....   (266. 


Another  formula  for  crescent  arches,  given  by  Schaffer,  is  as  follows: 
2      .    .-,        N  ,  2    )  ^      I    .  EIo 

.  03  t  0  COS  p 

a 


{  (1+7)  loge^+ (1-7)  log.  ^]G-^f  +  j^.o,tb  COS  P 

T  4.A  Hj.    ^ob  COS  P  '  '   ^ 

3    '-  Aof-l 

The  reaction  locus  for  the  above  types  of  arches  is  deter- 
mined by  the  general  equation  (198''). 

4.     Segmental  Arch  of  Uniform  Cross-Section.     Substitut- 
ing P'=P+j;:, 

ij  =  r  (cos<{>  —  cos  (3) ,        i/o  =  i/i  =  0,        ~ds  —  dx=—(lscosp 

and      P^H  cos  ^  +  ^ sin </> 
;  '.so  putting  the  small  quantity 

-^  =  8 (267. 
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where  /  is  supposed  to  be  constant,  equ.    (185)  yields  the  fol- 
lowing relation : 

£  /  .  A  /  =  /•-  i  M  (cos  </)  —  cos  (3)  d<f>  —  /•'  8  Cm  cos  f3  d  4> 
->  -P 

-2Hr^  i  {cosct>-cos l^y  d4>+2Er^h  ( {cos<i>-cos p)  cos pd cf, 
0  0 

—  2fl"r^8  \cosp.cos<^.d<i>  —  hv^  \  V  cos/S  .sincf).d(f) 

0  -/8 

+  2  ^  /  w  f  C05  ^  .  r  .  /? 

If  two  concentrations  G  are  applied  at  two  symmetrically 
located  points  of  the  arch,  and  if  the  included  central  angle 
=  2  y,  we  find 


(268. 


Fig.  60. 


M  =  Gr(sinf3  —  siny) 
M  =  Gr(sinp  —  sincf>) 


0  =  7 
0  =  0 

0  =  7 


r=o 


V=G 


10  =  7 
0  =  0 
0  =  /3 
0  =  7 


Substituting  these  expressions  in  equ.  (268)  and  solving  for 
n,  we  derive  the  following  formula  for  the  horizontal  thrust 
produced  by  a  single  concentration  (together  with  a  tempera- 
ture change  t  and  an  end-deflection  Al)  : 

H  = 

[sin^P~sin^y  +  2cosP  (cosy  —  cos^)  —  2  (1 -f  5  )  cos  j8  (Psin^  —  ysiny)  ]  G 

-f  2^4^  (2u,trPcosp-M) 


2[i3  — 3s/h  iScos^-f  2  (1  +  5)^.  cos' /3] 


(269. 


In  the  semicircular  arch,  )3  ==  -s- ;  consequently, 


TT cos" 7    ^Y  __    2i;/A  I 


TT 


(270. 
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or,  with  A  Z  ^  0  and  if  x  is  the  distance  of  the  load  from  the 
abutment, 

B  =  ."^^^l-^^    ,G (270^ 

The  i?-intliience  line  for  a  semicircular  arch  is  therefore  a 
parabola. 

•    The  equation  of  the  reaction  locus  is  derived  from  equ. 

(198^) : 

'^^  2  H  sin  ^       ^ (^^1- 

For  the  semicircular  arch,  this  reduces  to 

Tit 

V=\-  (27P. 

Hence  the  locus  is,  in  this  case,  a  horizontal  line. 
Flat  semicircular  arches  may,  with  little  error,  be  designed 
by  the  formulae  for  parabolic  arches. 
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§  18.    Maximum  Moments  ami  Shears. 

1.  General  Case.  Graphic  Method.  There  is  nothing  essen- 
tial to  be  added  to  the  general  rules  given  in  §  14,  for  the  con- 
struction of  the  reaction  locus  and  the  determination  of  the 
critical  loading,  in  applying  them  to  the  two-hinged  arch.  If 
the  i?-curve  (or  i7-polygon,  if  the  loads  cannot  be  transferred 
to  the  arch  except  at  distinct  points)  is  plotted  according  to  the 
values  of  H  calculated  for  different  positions  of  a  moving  load, 
or  obtained  graphically  as  described  in  §  17  :  1,  then  the  reac- 
tion locus  may  be  simply  constructed  by  drawing  the  successive 
end-reactions,  through  the  end  hinges,  as  the  resultants  of  the 

Fig.  61. 


corresponding  values  of  H  and  V-^.  With  the  aid  of  this  locus, 
the  critical  loads  may  be  determined  according  to  §  14.  h\ 
finding  the  maximum  moments  and  shears,  we  may  apply  the 
principles  given  in  §  7  :  3, 4.  As  before,  we  may  either  use 
the  method  of  influence  lines  or  construct  the  equilibrium  poly- 
gon of  the  loading.  As  in  the  case  of  the  three-hinged  arch,  it 
is  advisable  to  take  the  moments  about  the  core-points  of  the 
cross-sections  since,  by  equ.  (179),  the  extreme  fiber  stresses  are 
directly  determinable  from  these  moments. 

Fig.  61  shows  the  application  of  the  method  of  influence  lines. 
jfTj  7i  1   and  K.,  K.,   are   the  two   core-lines.      Since,   in   general, 

M  =  M  —  H  y  =  y    (—  -^  Hj,  the  moment  for  a  moving  load 

will  be  represented  by  the  difference  between  the  ordinates  of 
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the  //-curve  and  those  of  the  ordinary  moMent  influence  line 
for  a  simple  beam,  the  latter  figure  being  constructed  with  the 
distance  y  as  the  unit  load.  Since  J^  is  the  critical  point  (or 
load-position  giving  zero  moment)  for  the  upper  core-point,  and 
J2  is  the  critical  point  for  the  lower  core-point  of  the  section 
M^  Mr,,  the  figures  a  m^  i^  h  and  a  m^  io  b  will  be  the  moment 
influence  lines  for  the  respective  core-points;  and  if  v^  and  V2 
are  the  distances  of  the  upper  and  lower  extreme  fibers  from  the 
gravity  axis,  then,  for  a  uniformly  distributed  live  load  of  p 
per  unit  length,  we  find : 

Maximum  tension  in  the  upper I'lj/-.       ,,.^n  riTh  ( ^^ \ 

fiber  /      ■    "'^«'2/i^>   Vuarcaadh) 

Maximum    compression  in  the      vt-Vi      ^..^^  ^,.„    ■  (       P^       \ 

upper  fiber  /  ~  ~^2arcaadb/ 

Maximum  tension  in  the  ^  v-.y,  ■  (       p'       v 

-,  r*^  T  til  Oil   il/tt]   (1    1    "  — 1 

lower  fiber  /  ^2areaadh/ 

Maximum  compression  in  the       v-^yt     ^^^^   ^  7,  7^  /       yl       \ 

lower  fiber  /  \2crcaadb^ 

The  evaluation  of  the  areas  of  the  influence  lines  may  be 
accomplished  graphically,  as  already  outlined  in  §  7  :3  (a). 

The  influence  line  for  shears  is  represented  by  Fig.  49  if  the 
line  ah  c  is  replaced  by  the  H-eurve. 

The  methoTl  of  inflnenc©  lines  is  particularly  advantageous  when  the 
live  load  consists  of  a  train  of  concentrations.  In  that  case  the  position 
of  loading  for  maxinmni  stress  may  be  found  by  the  rules  given  on 
page  42. 

It  should  also  be  noted  that,  usually,  even  continuous  loading  is 
transmitted  to  the  main  arch  at  distinct  points.  The  influence  lines  are 
then  no  longer  continuous  curves  but  assume  the  form  of  polygonal  figures 
with  the  vertices  on  the  vertical  lines  through  the  points  receiving  the  load. 

The  second  graphic  method,  for  determining  the  moments 
and  shears  by  means  of  the  equilibrium  pol3"gon  for  partial  load- 
ing, is  to  be  carried  out  exactly  as  described  in  §  7  :  3  (b). 

2.  Arch  with  Parabolic  Axis  and  Variable  Moment  of 
Inertia.  The  horizontal  thrust  for  a  uniform  load  p  covering 
the  entire  span  is  fomid  by  integrating  equ.  (265).  If  N  de- 
notes the  denominator  of  that  equation,  we  obtain 

1    ,     1      _  1^       ,   J_ 

12"'" '60^        i40'»  ""252**          jl  (272 

^tot  = ^ P     f ^ 

For  a  partial  load,  extending  from  one  end  to  a  point  distant 

2  f' 
=h  i\  from  the  crown,  if  we  put  ±    — — —  ^=  ±  y^^  (where  the 
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-f  sign  applies  if  the  load  extends  over  the  crown  and  the 
—  sign  if  the  load  falls  short  of  the  crovrn ) ,  Ave  find  the  horizon- 
tal thrust, 


(2+3  7i-7ir)  +  ^^  (4  +  07 -7t-'')  .  a 

-TJn  (6  +  77-7J)  b+  „-J^  (8  +  97.-7.=')  C  ,- 

TT  __       140 336 ,  p  J_ 

48  AT  ^  f 


(273. 


If  Xk,  1/k  are  the  coordinates  of  the  core-point  of  any  cross- 
section,  the  limits  of  loading  for  maximum  stress  are  determined 
by  the  conditions : 

Xi        H            J     ?  —  Xk        H 
—  =  TT-     and  ^  TT-  . 

yk        ]  1  yk  Tj 

Substituting  the  value  for  H  from  equ.  (265),  also  V^  =  G  2+7 

2     ' 
we  obtain, 


^(1-7.)   [1+^  (1  +  7:=)  a-l(l  +  7x=  +  7.V)b 

+  ^  (l  +  7i^+7.*  +  7.')  cl  L  =  ^.A^ 
^o  J  T         yk 


(274. 


The  value  of  y^  given  by  solving  this  equation  is  to  be  used 
in  calculating  H  by  equ.  (273)  ;  we  may  then  find  the  greatest 
negative  moment  by  the  relation 

il/min=V.iCk— H.i/k=g-  (l+yJ^pZjJk— H.i/k (275. 

This  expression  holds  good  for  all  sections  from  the  end  to 
a  point  whose  abscissa  is  given  by 

1         1.    ,   1 


K^+^^->+^) 


l-x\=^ 2T7 —    -y'^^    (276. 

For  the  middle  portion  from  .d:;'k  to  I  —  x\,  for  which  an 
interrupted  load  extending  on  each  side  to  the  end  of  the  span 
must  be  taken,  there  is  to  be  added  to  the  value  of  M  given  by 
equ.  (275)  the  value  given  by  the  same  formula  for  the  sym- 
metrically located  point  of  the  arch. 

The  general  formulae  may  be  used  for  calculating  the  shears. 

3.  Arch  with  Flat  Parabolic  Axis  and  Parallel  Flanges. 
This  is  merely  a  special  case  of  the  preceding  one  ;  if  the  moment 
of  inertia  is  constant  throughout,  the  corresponding  formulae 
may  be  obtained  by  simply  substituting  e  =  x  =  0  and  v  =  1 
in  equs.  (272)  to  (276).  If  the  moment  of  inertia  increases 
toward  the  abutments  with  the  secant  of  the  slope,  i.  e.,  if  /x  = 
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/o  sec  4>,  we  obtain  the  following  expressions  directly  by  integrat- 
ing equ.  (261^)  : 

For  a  full-span  load  [cf.  (82)]  , 

Htot^g^  -tt'        (277. 

For  a  load  covering  a  length  Ai  from  one  end   [cf.  equ.   (83)], 

H=s(mi-(ty+KiOif" (2^- 

For  a  crown-load  of  length  a, 

H  =  i(25-10^  +  ^)^.pa    (279. 

For  the  greatest  negative  moment,  Aj  is  determined  by 


(Z-Aj(P  +  U,-A,2)==°--^7'/^      (280. 


8     Xk 

and  the  value  of  the  moment  is  given  by 

il/min  =  V  .  a^k-  H  .  2/k=  ^^'  .o^k-  H  .  J/, (281. 

For  the  central  portion  included  between  the  abscissae  ic'u 
and  I  —  x\,  determined  by  the  equation 

l-x\=\^  .y\    (282. 

we  must  add  to  the  above  values  of  M  the  values  given  by  the 
same  formula  for  the  symmetrically  located  points  of  the  arch. 
For  a  full-span  load,  the  moment  about  any  point  of  the 
parabolic  axis  is  given  by 

ilftot='"^^-^    (283. 

or,  if  the  moments  are  taken  about  the  core-points, 

Mtot  =  -^^^^^|=^--|f  .2/. (:283^ 

From  the  above  values,  the  maximum  positive  moments  may 
readily  be  deduced. 

If  f,  defined  by  equ.    (2G2)   or  approximately  by 

15        /„ 


^'=Kl  +  -8--I^)' 


is  put  equal   to   /",  which   is   equivalent   to    neglecting    the    effect    of    the 

1       pi" 
axial  force  upon  the  deformations,  then  we  should  have  Htot  =  -k 7— 

=  H'tot  and  the  moment  about  any  point  of  the  parabolic  axis  =  0;  hence, 
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under  this  assumption,  the  line  of  pressures  coincides  with  the  axis  of 
the  arch.  The  error  thus  introduced  into  the  determination  of  the  stresses, 
especially  near  the  crown,  may  sometimes  become  considerable.  For 
example,  if  the  cross-section  at  the  crown  consists  of  two  flanges  having 
a   combined   area  Ao,   then,   with   the   above   approximation,   the   intensity 

H' 

of    stress   in    each    flange    will    be   a'  ^=  —  — - —  .      But   if   we    substitute 

15 


/  15  h^    \ 

the  value  f  =  f  I  1  +  "32"  *  ~1^)'  ^^  ^      ' 

The  stress  in  the  upper  flange, 


o-u 

-''fO+ 

2  (/•'  — 
h 

/■) 

> 

-a' 

1  + 
1  + 

16  ' 

15 

32 

f       . 
f 

The  strers 

in  (he  lower  flange. 

15 

h 

ffi 

--H- 

2  (f  - 
h 

-n 

-) 

=  <t' 

1  — 

"   16 
15 

f 

1+32 

f 

h 

The    former    attains    its    maximum    valr.c    with     — —    =  0.742,    wher 

h         1 
o-a=  1.35  a'  and  <ti  =  0.242  a'.    With  —  =  -i^,  we  find  for  the  upper   flange, 

«ru=  1.24  <t',  and  for  the  lower  flange,  ai  =  0.65  a'. 

The  critical  loading  for  shears  is  determined  by 

X'  (P  +  lX^-  A2-)  =-^^f'r-cot4> (284. 

and,  if  -ff^_\^  denotes  the  horizontal  thrust  calculated  by  equ. 
(278)  for  a  load  extending  from  x  to  A^,  the  maximum  -|-  shear 
will  be : 

(S'max  =  "27   [    (^  ~  ^)  "  ~    (^  —  -^2)  "]   COS(f>—  Hx_X  2  ■  SIH  (f>  .  .  (285. 

and,  similarly, 

1  pi' 

Smln  =  -2^   ^^  ~  ^*^)   ^'^^  ^  ~       87"   ■  '^^'"'  *^  ~  '^'"" {^^^' 

4.  Segmental  Arch  of  Uniform  Cross-Section.  The  hori- 
zontal thrust  for  a  continuous,  uniformly  distributed  load 
p  may  be  obtained  by  integrating  equ.  (269)  between  the  ap- 
propriate limits,  after  substituting  G  =  p  .  dx  =  —  pr  cos  y  .  dy. 
If  the  load  extends  from  one  end  to  a  point  departing  from 
the  crown  by  the  central  angle  y,  the  limits  to  be  used  are  y  =  fi 
and  y,  so  that  we  obtain: 
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1  1 

sin  p.  A  —  siny.  B  +  -^r  cos j5'.  (j8  —  7)  —  -9-  5  .  cos /3.C 

H= „..     o    .    .  "^   .  .  o..  ,  ..  o„:..x .pr...(287. 


2  (i3  — 3,s)»i3  cos /3  +  2  (1+5)  Pcos-p) 


Here. 


2  1 

A=  ^  sin~  /? 5-  ros- 13  —  f3  sin  f3  cos  /3, 


S  =  sin^^—  -^  sin-  y  —  cos  13  (2  cos  (3  -\-2  (3  sin  ft— y  siny—  ycosy)  , 

C  =  sin  (3  {2  (3  sin  f3  —  4:  /3  sin  y  —  cos  ^)  -\- sin  y  (2  y  sin  y  +  co5  y ) 
+  ^-y. 

If  the  entire  span  is  loaded,  y  =  —  ^,  and  we  have, 


su(^/3  — 3  (1  — 2s/*r/3)  (sin^  —  ^cosp) 
jj      _       — 35  cosg (g  +  2i3si»'i3  —  sw)3 cos i8) 
*°'~  60  — 3sm^cos^  +  2(l  +  5)]8cos'/3) 

and,  if  the  arch  is  a  complete  semicircle, 

4 


pr . 


Htot 


pr 


(288. 


(289. 


Fig.  62. 


With  the  aid  of  the  reaction  locus  given  by  eqii.  (271)  we 
may  determine  the  critical  loadings  to  be  used  in  finding  the 
maximum  moments  and  shears  by  equs.  (281)  and  (285)  re- 
spectively.    These  are  plotted  in  Figs.    (62)    and   (63)    for  a 
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segmental  arch  of  uniform  core-depth.  The  same  notation  is 
here  used  as  for  the  three-hinged  arch  in  Figs.  (50)  and  (51), 
so  that  we  may  refer  to  the  explanation  there  given  (p.  113). 

5.  Temperature  Stresses.  The  horizontal  thrust,  Ft,  pro- 
duced by  a  uniform  change  of  temperature,  t,  is  given  by  e(|us. 
(250)  to  (269),  if  we  substitute  (^  =  0,  M  =  0,  and  A  ?  =  0. 
For  structural  steel  we  may  take  Em  =  196  lbs.  /  sq.  in.  /  °F. 
(=248  tonnes  /  sq.  m.  /  °C.)  and,  for  the  variation  of  tem- 
perature, assume  i=  ±  55°F.     Equ.  (250)  then  becomes: 

fl't=±10,780 ; ^^  •  ^  •  ^^^f , ^- (290. 

'                   ,      hh  cos  p  ^ 

ao^  ym  .  Vm  -f- ■ 

or,  for  flat  parabolic  arches  of  uniform  cross-section,  equ.  (261) 
gives  approximately, 

ff, =±10,780-^^ rf^TTT ^^^^^'• 

^+8      Aof 

In  the  crescent  rib  of  parabolic  form,  equ.  (266)  shows 
that  the  value  of  H  is  reduced  to  about  half  the  above  value. 

The  moments  due  to  temperature  change,  referred  to  the 
core-points,  are  given  by 

M,==  —  H,.ij^    (291. 

These  moments  are  thus  proportional  to  the  distances  of 
the  core-points  from  the  closing  chord,  and  hence  they  attain 
their  greatest  value  at  the  crown. 

The  shear  due  to  temperature  variation  is,  liy  equ.  (192), 

8t  =  —  n,.  sin  (f>    (292. 

In  an  arched  rib  consisting  of  two  equal  flanges,  if  A  is  the  total 
cross-section  and  /(  the  effective  depth,  the  extreme  fiber  stresses  due  to 
temperature  variation  are,  by    (179), 


ff=  ± 


^'G-1)y  2z?t(2/^-|^) 


A  .  h 


and,   introducing   the   value   of   Et    from   ecpi.    (290"),  we   obtain,   for   the 
parabolic  arch  with  parallel  flanges, 

15  /t(2t/m70 

ff  =  ±Eo}t  -       -  - 


32    •        /  15     h- 


Accordingly,    with    E  w  t  =  10,780    lbs.    per    sq.    in.,    the    extreme    fiber 
titresses  at  the  crown  will  be: 
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.  =  ±10,000  — j^^. 

•^+32      f 

The  stress  in  the  upper  flange  is  a  maximum  with        =  0.742 ;  the  following 


values  then  obtain : 


/ 


{: 


o-u  =  ±  0.371  X  10,000  =  ±  3,710  lbs.  /  sq.  in. 
,7,  =  -  0.808  X    10,000  ^  zn  8,080  lbs.  /  sq.  in. 


With  a  ratio  of  — r  ^  ^  , 

<Tn=  ±  2,640  lbs.  /  sq.  in. 
ffi  =  qz  3,700  lbs.  /  sq.  in. 

In  the  case  of  the  parabolic  crescent  arch,  the  temperature  stresses  are 
constant  throughout  each  flange,  and  their  approximate  value  is 


ff=±  5,320  A 


Hence,  with  the  same  ratio  of  crown-dei^th  to  rise,  the  temperature 
stresses  in  the  crescent  arch  are  less  than  in  the  arch  with  parallel  flanges. 

In  an  arch  having  its  ends  connected  with  a  tie-rod  of  the  same 
material  as  the  rib  itself,  no  stresses  are  produced  by  uniform  changes  of 
temperature. 


1 

/( 

1  _ 

2 

f 

1 

h^ 

1  + 

4 

f 
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§  1 9.    Deformations. 

To  determine  the  elastic  deflections  of  any  point  ixi,yi) 
of  the  axis  of  the  arch,  equations  (185)  and  (186)  may  be 
employed.  Let  us  first  apply  equ.  (186)  to  the  end-points; 
simplifying  by  writing  P'  =  P  and  J  =  1,  and  assuming  a 
symmetrical  arch-form,  if  ?>  =  the  total  length  of  axis,  we  find 
for  the  rotation  at  the  end  A, 


-     Again   substituting   P  =  I  cos  cf)^I  -^,    and    writing,    for 
abbreviation, 


dx 
ds 


[^Y+i-A-~^"')-7t^]-''   (293. 


the  above  equation  assumes  the  form : 

I  x  =  l 

1  /•  7 

I 

0  03  =  0 


'7o.  A<Po=-^fz(l-x)dx-^j'  (^^-E  <ot^dy..  (294. 


Substituting  this  relation  in  equations  (185)  and  (186),  we 
obtain  the  following  expressions  for  the  variations  of  the  co- 
ordinates : 


—  EI  .  A?/=-y-  i  z(I  —  x)dx—  i  z  (Xj^—x)  dx-\-Ci. .  .  ( 


295. 


I  Xi 

EIo.Ax  =  ^j'z  (l-x)  dx-j'z(ij,~ij)dx'\-C,....(296. 


where 


x  =  l 


C\=--^i7oJ(^-^o.f)  .dy+hj(-^-Eo.t),dy 

x=l  x^ 

C,=  +  ^Ioj\'^-Eo.t).dy~Iof(j--Eo.t).dx 


x  =  0 


(297. 
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represent  the  contribution  of  the  axial  compression  to  the  total 
deformation.    If  we  adopt  the  usually  admissible  approximation 

of  putting     ——=-—=  constant,  where  A^  is  a  mean  area 

A  Ao 

of  section,  and  if  t  is  supposed  uniform  throughout  the  span, 
then  the  second  definite  integral  of  equ.  (294)  vanishes  and 
we  have 


(297*\ 


The  definite  integral  containing  the  quantity  z  may  readily 
be  given  a  static  interpretation :  If  the  quantities  z  are  con- 
sidered as  forces  acting  on  the  horizontal  projection  of  the 
arch-axis,  then  the  second  member  of  equ.  (294)  represents  the 
end-reaction  Z^  for  these  forces.    Let  M^y  and  il/zh  denote  the 

moments  of  the  forces  Z^,  and  2  z  about  the  arch  point  {x■^,  1/,), 

0 

when  these  forces  are  applied  vertically  and  horizontally,  re- 
spectively, at  their  respective  points.     Then  we  have, 

^7o  Ac/>o=  Za (294^ 

-^/o  A^  =  Mzv  +  Ci (295^ 

^ZoA^  =  il/,h  +  02 (296\ 

If  the  radius  of  curvature  of  the  arch  axis  is  very  large 

relative  to  the  sectional  dimensions,  we  may  write  z  =  -—-  ■  M ; 

hence,  neglecting  the  term  Cj  which  depends  upon  the  axial 
compression,  we  may  obtain  the  vertical  deflections  ( — Ay) 
of  the  arch  as  the  ordinates  of  a  funicular  polygon,  constructed 
with   the   pole   distance   E  I^,  for   a  loading  consisting   of  the 

area  of  the  curve  of  reduced  moments,  M  — p— .    With  the  above 

assumptions,  the  deflections  may  be  determined  by  rules  which 
are  practically  the  same  as  those  for  a  simple  beam. 

For  finding  the  deflections  graphically,  a  treatment  suggests 
itself  similar  to  that  applied  to  suspension  bridges  in  §  8. 
If  we  write,  with  the  usual  notation,  ill  =  M  —  Hy,  there  re- 
sults 
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where 

c=(l-^^4^)— A— (299. 

The  moments,  3/zv  and  Mzi„  may  then  bo  represented  h\  the 
differences  between  the   ordinates  of  two   funicular  polygons : 

M       / 

one  constructed  for  the  supposed  loads  -pr  ■  -~   +  c,  and  the 

other  for  the  supposed  loads  y  .  ~ .     The  former  polygon  is 

obtained  by  reducing  the  ordinates  of  the  simple  moment  curve, 

constructed  with  pole  distance  H,  in  the  ratio  -p-   and  adding 

thereto  the  small  and  nearly  constant  quantities  c ;  while  the 

funicular  polygon   for  the   loads  y  .  -jy     is  identical  with  the 

/^-influence  line  described  in  §  17 :1  and  constructed  as  sho\^Ti 

in  Fig.  54. 

Little  need  here  be  added  to  make  clear  the  graphic  determination  of 
the  deflections  of  a  crescent-shaped  arched  rib  as  executed  in  Plate  I, 
Figs.   1   to    1".      In  Fig.    1,   the  ordinates  of  the   arch-axis   are  multiplied 

by   the    ratio    —p- ;    and   from    the    resulting    values,    with   the   aid   of   the 

force  polygon  Fig.  1",  there  is  constructed  the  funicular  polygon  I,  i.  e., 
the  iJ-curve  for  a  moving  concentration  G.  The  value  of  this  unit  load 
G  is  determined  in  the  familiar  manner  by  the  funicular  polygon  II ; 
in    the    example   selected,    with    Z  =:  160    meters,    7n  ^  2.80  m.",   ^o  =  0.112 

h  cos  j3  .  la 

sq.  m.,  a  =  16  m.,  p  =  ISO  m.,  the  necessary  correction  hHi  =    — 

A-o  •  Qo  •  p 

=  1.13  m.  We  prooeed  to  find  the  vertical  deflections  of  the  points  of 
the  arch  produced  by  a  load  G  =  l  applied  at  the  point  C  {Xi,}/^).  The 
load  values  £  are  derived  from  the  simple  moment  diagram  (Fig.  l"*) 
constructed  from  the  force  polygon  Fig.   V  with  the  pole  distance  H.     The 

ordinates  of  this  moment  diagram  are  multiplied  by  — -;—  and  should 
be  increased  by  the  quantities  c  =       .         =  0.33  m. ;  but  these  corrections 

A-oTo 

are  vanishingly  small  on  the  scale  of  the  drawing.  From  the  resulting 
ordinates  there  are  constructed,  with  the  aid  of  the  force  polygon  Fig.  1', 
the  funicular  polygon  III  and,  for  horizontal  action  of  the  forces,  the 
funicular  polygon  IV.  With  the  provisional  neglect  of  the  effects  of  the 
axial  compression,  the  vertical  intercepts  between  the  funicular  polygons 
I  and  III  and  the  horizontal  intercepts  between  the  funicular  polygons  II 
and  IV,  or  rather  between  the  corresponding  funicular  curves,  are  propor- 
tional respectively  to  the  vertical  and  horizontal  deflections  of  the  points  of 
the  arch  under  the  given   loading;    and   the  scale   for   these   deflections  is 

-r; times  the  scale  of  lengths.    (In  the  example  on  Plate  I,  the  scale 

H  .  a  .  p 

of  lengths  is  0.5  mm.  =  1  m.,  G  =  1  t,  H  =  0.454  t.,  E  =  20,000,000  t.  per 

20,000,000x2.8 
sq.  m. ;  hence  the  Bcale  for  the  deflections  is  1  m.  =  — q  454  x  16  xl80     ^ 
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mm.,  or  1  mm.   in  the  structure  =  21.4  mm.  on  the  drawing:  Scale  I.)      The 

C  C-< 

corrections    -^-^   and    —  -~-  ,  representing  the    coordinate   components 


W  A 
the  coordinates  x  and  y;   the  corresponding  scale  is  — -~  times  the  sea'.c 

H 


of  the  deflections  due  to  the  axial  forces,  may  be  assumed  proportional  to 

- —  times  the  sea'.c 

f  1        ,1.      ^rrx.        ■     ,1,  1      iv  ,      .      -,  20,000,000x0.112 

of  lengths.     Thus,  m  the  example,  the   scale   is    1   m   = '   ^^, 

0.454 

X  0.5  mm.  or,  with  (?  =  1  t„  1  mm,  in  the  structure  =  2,467  mm.  on  the 
drawing.  It  thus  appears  that  the  effect  of  the  axial  compression,  com- 
pared with  the  deflections  first  investigated,  is  an  absolutely  negligible 
quantity. 

The  intercepts  between  the  two  funicular  polygons  I  and  III  serve 
not  only  to  determine  the  deflections  at  all  points  produced  by  a  unit  load 
(G)  at  C  but  also,  by  Maxwell's  Theorem  of  Eeciprocal  Deflections,  the 
intercept  at  any  point  M  will  give  the  deflection  at  C  produced  by  a 
unit  load  at  M.  Consequently  the  above  intercepts  constitute  the  influence 
line  for  the  vertical  deflections  at  the  point  C ;  and,  with  this,  the  total 
deflection  at  C  produced  by  any  given  loading  may  be  obtained  by  the 
usual  rules. 

Similarly,  the  influence  line  for  the  horizontal  deflections  of  the 
point  C  may  be  represented  by  the  intercepts  between  the  funicular 
polygons  I  and  V  (Fig.  1"),  if  we  apply  the  principle  that  the  horizontal 
deflection  of  C  produced  by  a  unit  vertical  load  at  any  point  M  is  equal 
to  the  vertical  deflection  of  M  produced  by  a  unit  horizontal  load  at  C. 
The  latter  deflection,  however,  may  be  constructed,  as  before,  by  finding 
the  simple  moments  of  the  horizontal  load  and  treating  the  resulting  values 

of    Mw*-r^    as  vertically    applied  forces.      The  moments    M^^■  for  TV  =  1, 

X  =  Xi  ^/^    1    X  =  I 

)  are 

X  =  Xi 

easily  constructed ;  and  from  the  ordinates  of  this  diagram,  multiplied 
by  — p—,  there  are  derived  the  force  polygon  (Fig.  1«),  whose  pole  distance 

is    H71      ri    >  ^'^'^  ^^^  funicular  polygon  V.     The  differences  between  the 

ordinates  of  this  polygon  and  those  of  the  il-curve  (Funicular  Polygon  I) 
determine  the  horizontal  deflection  of  the  point  C  for  any  position  of  the  mov- 

ing  load;  the  corresponding  scale  is — ^ times    the   scale   of   lengths. 

(In  the  example,  Sn  =  0.405,  hence  the  scale  for  the  horizontal  deflections 
is  1  mm.  in  the  structure  =  23.9  mm.  on  the  drawing.     Scale  II.) 

The  influence  lines  for  the  quantities  Ci  and  Co,  i.  e.,  the  deflections 
due  to  axial  compression  which  should  be  added  to  the  above  deflection 
values,  may  be  represented,  according  to  equ.  (297"),  by  the  Zf-eurve; 
and    the    scales    for    measuring    this    curve,    to    obtain    the    vertical    and 

V  A  W  A 

horizontal    deflections    of   the    point   C,    are    — ^-^  and  —    times   the 

2/1  a?i 

force-unit,    respectively.      Thus,    in    the    example,    the    scale    for    vertical 

20,000  X  0.112 
deflections  is   1  mm.  in  the  structure  = 2T~2l ^  ^'^'^  ~  ^^^^  ™™* 

on    the    drawing    (Scale    III);    and    the    scale    for    horizontal    deflections 


1/j    1     X  =  Xx  y^    1 

defined  by  Mw  =  y  —  a?  -^^  (       _        and  Mw=  {l  —  x)   "V  I 
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20,000  X  0.112  ^ 

is  1  mm.  in  the  structure  =  gg X3/.5  =  2625     mm.    on 

the  drawing    (Scale  IV). 

If  the  arch  has  a  uniform  moment  of  inertia,  there  may  be 
deduced  from  equ.  (295^)  a  direct  expression  for  the  deflection 
producible  at  the  point  {x,y)  by  a  concentration  G  placed  at 
a  distance  ^  from  the  end  of  the  span.    If,  as  an  approximation, 

we   MTite   ?—-=—,    equ.    (295'*)    yields   the    following: 

{cf.  equ.  13P.) 

-EIo.^iJ=Gm,-H .m,  +  Hc(^^^^^^  +  rou)  .  .  (300. 
Here,  as  in  equs.   (130), 


m,=  (2?|-^— j-^)^^g,--,  for  ^<,^ 
in^=X2lx-x'-e)^^^^Y^,  for  a- >  ^ 


(301. 


n  is  the  horizontal  thrust  to  be  determined  as  in  §  17 ;  and, 
as  in  (132), 

m.^^fxijdx  +  -^f(I-x)y<lx (302. 

0  X 

In  general,  with  variable  moment  of  inertia,  ?Hx  is  proportional 
to  the  ordinates  of  the  H-curve. 
With  a  parabolic  arch-axis, 

m,=  l^(^j:^-2lx"-  +  n (303. 

and 

—  EIoAy  =  Gm^  —  Hmy,i-Hcx  (l  —  x) (304. 

The  vertical  deflection  of  the  arch-point  {x,y)  due  to  tem- 
perature variation  may  be  obtained  from  equ.  (300)  by  putting 
G  =  0  and  J7  =  the  value  of  Ht  given  by  equ.   (290).     Hence, 

EIoAy=^Ht.m.-\-2(^Ecot-^)loy (305. 

In  the  example  executed  in  Plate  I,  assuming  E  u  =  248   tonnes  /  sq. 

2.8  X  128 
m.  /  "C,  we  have  Ht  =  248  .  t  i6  x  180  X  75  ""  ^'"^"^^  '  *  *°°°^^-  ^^ 
Tj  is  the  ordinate  of  the  ff-curve  (Funicular  Polygon  I)  measured  to  the 
scale  of  lengths,  then  nii.  =  V  •  P  ■  a.  =  180  X  16  X  v,  consequently  E  loAy 
=  (1184.6  r?-!- 1368.3  y)t  or,  finally,  Ay  (in  mm.)  =  (0.02116 17 -f 
0.02444  2/)  t,     where  v   and   y,  measured  to  the  scale   of  lengths,  must  be 

10 
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given   in  meters.     For   i  =  ±30°C. ,    the   vertical   deflection  at   the   crown 
amounts  to 

A  yc  =  ±  (0.02116  X  51.75  +  0.02444  X  42.5)  30  =  ±  64  mm. 

Similarly,  in  the  case  of  a  displacement  of  the  abutments 
increasing  the  length  of  span  by  A  J,  the  vertical  deflection 
of  the  arch-point  ix,y),  is  given  by 

A2/  =  -^(mx-2-^.,^) (306. 

where 


N 


0 


i.  e.,  with  reference  to  the  graphic  representation,  N  ==??oMi  .  a  .p. 
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3.     ARCHED  RIB  WITHOUT  HINGES. 

§  20.    Determination  of  the  Reactions. 

1.  General  Case.  Concentrated  Load.  We  assume  an 
arch  so  rigidly  supported  that  its  end  sections  cannot  undergo 
rotation ;  hence  the  ends  are  to  be  considered  as  fixed.  In 
general,  the  ends  may  lie  at  different  elevations;  but  the  form 
of  the  axis  must  be  such  that  the  vertical  center  line  bisects 
all  chords  parallel  to  the  closing  chord. 

Fisr.  64. 


The  fundamental  equations  are  obtained  from  equs.  (185) 
and  (186)  by  extending  their  limits  of  integration  over  the 
entire  arch  and  introducing  the  condition  A  (^^  =  0  which  must 
be  satisfied  on  account  of  the  fixedness  of  the  ends.  The  hori- 
zontal and  vertical  coordinates  {x,  y)  of  the  points  of  the  arch 
are  to  be  measured  from  a  pair  of  axes  so  located  that  the 
Y-axis  coincides  with  the  vertical  center-line  of  the  arch  while 
the  X-axis  is  parallel  to  the  closing-chord  at  a  vertical  distance 
^o  above  that  chord.  With  the  admissible  simplifications  J  =■  I, 
P'  =  P,  and  provisional  disregard  of  the  effect  of  temperature, 
also  assuming  an  unstressed  initial  condition  of  the  rib,  the 
general  equations  become : 

b  b 

0  0 

b  b 


EAr 


ds 


-Ax,  =  0=  J  fjyds-\-  j  ~('^ds-dx) 

0  0 
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Observing  the  smallness  of  the  terms  containing  P  in  com- 
parison with  those  in  which  31  occurs,  it  appears  fully  per- 
missible to  put  P  =  H  and  to  consider  A  =  constant  =  an 
average  cross-section  Ao.  We  then  have,  either  exactly  or  very 
nearly, 


u 

/P.ds 
EAr~ 
0 
6 


H.b 
EAoVo 


ds  —  dx)  =  — 


m 

EAo 


)- 


SO  that,  upon  replacing  /  by  F  -=  I  cos  (fi  ^  I 


d  X 
d  s 


(where  x  is 


not    measured    parallel   to   the    axis   A^   but   horizontally),    we 
obtain : 


+  2- 


I     ~.dx^  - —  =  0 


2 


2 


Jf- 


xdx  =  0 


2 


(307. 


As  the  hingeless  arch  is  triply  indeterminate  with  respect 
to  the  external  forces,  the  above  three  equations  of  condition 
will  suffice  for  the  evaluation  of  the  unknown  reaction  elements. 

As  proved  in  §  13,  the  moment  M  is  given  by  the  vertical 
intercept  between  the  equilibrium  polygon  of  the  loading  and 
the  axis  of  the  arch,  multiplied  by  H.  Consequently,  \i  D  F  E 
(Fig.  64)  is  the  funicular  polygon  for  a  concentration  applied 
at  any  point  C,  constructed  with  H  as  the  pole  distance,  we  have : 


M=H.MN=HiQN-PM-PQ)=M-H(y  +  z) 
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where  M,  as  before,  is  the  moment  which  would  he  produced 
in  a  freely  supported  beam  of  span  I.  With  2  =  ^o  +  ^^^'  •  ^f 
there  results : 

As  unknowns  Avhose  values  are  necessary  and  sufficient  to 
fully  determine  the  equilibrium  polygon,  let  us  choose* 

H,   X,  =  H  ■  ^^  ,    and  X^=Hzo (308. 

The  expression  for  the  bending  moment  then  becomes : 

M  =  '^  —  Hy  —  X^.x-X^ (309. 

Upon  substituting  this  value  in  equs.  (307)  and  solving  them 
for  the  three  unknowns,  remembering  that,  on  account  of  the 
assumed  (oblique)   symmetry  of  the  arch  about  the  Y-axis, 

C  ^=0,    also    j   ^==0, 

_  I  _  I 

2  2 

and  if,  furthermore,  we  choose  the  A'-axis  that 
I 


+  2 
J 

~~   2 


ydx 


/=0,  (310. 


we  obtain  the  following  expressions 


+  1 


/ 


- ,-  ydx 

I 


H=  i ^ (311. 


J 


y^dx      1        I 


I'        '      4o 

2 


*  We  here  follow,  in  the  principal  features,  the  method  of  design 
of  F.  B.  Muller-Breslcm.  (See  Zeitschr.  d.  Arch.  u.  Ing.  Ver.  zu  Hannover, 
1884.) 


150 


Arches  and  Suspension  Bridges. 


^1 


«//  (a/  Jj 


+  -2 


(312. 


r 


x,= 


(313, 


/ 


dx 


The  definite  integrals  appearing  in  the  above  expressions 
may  be  replaced  by  summations  in  a  manner  similar  to  that 
deduced  for  the  integrals  occurring  in  the  expressions  for  // 
in  §  5  and  §  17.     For  this  purpose  we  divide  the  arch  into 

horizontal  panel-lengths  Om-i,  (hn,  c^m+i  ,  within  which  the 

moments  of  inertia  of  the  cross-sections  may  be  assumed  constant 

and  equal  to  Im-i,  /m,  /m+i   "We  introduce  an  arbitrary 

constant  panel-length  ao,  also  a  mean  value  for  the  moment  of 
inertia,  7o,  and  adopt  the  following  notation : 

'  ^-  =  l^-  7^  (2?/.+  2/n.-J  +^'"f -y/^  (22/.+  2/n..O  . .  (314. 

"  uo       1   m                                                          "  ({()     i   m+i 
'V  m=  w-~  •  '^r~  \^Xm'T'  ^m-i)  H p. *  T> (2Xni"T"J7m+i)  ..  (olO. 

(316. 


V"m  = 


am 


Lq         I        J-      Cfm+i 


/o 


/' 


ao       I'n 


or,  with  sufficient  approximation, 

V'm=Xrr,.V"m (317. 

Substituting  the   above   values  in   equs.    (311)    to    (313),    [<?/. 
equs.  (253)  and  (254)],  we  obtain: 


SMmUr 


Inl 


2Mmi;'m 


SaJmV'n 


MmV"m  +  H 


lob 

Ao.ttoro 


(318. 

(319. 
(320. 


(321. 
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The  summations  appearing  in  these  expressions  should  ex- 
tend over  the  entire  arch,  hence  from  —  ^  to  +  ^  • 

The  position  of  the  axis  of  abscissae,  from  which  the  ordinates 
y  are  measured,  is  fixed  by  equ.  (310)  or,  if  if  denotes  the 
arch  ordinates  measured  from  the  closing  chord,  the  axis  is 
determined  by 

For  a  constant  value  of  I',  the  X-axis  becomes  the  rectifying 
line  for  the  arch-curve;  so  that  ^o  represents  the  altitude  of 
a  parallelogram  erected  upon  the  arch-chord  with  an  area  equal 
to  that  included  between  the  chord  and  the  arch-curve. 

We  proceed  to  determine  the  influence  lines  for  the  quan- 
tities H,  X^  and  X,  for  a  moving  concentration.  The  graphic 
method  may  here  be  applied,  since  the  summations  appearing 
in  the  above  expressions  are  readily  represented  by  the  ordinates 
of  funicular  polygons.  Thus,  if  the  load  consists  of  a  unit 
concentration  applied  at  a  distance  ^  from  one  end,  we  have, 
as  shown  in  §  5,  p.  36,  the  follo-\dng  relation: 


^    !/  m  r 


0 


'-I  i  ./  ..   ,  ^ 


I 


where  Mv  is  the  moment  producible  at  the  section  |  of  a  beam 
freely  supported  at  A  and  B  by  a  loading  consisting  of  the 
vertical  "forces"  v^-   In  similar  manner  we  obtain  the  (|uantities 

I  I 

SMmv'm  andS  Mx„v"ni    as    the    moments    M,'  and  Mv"  of  the 

0  0 

"forces"  v'm  and  y"m,  respectively.  Since  the  values  of  I'm, 
v'm  and  v''ra  may  be  calculated  directly  by  equs.  (314) 
to  (316),  there  is  no  difficulty  in  constructing  the  aliove 
funicular  polygons  and,  hence,  the  influence  lines  for  H,  X^ 

and  Xg. 

In  Figs.  (65^)  to  (65^),  this  construction  is  carried  out. 
We  first  have  to  find  the  rectifying  axis  A^,  for  which  we  use 
the  force  polygon  for  the  quantities  v"  (Fig.  65^1  and  the  re- 
sulting funicular  polygon  constructed  upon  the  arch-rise  (Fig. 
65<=).  The  calculated  quantities  v  give  the  force  polygon  (Fig. 
65'^)  and,  corresponding  to  the  vertical  and  horizontal  directions 
of  application  of  these  forces,  we  obtain  the  funicular  polygons 
(Fig.  65^)  and  (Fig.  65').     The  intercept  of  the  latter  polygon 

on  the  X-axis,  augmented  by  the  quantity   -— ^ ,  gives  the 
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magnitude  of  the  unit  force  G ;  while  the  ordinates  of  the  former 
polygon  give  the  thrusts  H.  Constructing,  next,  the  funicular 
polygon  for  the  loads  v"  considered  as  acting  vertically  on  the 
straight  beam  AB,  we  obtain  (in  Fig.  65*^)  the  influence  line 
for  the  quantity  X2.  Similarly  the  funicular  polygon  of  the 
forces  f'  (Fig.  Q^^),  constructed  with  the  aid  of  the  correspond- 
ing force  polygon  (Fig.  65^^),  represents  the  influence  line  for 
the  quantity  X^.     [The  correction  to  be  applied  to  Xn  by  equ. 


(320), 


0  7o 


H  =  c  .H,  can  be  introduced ;    in  general, 


Ao.ao.ro^v' 
however,  this  quantity  will  be  so  very  small  that  it  may  safely 

Fig.  65. 


be  neglected.]    If  the  pole  distance  for  the  force  polygon  (Fig. 

65")  be  chosen  equal  to  s    t>",  then  X^  is  to  be  measured 

n       Q 

on  a  scale  whose  unit  =   n  force-units.     The  scale  for  X^  is 

given  by    s   v'^a  x^,  i.  e.,  by  the   distance  2^  Q   which   is   inter- 

0 
cepted  on  the  Y-axis  between  the  first  and  last  sides  of  the 
funicular  polygon.  From  the  influence  lines  for  X^  and  X^ 
we  may  easily  derive  the  curves  for  (co  —  ej  and  Zo  which 
are  to  be  used  directly  in  the  construction  of  the  end  reactions. 
To  do  this,  we  simply  multiply  the  ordinates  of  the  X^-curve 


G 


I 


by  the  ratios  -^  •  ^ ,  and  those  of  the  Xg-eurve  by  the  ratios 

U        pq 
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—=- ;    the    corresponding    figures    indicate    how    this    may    be 

accomplished  graphically.  The  construction  of  the  reaction 
lines  no  longer  offers  any  difficulties,  since  the  distances  Zo  and 
(<?2  —  ej  fix  the  closing  side  of  the  equilibrium  polygon  D  E  F, 
which  is  to  be  constructed  with  H  as  pole  distance.  If  this 
polygon  be  drawn  for  different  positions  of  the  load,  the  curve 
generated  by  the  vertex-point  F  will  be  the  reaction  locus  and 
the  enveloping  curves  of  the  reaction  lines  will  be  the  tangent 
curves. 

Through  X^   we  also  obtain  the  vertical  end-reactions   F, 
and  Vo.     These  will  be  for  supports  at  the  same  elevation : 


'   2^^^    '   2  -^  1 


ez—ei 


=v,+x, 


(322. 


where  V^  and  Vo  denote  the  reactions  for  a  simple  beam.  Since 
Xi  is  influenced  only  by  the  variation  of  the  moment  of  inertia 
and  not  by  the  form  of  the  arch,  it  follows  that  "Fi  and  Vo  are 
also  independent  of  the  arch-curve. 

The  end  moments  are  given  by  the  formulae : 


M,=^H  .  to-X,-^-X,=H  .  e, 
M,=  n  .to  +  X,-^-X,  =  H.c, 


(309^ 


b.)  Horizontal  Loading.  If  a  concentration  W  is  supposed 
to  act  on  the  arch  horizontally,  or  parallel  to  the  arch-chord 
(Fig.  65*^),  at  a  point  whose  horizontal  distance  from  the  crown 
is  2v,  there  may  be  derived  from  the  fundamental  equations 
(307)  the  following  equations  of  condition  for  the  unknowns 
//w,  Xiw  and  A^ow  which  have  the  same  significance  as  the 
similar  quantities  in  the  preceding  analysis : 


H. 


2  M  i;  +  W  .  -("  ^  ^ 

Ao  10   A 


2^i'  + 


1,1 


(loAo 


1  ir 


+  5^-Vw«.+c=o. 


r323. 
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Here  M  denotes  the  moments  producible  about  the  points  of 

the  arch-axis  by  the  load  W  if  the  right  end  of  the  rib  were 

free  to  slide  horizontally;  v,  v'  and  t>"  are  the  quantities  defined 

i_ 

by  equs.  (314)  to  (316)  ;  and  C'=  ^  \-J^-W  2^1 


^    ^     .     2f^ 


is  a  correction  term  which  is  so  small  that  it  may  safely  be 
neglected. 

H^  is  the  horizontal  (inward)  thrust  at  the  end  B,  and 
(H^  —  W)  is  the  corresponding  thrust  at  the  end  A. 

The  summations  ^Mv,  %Mv'  and  2 Mi?"  may  be  deter- 
mined graphically  as  the  moments  producible  about  the  line  of 
action  of  the  load,  W,  by  forces  v,  v',  v"  conceived  as  acting 
horizontally,  together  with  opposing  horizontal  forces  at  the 
ends  A  and  B  equal  in  magnitude  to  the  vertical  reactions  which 
would  be  produced  if  the  forces  v,v',v"  were  applied  vertically. 
Hence  the  summations  are  given  by  the  intercepts  of  the 
funicular  polygons  Fig.  65',  Fig.  65^  and  Fig.  65°,  being  rep- 
resented by  the  lengths  a  j8,  y  8,  and  <^,  respectively,  measured 
by  the  same  scale  units  as  were  used  in  the  preceding  construc- 
tion for  E,  X^  and  Xo  for  vertical  loading. 

The  end  moments  for  this  case  are  given  by: 


,  =  F,e,=  (fl^o-X,~-X,)(l-f) 


Ma  =  -ff 2  ^2  =  ^^0  +  Xi    p    —  Xj 


. .  (309^ 


2.    Simplification  with  Constant  Moment  of  Inertia,  I'.    As 

a  rule  the  variation  of  the  moment  of  inertia  in  hingeless  arches 
is  so  slight,  tliat  we  may  assume  7'  ^  7  .  cos  </>  =  constant.  Then, 
with  a  uniform  panel-length  a,  we  have  • 

^'m==g     (?/m-i  +  4?/:n+2/m+i) 
V   m -^in 

Frequently,  with  greater  subdivision  into  panels,  we  may  also 

write  Vm  =  ym- 

But,  for  a  constant  v",  the  influence  line  for  Xn  becomes  a 
parabola;  and,  for  a  load  G  at  a  distance  $  from  the  end,  equ. 
(313)  becomes: 

Here  G  denotes  the  small  quantity  77  .  °  ;  if  this  is 
neglected,  we  obtain : 
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^.=  ^f-^V^-r^ (324. 

i.  e.,  Zo  is  equal  to  one-half  the  altitude  of  the  simple  moment 
triangle  D  E  F  (Fig.  65^) .  Similarly,  with  the  same  assumptions 
as  above,  we  find,  from  (312)  : 


+  1 


/ 


Mxdx 
I 


A,-    ^      ,  -ir ^ =2X, ^— 


—   2 


x~  d  X 


or,  referring  back  to  equ.   (308), 

^V^  =  eo^ (325. 

Accordingly  Zo  may  be  derived  from  (fo  —  ej  by  a  simple 
construction. 

Furthermore,  by  equ.  (322), 

V,  =  V,-\-X,  =  G  ^^-^^'j/  +  ^^)      ...(326. 

V,=V,-X,  =  G ^'^^^-^^^    (327. 

The  vertical  reactions  are  thus  identical  with  those  occurring 
in  a  straight  beam  having  fixed  ends  and  a  constant  moment 
of  inertia. 

The  ordinates  of  the  reaction  locus,  measured  from  the  axis 
At,,  are  given  by  equ.  (198)  after  substituting  the  values  from 
(308)  and   (309^)  : 

substituting  the  values  for  ^o  and  (Cj  —  ^i),  this  equation 
reduces  to: 
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The  ordinate  of  the  point  D  (Fig.  66)  is  also  found: 


2i  =  2o  + 


<"i  —  <"i         o   ^  —  i 


=  2 


or, 


^{i—iY  a      1 1 


Hence   the  end  moments  will  be   given  by 


and 


M,  =  -n(z,-to)=-G^^^-  -hHto. 


M,=  -H(z,-to)==-G^^~^  +  Ht, 


(328. 


..  (329. 


(330. 


Fifr.  66. 


In  these  expressions,  the  terms  not  containing  H  are  identical 
with  the  end  moments  of  a  straight  beam  fixed  at  the  ends. 

On  the  basis  of  the  foregoing  results,  the  construction  given 
in  Figs.  (65^)  to  (65^")  for  the  general  case  may  be  simplified 
as  follows  for  the  special  case  of  /'  =  constant :  First,  by  the 
method  described  previously  (equ.  318)  construct  the  i7-curve 
ahh  (Fig.  66)  ;  also,  with  H  as  pole  distance,  for  the  given 
position  of  the  load,  construct  the  moment  triangle  dee.    Now 

lay  off  ML  =  20=  2  ^f'   (PQU.  324),  draw  the  connecting  line 


K  L  and  the  line  N  D  parallel  to  the  arch-chord.     Then  D  L 
fixes  the  closing  side  of  the  equilibrium  polygon    (equ.   328)  ; 
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and  the  vertex  thereof  may  be  obtained  by  joining  D  with  M 
and  drawing  J  F  parallel  to  DM  (equ.  328).  As  a  check,  the 
altitude  of  the  point  F  above  the  closing  line  must  equal  the 
length  c  f.  We  thus  obtain  the  successive  points  F  of  the 
reaction  locus  as  well  as  the  tangents  D  F  and  F  E  to  the  tangent 
curve. 

Assuming  a  constant  moment  of  inertia  7'  and  neglecting  the  effect 
of  axial  compression,  the  equations  of  condition  (307)  may  be  interpreted 
as   follows:      1.)      The  total   area  between   the   axis   of  the   arch   and   the 

line  of  pressures  must  vanish.     (JMdx'=0.j     2.)      If  we  conceive  the 

elements  of  the  arch-axis  to  be  invested  with  weights  proportional  to  the 
elements  of  the  above-described  area,  affixing  different  signs  to  the  areas 
on  the  two  sides  of  the  arch-axis,  then  the  static  moment  about  any  two 

axes  must  vanish.  (jAIydx  =  0      and  j  Mo?  da?  =  oV   in  other  words, 

the  two  areas,  included  between  any  horizontal  line  and  the  arch-axis 
and  pressure-line  respectively,  must  have  a  common  center  of  gravity. 
Wi7iMer*  has  combined  the  above  conditions  in  a  single  theorem:  "In 
an  arch  of  uniform  cross-section,  that  line  of  pressures  is  approximately 
the  right  one  for  which  the  sum  of  the  squares  of  the  deviations  from 
the   arch-axis   is   a   minimum."      This   theorem   may   be   derived   from    the 

principle  of  least  work,  whereby  ^=  J  -^jrdx-\-  J  -^as  —min., 
or,  with  the  above  approximations,  J  M'dx  =  min. 

3.     Flat  Parabolic  Arch  of  Constant  Moment  of  Inertia. 

The  rectifying  line  of  the  arch-curve  is,  in  this  case,  located  at 

4  the  rise  of  the  arch.  For  a  load  G  placed  at  a  distance  $ 
from  the  end,  equ.  (311),  with  the  values  ij  =  -p-x  (I  —  x) 
L  /    and  /'  =  constant,  will  yield  the  following  expression : 

I5f0-|r  g  (331. 

4     n'     '  1 4-  ^  _L_ 

For  the  vertical  reactions  7,  and  V.,  the  expressions  of  (326) 
and  (327)  remain  valid.  The  equation  of  the  reaction  locub 
becomes, 

.=A/(i  +  v:6)^     ^'''- 

hence,  in  the  present  case,  the  reaction  locus  is  a  straight  line 


*  Deutsche  Bauzeitung,  1879,  p.  128. 
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parallel  to  the  axis  of  abscissae.  The  directions  of  the  reaction 
lines  are   then  fixed   by  the    values,  from   (328),  of  e^  =  -^  -^^y 

and   z^   =-^  (i—^)  '  Vi  ^^^^y   ^^6   most   conveniently   obtained 

by  the  construction  shown  in  Fig.  66.  In  addition,  we  may 
also  establish  the  equations  of  the  tangent  curves  which,  for  this 
case,  are  hyperbolas. 

This  is  done  with  the  aid  of  the  following  diagram  (Fig.  67).  If 
Xr  and  yr  are  the  coordinates  of  any  point  of  the  line  of  action  of  the 
left  reaction  referred  to  the  point  E  as  origin,  then  the  equation  of  this 
reaction  line  is 


y^ 


V  +  gi 


Xr  —  Zi  =  V   ( 


2e 


Xv 


h) 


or 


Differentiating  this  with  respect  to  ?, 

4|i/r  =  7;(2a;r  — 0 


(333. 


(a. 


()3. 


Eliminating    ^   from    (a)    and    (^),   we    obtain    the    following   equation    of 
the  tangent  curve : 


(2a-r  — n  =  r?  +  8j.ri/r?  =  0. 


(333\ 


Fig.  6/ 


Er  =  E,D  =  v=^f(l 
E.J  =  .JC=-\  V 


Of  the  two  asymptotes  of  the  hyperbola  represented  by  the  above 
equation  (333'),  one  coincides  with  the  vertical  line  through  the  end  of 
the  arch-axis,  and  the  other  is  an  inclined  line   {J  E,)   passing  through  the 

pointa   (  x  =  0,y=  -y  tjJ  and  (x^l,  y  =  0).    Ata)=  -y,    or    the  center 

of  the  span,  the  hyperbola  is  tangent  to  the  axis  of  abscissae. 
The  end  moments  are 


^.— h(H')-I-/) 


=  -o^ii^hi 


5P 


1  + 


45        I 
4     Aof 


(334. 


M,= 
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=  -G 


2V 


21 


5  il-i) 


1  + 


45        / 
4     A^P 
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(335. 


Neglecting  the  effect  of  the  axial  compression,  we  may  sub- 
stitute in  all  the  above  equations  1  -f-  -^  -j-^  =1  and  ri=  ^r^  f. 


4,  Effect  of  a  Change  of  Temperature  of  the  Arch  and 
of  a  Displacement  of  the  Abutments.  Let  the  arch,  supposed 
weightless  and  without  load,  alter  its  temperature  uniformly 
in  all  parts  by  P ;  also  let  the  span  be  increased,  through  a 
displacement  of  the  abutments,  liy  an  amount  A  I.  Then,  re- 
taining the  assumptions  introduced  at  the  beginning  of  this 
article,  the  fundamental  equations  derived  from  equs.  (185) 
and  (186)  take  the  following  form: 


+  ■ 


•/  1  A  „  To 


0 


+  T 


J  I  A  a 


+  4 


u 


C    -jr  X  d  x  =  0 


(336. 


Also,  with  M=0,  equ.   (309)   becomes 

M  =  —Hy  —  X,x  —  X, 


+  -¥ 


Choosing  the  axis  of  abscissae,  as  before,  so  that     C    ^^  =0, 


the   solution  of   the  above  equations  will  yield  the   following 
expressions : 
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n, 


1 


(337. 


Xi=-=0 


(H—EAo<^t)  b 


(338. 


\.orof~j 


d  X 


Introducing  the  quantities  v,  v',  v'\  defined  by  equs.   (314; 
to   (316),  we  obtain 


H, 


ElA'^tl-M) 


flo(s2/-^-n+^J 


T-  _n         V  _     hh(H-EAoWt) 

AoaoVo  S  v"m 

0 


(339. 


(340. 


The  denominators  of  the  above  expressions  are  determined 
by  the  previously  described  graphic  construction.  X,  will  always 
be  a  vanishing  quantity  and  may,  without  sensible  error,  be 
equated  to  zero.  The  "line  of  action  of  the  horizontal  thrust 
thus  coincides  with  the  A"-axis,  i.  e.,  if  /'  =  constant,  with  the 

rectifving  line  of  the  arch-curve 
Fig.  68.  (Fig.  "68). 

With  parabolic  arch  curve  and 

^  y^  ^         2>Nrp  constant  /',  since    ^  y^  dx  = 


45 


n 


B,= 


45 


Eh(<ot-^) 


1  + 


45       To 
4     AoP 


(341. 


or,  introducing  the  constant  ordinate,  i],  of  the  reaction  locus 
as  given  by  equ.    (332), 


77        6g7o  /  Ai\ 


(342. 


Comparing   this   with   the   corresponding    (approximate)    expression    for 
the  parabolio  arch  with  hinged  ends,  as  given  by  equ.    (290")  : 


H\  = 


15 

17^ 


El 


«(--^r') 


^8      Ao/2 
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it  appears  that  in  the  hingeless  arch  the  horizontal  thrust  due  to  tempera- 
ture change  or  displacement  of  the  abutments  is  nearly  six  times  as  great 
as  the  corresponding  thrust  produced  in  the  two-hinged  arch  under  the 
same   conditions. 

5.  Arch  Connected  to  Elastic  Piers.  Let  the  arch-axis 
A  B  (Fig.  69)  be  continued  in  the  vertical  pier-axes  A  A^  and 
B  B^.  We  assume  that  the  two  piers,  throughout  their  height 
h,  have  constant  moments  of  inertia  /^  and  are  formed  of  a 
material  whose  coefficient  of  elasticity  is  E^  =  t  .E.  The  base- 
sections,  A^  and  B^,  are  assumed  incapable  of  rotation  or  dis- 
placement. Let  the  arch-rib  have  a  variable  moment  of  inertia 
I  and  a  mean  cross-section  A^.  In  calculating  the  deformations, 
we  will  consider  the  axial  force  in  the  arch  constant  and  =  H, 
and  neglect  the  effect  of  the  corresponding  force  in  the  piers. 


Fitr.  69. 


With  the  notation  indicated  in  Fig.  69  or  previously  intro- 
duced, we  have,  for  a  vertical  loading  on  the  arch,  V^  =  V^  +  ^^} 

at  any  section  of  the  left  pier,  M  =  Mj_  —  Hz 

at  any  section  of  the  right  pier,  31  =  M^  —  Hz  -\-  X^l 

at  any  section  of  the  arch,  3I  =  M^-\-  X,x  —  H  {h -^  y)  +  M 

Substituting    the    following    symbols    for    certain    definite 
integrals : 


C  ds       7        Cvds  C  y^ds        J      C  ^^ds 


(343. 


and  equating  to   zero  the  differential  coefficients  of  the  work 
of  deformation  with  respect  to  the  three  unknowns  B,  X,,  Mj, 
there  are  obtained  the  following  three  equations  of  condition: 
11 


lOS 
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dM, 


0 

Solving  these  equations,  we  obtain 


H  = 


and 


X,= 


/■  Ma 

i     I 


'  Ma;   ,         i    r  M   , 
0      " 0    ^ 

4  eh 


s 


(344. 


.(345. 


(346. 


and  Ml  may  be  found  by  substituting  these  values  in  any  one 
of  equations    (344). 

If  /i  =  0,  the  above  equations  reduce  to 


My 


M 


H  = 


X, 


a       — -^ds  —  h      —rd 


ii  c  —  h'  -\-  a  —-- 
-•lo 


0         ^ 0       ^ 

1   , 


(347. 


(348. 
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and 


M^a-Hb-\-^laX^  +  f^  ds  =  0 


(349. 


This  constitutes  another  solution  for  the  general  case  (1.)  as 
previously  given  by  equs.   (311)  to  (313). 

6.    Segmental  Arch  with  Constant  Moment  of  Inertia.     It 

is  usually  advisable  to  adhere  to  the  general  formulae  established 
in  paragraph  (1)  of  this  article  for  any  form  of  arch.  Neverthe- 
less, for  segmental  arches,  it  is  desirable  to  present  here  a  more 
exact  analysis*  to  be  applied  whenever  the  sectional  dimensions 
cannot,  as  above,  be  considered  negligibly  small  in  comparison 
with  the  radius  of  curvature. 

Fig.  70. 


\)k1~^y 


With  the  notation  of  Fig.  70,  the  fundamental  equations 
derived  from  equs.  (182),  (185)  and  (186)  may  be  written  as 
follows : 


0  1 


00 
-{-  wt  ((f>  —  (t>o) 

Ax-\  XQ=-y  .A(f)o-t'COSc(>(.l  </>-Ac/>o)  -/ 


0 


/3I  COS0 


(pd4> 


(350. 


(351. 


00 

0 


^U-^Vo=''^-^^o-^'sin(j>(^\4>-\4>o)~r\       ^^'j  '      (352. 

00 

Assuming  a  constant  area  of  cross-section  and  writing 


Ar- 


=  8 


(353. 


*Schaffer — "Handbuch  ties  Briickenbaues" — Chapter  XI — 1st  edition. 
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and  observing  that,  for  vertical  loads, 

P=(^V,-^G')sin<f>-\-n  coscj>  .... 


(354. 


and 

M  =  Mi-\-  V^r  (sin  </)o  —  sin4>)  —  H  r  {cos(j>  —  cos  </)o)  ^ 

X 

—  ^Gr  (sin </>!  —  sin </> ) 

0 

where  M^,  H  and  Ti  refer  to  the  left  end,  we  obtain 

0  0 

A.      A  _,             oC^Pd<P          r(l+8)M.d(p,     .f,     ^  -, 
A</.-A«^o==-^'J  —^ »' J  ^ fj +o>t(cj>-<j>o) 

00  00 

=  —  ■^[^,(1  +  8)  (0-</>o)+yx{r(co5</>-cos<^o) 

+  (l+8)r(</,-</>o)5m<^o} 

"\-H-l-r  (sin(f)-sin<f)o)  +  (1+8)  r  (<f>-<j)o)  co50o| 

-^:^qJ-7'  (cos</>-coS(/)i)-(l+8)r  (<^-(/)i)siH0Al 

-{- 0)  t  (cf)  —  (po) 

=  --;^[-Vi(l  +  8)(<^-<^o)+T^i{?/+(l  +  8)«(0-<Ao)} 
+  Z?{x+(l+8)  (r-/)  (cA-</.o)} 

0 

Aa:-Aa::o=-2/ A0o-J'cos<^  (A^-A^o)~^''  I 

00 

=  - y  A (pQ- r  cos cf>  (A</)- A0o)  -—— IMi  (sfw(^-sin0o) 

ViT  (sin(f)-sin(f>o)'       rj  ,  f  0-0o  ,    sm  0  /  .  ,    s 


M  cos  0  d  0 
£7 


COS(t>, 


2       '       2 
a; 


-  (sin<f>-sin(f>o)  r  + -^  ~2'  (^^'^^</>i~'Siw0)^| 


■  2/ .  A  </)o- r  cos  </)  ( A  </)  -  A  </)o)  - -^y  [- Ml  X - 


2 


-/.( 


r*  (0-0o)  (g-a;)  V         (r-f)  x 

2  "^2  2 


)-?^r^]. 


(355. 


>  . .  (356. 


(357. 
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'7 


A^-A  (/o=-C-  A(/)o-r5//i(/)  (A^-A</)o)-r-  j       ^^,' 

00 

=  x.A(f)o-rsin  </>  (A  (/)-A  (/)o)  --^l-il/i  (cos(f>-  coscf)o) 

Tr        r  0-00       COS0   /     .        ,  .        ,     X        silKpo   f  ,  ,\1 

—  V  1^^      2       ~2 — KS^n<j>-sincf)o) 2 — \.cos<f)Q-cos<j>)  V 

+-2-(cos<^-co5</)o)  +2  Gr-^ — 2 — + — 2 — (cos<f>-coscf>i)    . 


-^[-3Atj  +  F,{- 


(0-0o)     ,     'w(y  +  r-f)  ay\  ,    Sy 


+ 


+ 


oy\ 
2; 


+- 


0 


I  sg  [^'('^-'^^)  1    («-^)  '^y-^)   I   (y+r-f)  (00-0  ]  •[ 


(358. 


Here  /?,  is  the  ordinate  of  the  arch-curve  corresponding  to 
the  angle  </>!. 

If  we  substitute  x  =  l,  y  =  y-i,  </>  =  <^,„  the  above  equations 
(356),  (357),  (358)  wall  constitute  the  three  required  equations 
of  condition ;  these  need  not  be  rewritten  since  they  do  not 
differ  from  the  foregoing  except  in  the  affixing  of  the  subscripts 
and  the  substitution  of  I  for  x. 

If  we  have  a  symmetrical  segmental  arch,  then 
I 

and  if  we  write,  for  the  ends  of  the  span,  A4>  —  A(f>o=  c^, 
Ax  —  A^To  =  C2,  Ay  —  AyQ  =  c^,  we  obtain  the  following  ex- 
pressions for  the  equations  of  condition : 

Ac/>-A<^o=Ci  =  -;^[-2  3/i  (l  +  8)<^o-"^^i  (1+8)  /(^o-j 

+  2ff{|-(l  +  8)  (r-/)<^o}  [..(359. 

(1  +  5)  (Z-2  0  (0o+0i) 


+  2  r;  ^  /(.  + 
0 


}] 


-2  0)t  <f>o 


A  x-'AXq=Co=---Ci  r  cos  (f>o-  -      -  j-  M^l-\ — 


rj' 


fH{r=^,-Aii^}  + 


Gii-^)' 


] 


(360, 


166 


Arches  and  Suspension  Bridges. 


^yl-^yo'^c2  =  l.^<Po+-^ ^|  "^"i  i  >''<t>o '-o — 


-5  4{r^(</>o  +  </>x)  +  — 


EJ 

1-2^) 


-C' 


-n(i-^)}] 


-  ..  (361. 


Equ.  (361)  yields: 


^i=- 


EJ  (03  —  l^(f>o  —  Cirsin(po) 


»'^  (00  —  silKpoCOSfpo) 

-\-'%C     ("^o  ^"  '^1  —  ■^'"'  '^«  ^'^■^  ^°  —  "  ^'"'  '^1  '^'^■^  00  +  sin  (/)iCos  (pi) 
0  2(00  —  sincpocoscpo) 

^  _     £■/  (2c3  — 2  ZA0O  — CiO 
~  r[2r=0„-Ur-f)] 

_!_  j^^^    2rM0o  +  0i)+fe(^-2f)-2(r-f)  (?-0 
0  2r^0„  — i(r  — /) 


From  equs.   (359)  and  (360)  we  obtain 


H  = 


E 


J  [ —  ( 1  +  5  )  00  (c2  +  Ci  y  COS  0o)  +  Ci  ^  gt«- 


0o] 


r=  [00  ( 


I 


+  2G= 
0 


1  +  5  )  (00  +  sin  00  cos  0o)  —  2  s)V  0o] 

2  E  J  10  t  (po  sin  00 

"^     r^  [00  (1  +  S)  (00  +  sin  0o  cos  0o)  —  2  srit"^  0o] 
^  2  sin  00  [cos  01  —  cos  0o  +  0i  ( 1  +  ^ )  s/n  0i] 

+  2G^  —  (l  +  5)0o(sm'0o+s/»'0.) 

0        2  [00  (1  +  5)  (0o  +  sm0ocos0o)  — 2  s))i''0„] 

_   EJ  [-2(1+5)  00  (p,  +  oi  (r-f)  )  +  r,  ?] 
—      ,'[0o(l  +  5)  i2r'<Po+l(r  —  f))-P] 

2EJcof(p„l 

+    r[0„(l  +  5)  (2r^0o+/ (,--/))-;=] 

i[2h  +  (f>,  (i+5)(;-2f)]-(i+5)0o(;'-  2n  +  2e) 

2  [00  (1  +  3  )  (2  r0„+  Z  (r-/))  - 1'] 


(362. 


(363. 


With  these  values,  31  ^  may  be  calculated  by  either  e(iu.  (359; 
or  (360)  ;  the  latter  yields: 

n^  EJ  (Ci  +  CirCOS(po)      __T7..  o,\,j 


(364. 


2  r'  sin  0o                    '  ^ 

/    OVI(y<pQ 

+ 

H   (00- 

-sin  00  cos  00 )  r 
2  sin  00 

0 

(sin  00  +  sin  01)" 
4  si'n  00 

EJ( 

C2  +  Ci( 

rl 

r-f))       y^i 

2 

,    lH2r 

'■00-1  (r-f)) 

"+ 

21 

+  2   f^ 
0 

21 

- 
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3/1  is  most  readily  found  in  this  manner  after  V^  and  H  have 
been  determined.     Then  we  also  find 

—  V^=\\-^G (365. 

0 

J/2=.li,+  VJ-^G(l  —  $) (366. 

0 

The  preceding  equations  express  not  only  the  effect  of  a 
concentrated  load,  but  also  that  of  a  change  of  temperature; 
the  latter  effect,  by  itself,  is  obtained  by  putting  6^  ^  0  in  the 
various  formulae.  Similarly,  these  formulae  give  the  effects 
of  a  rotation  or  displacement  of  the  abutments,  if  the  magnitude 
of  such  displacement  (c^,  c,  or  Cg)  be  kno\ATi.  If  the  ends  are 
rigidly  fixed,  we  must  take  d  =  Cg  =  C3  =  0. 

For  a  flat  segmental  arch,  the  formulae  of  the  parabolic 
arch  may  be  applied  without  sensible  error. 


168  Arches  and  Suspension  Bridges. 


§21.    Maximum  Moments  and  Shears. 

In  determining  the  critical  loads  for  maximum  moments 
and  shears,  we  need  merely  to  apply  the  general  principles 
presented  in  §  14.  The  same  general  rules  apply  to  the  hingeless 
arch  as  to  the  arch  with  hinged  ends  except  that  the  reaction 
lines  do  not  pass  through  the  end-hinges  hut  are  to  be  drawn 
tangent  to  the  tangent  curves. 

Again,  the  maximum  moments  and  shears  may  be  determined 
either  by  the  method  of  influence  lines  or  by  means  of  the 
equilihrium  polygon  of  the  loading.  The  influence  lines  for 
moments  and  shears,  however,  are  not  so  simply  found  as  for 
the  hinged  arch,  but  may  be  derived  from  the  influence  lines 
for  H,  X„  X,,  according  to  the  formulae  (309),  (192),  (322), 
which  may  be  rewritten : 


{ 


M  ^M  —  Hy  —  X,  X  —  X,   (367. 

S'  =  (Vi  +  XJ  COS  </)  —  II  sin  cf>    (368. 


where  M  =  (^     (^-^)^a-2.)     ^^  g  lAL+1^  ^  v,^G  ^  , 

and  X  is  measured  from  the  center  of  the  span.  To  find  the 
extreme  fiber  stresses  in  the  sections,  the  moments  should  be 
taken  about  the  core-points.  The  method  of  influence  lines 
is  advantageous  when  the  load  consists  of  a  train  of  concen- 
trations. 

To  obtain  the  maximum  moments  and  shears  directly  from 
the  equilibrium  polygon  of  the  critical  loading,  it  is  necessary 
to  find  the  values  of  the  horizontal  thrust,  end  reaction  and 
end  moment  for  that  loading.  It  is  a  simple  matter  to  obtain 
these  quantities  by  summation  of  the  values  found  for  the 
different  positions  of  a  concentrated  load ;  this  may  also  be 
accomplished  graphically.  If,  with  the  resulting  values  of  //, 
Vi  and  Mj,  there  is  constructed  the  equilibrium  polygon  of 
the  loading  (or  line  of  pressures)  in  its  proper  position  with 
respect  to  the  axis  of  the  arch,  then  the  moment  at  the  section 
under  investigation  will  be  M  =  H  y',  where  y^  is  the  distance 
of  the  equilibrium  polygon  above  the  arch-axis  or,  rather,  above 
the  core-point  of  the  section.  If  the  load  is  taken  as  uniformly 
distributed,  we  may  use,  as  before,  a  second  reaction  locus  and 
tangent  curve  to  facilitate  the  construction  of  the  equilibrium 
polygon. 

For  special  arch  forms,  the  influence  of  a  partial  uniform 
load  may  be  calculated  as  follows : 
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1.  Any  Arch-Curve,  with  /'  =  Constant.  If  the  load  of 
2)  per  unit  length  extends  for  a  distance  A  from  the  left  end, 
the  resulting  vertical  end  reactions  may  he  derived  from  ecu.-;. 
(326)  and  (327)  hy  integrating  hetween  the  limits  0  and  ^, 
giving 


p\  (2f  —  2l\^  +  \') 


(369. 


V  = 

n-J^'l-JP^ (370. 


If  H  is  the  horizontal  thrust  produced  by  this  loading,  the 
integration  of  the  expressions  of  (329)  and  (330)  yields  the 
following  values  of  the  end  moments : 


6?=  — 8\/  +  3x- 


12  f 

3    il  —  SX 
12  1' 


(371. 
X372. 


where  to  is  defined  by  e(|u.  (321). 

For    a    full-span    load,    if    Htot    denotes    the    corresponding 
horizontal  thrust,  we  have 


^Pl 


[12"  P^'  ~  -^^"^  •  ^0] 


(373. 
(374. 


If  Aj  is  the  distance  to  be  covered  with  load,  as  determined 
by  the  rules  of  §  14,  in  order  to  produce  the  greatest  positive 
moment  at  the  core-point  {x^^,  yxO  (referred  to  the  end  A  as 
origin),  tbat  moment  will  be  given  by 


^/max  =  M2  +  F2  (^  —  J^u)    —  H^u  —  2? 


(Xi-o^O' 


•'•  ^^max=  Jgy.  [ 8^3A,-6  (2^-AO  ^;]-H(.v,-^o)-p^^^^.(375. 
For  a  full  load,  there  results 

Mtot=  -j2  ppXk  {l  —  xv,)  —  ZM  — Htot  (Uk  —  fo)- •  •  •   ('^76. 

with  which  we  may  calculate 

If  A,  is  the  abscissa  of  the  critical  point  for  shears,  and  if 
Hx-Xj      is    the    horizontal    thrust    for    a    load    extending   from 
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X  to  Ao,  we  obtain,  by  the  use  of  equs.   (192)   and  (369),  the 
following  expressions  for  the  greatest  shears : 

8n,^x=-^\{l-J^)'-{l--x-)-{l-^2)'  (^'-Ao-)l cos </)-Hx_x, siH </). .  (377. 

'S'mln  =  -2-  P  (l  —  2x)   COS<p  —  'H.totSi)l(f)—  /S'max (378. 

2.  Flat  Parabolic  Arch.  If  a  uniformly  distributed  load 
2?  extends  for  a  distance  A  from  one  end  of  the  span,  the  integra- 
tion of  equ.  (331)  yields 

1 + -4 — T^y 

For  a  full-span  load, 

Htot  =  -^  •  45        /o        ="87^    ^^^^• 

The  vertical  reactions  and  the  end  moments  M^  and  ill/2 
are  to  be  determined  by  substituting  the  above  values  of  H 
in  the  formulae  previously  developed ;  similarly,  the  maximum 
moments  and  shears  may  be  found  by  equs.  (375)  and  (377), 
when  the  distances  A^  and  A,,  corresponding  to  the  critical 
loads,  are  known.  In  the  case  of  the  parabolic  arch,  those 
distances  may  be  calculated  as  follows : 

For  the  maximum  moment  at  the  core-point  {xu,yu),  (re- 
ferring to  the  end  A  as  origin),  we  have,  by  equ.   (333), 


2/k 
or 


_  1  f_  /^  +  2X. l_  \   8     .  /  -,     I     45        I      \ 

3^~"V   2\/     ^^~       2X,  J'15^\^~^    4      Aof  ) 


(2/k-|/)A,^+Ar(Z-2xk)A,=  4-r^^k (381. 

The  critical  length,  A,,  will  equal  I  for  any  arch-point  whose 
coordinates  (a;\,  y\)  satisfy  the  equation: 

■         0A-|/)^'  +  4-/'^-^  /'^•^''^ ...(382. 

If  this  yields  x\  >  -^,  then,  for  all  points  in  the  middle  portion 

between  the  abscissae  (Z  —  x'\^  and  (a:;'k),  the  critical  loading 
will  be  an  interrupted  one  (with  two  critical  points)  ;  and, 
for  any  of  these  points,  we  must  add  to  the  value  of  il/max  given 
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by  equ.  (375)  the  value  given  by  the  same  formula  for  the 
symmetrically  located  point  of  the  arch. 

The  critical  point  for  shears  is  determined  by 

1^  .  A.  f^=^tan<t>  =  -f  V-2x)  (383. 

For  a  full-span  load,  the  end  iiioinents  will  be,  by  equs.  (374)  and  (380), 

Mi=  il/a  =  —  32  2^  i^  ( 1  —  -4-) 
and  the  crown  moment  will  be,  by    (376)    and    (3S0), 

If  we  put  /'  =  /,  which  is  equivalent  to  neglecting  the  effect  of  the  axial 
force  upon  the  deformation,  we  obtain,  for  a  full  load,  Mi  =  Mn  =  Mc  =0 
80  that  the  pressure  line  coincides  with  the  axis  of  the  arch.  With  respect 
to  the  error  resulting  from  this  approximation,  practically  the  same  remarks 
apply  as  in  the  case  of  the  two-hinged  arch  (see  page  137).  If  the 
arch-rib  consists  of  two  parallel  flanges  of  combined  area  A  with  an 
effective  depth  between  them  of  h,  and  if  a  is  the  fiber  stress  for  the 
pressure  line  coinciding  with  the  arch-axis,  then  the  extreme  fiber  stresses 
at  the  crown  in  the  case  of  the  eccentric  location  of  the  pressure  line 
will  be  by  equ.   (179),  in  the  upper  flange. 


(Tu  : 


1+ 

15 
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and,  in  the  lower  flange, 


-^+16     /2 

h  4 

The  maximum  value  of  the  upper  fiber  stress  occurs  with    -— -  =   ^  - 

/  ^^ 

and  amounts  to  £ru  =  1.25  cr;   while  the  lower  fiber  stress  changes  its  sign, 

7  Q 

hence  becomes  a  tensile  stress,  with  • —  f         . 

'  /     -*    la 

Similarly  we  find,  for  the  end  gections, 

1 ]^_h_  1  a-    ^5      h 

4        /  '        4        f~ 

<^"=<^- A^     L         and  (ri  =  (7    ^ 


"•"16/2  "*■    16   "F 

Here  the  lower  flange  stress  will  be  a  maximum  with    -— -    =  0.387,  giving 

/i     _      4 
"^i  =  1.72  0-.     With    — -.  ^    y^  J  the  upper  flange  at  the  end  section  receives 

a  tensile  stress.     For  illustration,  if   ^   =   -3-  ,  the  stresses  at  the  crown 
will  be                                                          ' 

(7u=1.24  <T,         (r,=0.28ff; 
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Mmax  = 
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and  the  stresses  at  the  end  section  will  be 

o-u  =  — O.lOff,  c7-i  =  1.7o-. 

If  the  half -span  is  loaded  with  p  per  unit  length,  we  obtain,  for  the 

parabolic  arch  of  constant  section,  H  =  — —  J^ —  ;   and  the  moments  at 

16        f 

the     end-points    of    the   axis    are    J/,   =    —    I   -r,-  —  -—1   J     -     and 

'  V      8  f     J        24: 

M2=  (~, -„- )  "4^-       '^^^^    greatest    positive    moment    occurs    at    x  = 

-^  and  is  given  by: 

Neglecting  the  axial  compression,  i.  e.,  with  /'  =  /,  we  obtain 

^^  =  -~Vl'=-  M,.        and   l/max=   ^^pi'. 

3.  Segmental  Arch.  For  a  uniform  load  p  extending 
for  a  distance  A  from  the  left  end,  the  end  reactions  Y,  H 
and  M  are  obtained  from  eqiis.  (362),  (363)  and  (364)  by 
substituting  G  =  p  d  x  =  —  pr  cos  <^i  d  ^^  and  integrating  be- 
tween the  limits  0  and  A  (or  <^o  and  ^i). 

There  will  be  given  here  only  the  formulae  for  the  special 
case  of  the  load  p  covering  the  entire  span. 

By  symmetry,  we  obtain  directly 

V,  =  Vo=  -|^  =prsin4>o (384. 

"We  also  have,  by  equ.   (363), 

TT       prsin(t>a   /  3(1-5)  (0„-sm0oCOs0o)-2  (1  +  5  )  (/>|)gm''0„  \      /qnr 

ritot  g  ^  0o(l  +  S)  (0o+sm0„cos0„)-2s(V0„       -^.(^JOO. 

With  this  value,  we  obtain  from  equ.  (364)  : 

3(1-5)  (0o-sm0oCos0o)^-2siV0o  [  (1  +  5) 

-jTr   pr"      {'^(t)a+(l)asin(f>i,  coscpp)  -4  sin'  0o]  ,,  /'QQfi 

^^~     12     ■  0o(l  +  5)  (0o+SW0oCOS0„)-2sW='0o  —^2    ..{^00. 

For  the  moment  at  the  crown,  we  obtain,  by  substituting  the 
above  v-alues  in  (355), 

3  (1-5)  (sm^0o-0o^-2sm'0oOos0o+20oSw0o) 

M   __,  Pr"      -4  (1-f  5)  (f)osin^(f>„+sin*<p  (l-f35) r3gY_ 

"^  12  00  (1  +  5)  0o-l-sm0oCos0o) -2sj?i*0„ 
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The  maximum  moments  and  shears  are  determined  by  the 
general  rules.  In  the  accompanying  graphs,  these  values  are 
plotted  for  a  segmental  arch  having  a  uniform  core-depth; 
Fig.  71  gives  the  maximum  moments  and  Fig.  72  the  maximum 
shears.  The  same  notation  is  used  as  in  the  corresponding 
diagrams  for  the  two-hinged  and  three-hinged  arches ;  and 
since  arches  of  the  same  rise  and  depth  of  rib  have  been  con- 
sidered, there  is  thus  provided  an  opportunity  for  comparison 
of  the  three  classes  of  arches  wath  respect  to  the  resultant 
stresses  at  the  different  sections,  (cf.  Figs.  50,  51 ;  62,  6:3.) 

Fiff.  71. 


F 


Iff. 


4.  Temperature  Stresses.  The  horizontal  thrust  produced 
by  a  variation  of  temperature  has  been  derived  in  §  20  :4 ;  its 
value  for  the  general  case  is  given  by  equ.  (337),  for  the  para- 
bolic arch  by  equ.  (341),  for  the  circular  arch  by  equ.  (363). 

With  regard  to  the  magnitude  of  the  temperature  stresses,  the  following 
notes  are  given:  In  a  parabolic  areh-rib  having  two  equal  flanges  of 
combined  area  A  and  effective  depth  /;,  the  intensity  of  stress  in  the 
flanges  at  the  crown  is  approximately 


(Tc- 


A.h 


similarly,   at  the  ends, 
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2H.  {\f±\) 


(T,=  zr 


A.h 

Substituting  Ht  from  equ.    (341),  we  obtain 

/-,         3    h  \  h  /  -,    ,     3    h  \   h 

45  i^=f=TT/T  ,  45  l^-TT/T 

^-r  1-3    p  ■'■"'"  16    /=" 

For  steel,  we  may  use  Eut  ^10,780  pounds  per  square  inch,  thus  giving, 
iu  round  numbers, 

1  —  J- A  1  H-  _L  A 

.c=  ±  20.000  A      2li^  ,  and  .,  =  :^  40.000  A  ,-=4^^  • 

Ihe  upper  flange  stress  at  the  crown  attains  its  greatest  value  with  a  ratio 

h  4 

of  — -  =  -^  s- ;  we  then  have  acn  =  +  2,670  lbs.  /  sq.  in.  and  (Tci  ==  —  6,220 

f  ^^ 

lbs.  /  sq.  in. ;   similarly  the  lower  flange  stress  at  the  end  section  attains 

its   maximum    value    with  — --  =  0.39,  when  we  find  ff^a  =  —  14,040  lbs.  / 
sq.  in.  and  a^i  =  +  7,710  lbs.  /  sq.  in. 
For  a  ratio  of  — —  =  -^,  we  find 

r  <Teu  =  +    2,540,    ffci  =  —  7,620  lbs.  /  sq.  in. 
j    (Tiu  =  —  12,700,     c7ii  =  +  7,620  lbs.  /  sq.  in. 

It  thus  appears  that  the  temperature  stresses  may  become  very  considerable 
and  that,  in  this  respect,  the  hingeless  arch  is  at  a  disadvantage  in 
comparison  with  the  arch  having  hinged  ends. 
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§  22.     Deformations. 

The  elastic  deflections  of  any  point  (x-^  2/1)  of  the  arch, 
referred  to  the  end  A  as  origin  of  coordinates,  are  determined 
by  eqiis.   (185)   and   (186).     Again  employing  the  abbreviation 


/      '    \  A  /   r  cos  (p 


1:388. 


[cf.  equ.  (293)],  and  conceiving  these  quantities  z  as  forces 
acting  on  the  arch,  we  obtain,  exactly  as  for  the  two-hinged 
arch  in  §  19,  the  follo'^Adng  expressions  for  the  coordinate 
deflections : 


(389. 


Here  M^r  and  M^h  denote  the  static  moments  about  the  point 
(iCj  2/1)  of  the  forces  z  applied  at  the  points  of  the  arch-axis 
together  with  a  force  —  Za.  =  —  E  IoA<f)o  applied  at  the  end  A, 
these  forces  being  applied  vertically  and  horizontally  for  the 
respective  moments.  If  the  ends  of  the  arch  are  perfectly  im- 
movable, then  A  <^  =  0,  and  hence  Z^  =  0.  In  general,  Za  is 
the  end  reaction  produced  by  loading  the  horizontal  projection 
of  the  arch  with  the  forces  z. 
Furthermore,  we  may  write 


1/1 


2/0 


C\=-Iof(j^-Eo.t)dx 
'0 

or,  Avith  sufficient  approximation, 

C\  =  h(y^-Eo.t)y, 


(390. 


Hence  exactly  the  same  rules  apply  to  the  determination 
of  deflections  in  the  hingeless  arch  as  in  the  two-hinged  type ; 
and  the  contribution  of  the  bending  moments  alone  may  be 
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obtained,  exactly  as  in  the  preceding  case,  as  the  ordinates  of  a 
funicular  polygon  constructed  with  E  I^  as  its  pole  distance  for 

a  loading  consisting  of  the  reduced  moment-diagram  of  If —• 

For  the  graphic  determination,  proceed  as  follows : 

For  the   given   loading,   construct  the  equilibrium  polygon 
or  pressure  line.    The  vertical  intercepts  m  between  this  polygon 

and  the  arch-curve,  multiplied  by  the  ratio  -p-  and  increased 

by  the  small  and  nearly  constant  correction 

c=(l--^^)-— ^ (391. 

\  H       /     A„r  cos  (f>  ^ 

will  give  the  load-quantities 

=  (w-^+c) (392. 


z 

Is 


These  have  to  be  laid  off  in  a  force  polygon,  with  proper 

observance  of  the  algebraic  signs  (m  is  positive  if  the  pressure 

line    lies   above    the    arch-axis),    and    the    resulting    funicular 

polygons  for  vertical  and  horizontal  action  of  the  forces  con- 

1       EP 
structed.    If    the    pole   distance    is   selected  =  —^  '  h .a  ^     ^ 

being  the  assumed  uniform  horizontal  spacing  of  the  2:-loads, 
then  the  ordinates  of  the  two  funicular  polygons,  measured  by 
n  times  the  scale  of  lengths,  will  give  the  vertical  and  horizontal 
deflections,  respectively,  of  the  points  of  the  arch  under  the 
given  loading.  To  be  precise,  there  should  be  added  the  cor- 
rections —~-  ^iid  ~~Err~ ;  ^5ut,   as  a  rule,   these  quantities   are 

too  small  to  warrant  consideration. 

We  may  also  represent  the  influence  lines  for  the  horizontal 
and  vertical  deflections  of  any  arch-point  {x-^y^)  by  construct- 
ing the  curves  of  vertical  deflections  producible  by  a  unit  load 
acting  vertically  and  horizontally,  respectively,  at  the  point 
(iCiT/i).     Compare  §  19. 

In  the  above  formulae,  the  effect  of  temperature  is  included. 
If  it  is  desired  to  treat  this  effect  separately,  an  expression  may 
be  established  for  it  M'hieh  is  identical  with  that  for  a  two- 
hinged  arch,  equ.  (305).  This  gives  the  upward  deflection  of 
any  arch-point  due  to  temperature  variation  by  the  formula : 

Eh^y==E^m^+2{Euyt--^)  hy, (393. 

Here  Ht  denotes  the  horizontal  thrust  due  to  the  change  of 
temperature  and  ?»x  the  static  moment,  about  a  vertical  line 
through  the  given  point,  of  the  area  included  between  the  arch- 
curve  and  its  rectifying  line  or  line  of  action  of  the  horizontal 


Deformations  of  the  Hingeless  Arch.  177 

thrust.  This  quantity  is  proportional  to  the  ordinate  (>;)  of 
the  fl'-curve  (Fig.  65®);  to  be  specific,  m^  =  r) .  p  .  a,  where  p 
is  the  pole  distance  and  a  the  panel-length  used  in  constructing 
the  fl^-curve,  and  rj  is  measured  to  the  scale  of  lengths.  We 
thus  obtain  for  the  temperature  effect,  in  general, 

Ay^{a.7}  +  /3.y)t (394. 

For  the  example  executed  in  Fig.  65,  in  which  1=  160  ni.,  /  =  42.5  m., 
Ao  =  0.112  sq.  m.  aud  7o  ^  0.70  m.*,  we  find  by  the  approximate  fornnila 
(341),  assuming  E  w  =  248  tonnes  per  sq.  m.  per  degree  C.  and  A  I  =  0, 
Ht  =  1.040  X  t  tonnes.  The  TZcurve  was  constructed  with  a  =  16  m.  and 
p  =  25  m.,  so  that  Ht  nu  =  16  X  25  X  1.04  v  •  t  and  E  I„Ay  ^  (4167j 
+  334.2  1/)  t;  or,  finally, 

A  1/  (in  mm.)  =  (0.0297  rj  +  0.0238  i/)  t. 
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4.     THE  CANTILEVER  ARCH. 

§  23.  Arch  With  Hinged  Ends,  Having  Cantilever 
Extensions  Beyond  the  Points  of  Snpport. 

The  general  equations  (200)  and  (250)  for  determining 
the  horizontal  thrust  hold  good  for  loads  on  either  cantilever 
arm  if  we  substitute  for  M  in  those  formulae  the  moments 
which  would  he  produced  in  the  span  Z  of  a  simple  beam. 

In  the  three-hinged  arch    (Fig.  73),  7/=^-^  and  is  pro- 
Fig.  73. 


0. 


portional  to  the  moment  Mo  at  the  crown-hinge ;  hence  the 
influence  line  for  H  is  formed  by  prolonging  the  sides  of  the 
triangle,  c  a  and  c  h.  The  reaction  lines  are  given  by  the 
rectilinear  prolongations  of  the  reaction  locus.  For  maximum 
moments,  only  one  of  the  cantilever  arms  has  to  be  fully  loaded, 
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namely  that  one  adjacent  to  the  unloaded  segment  of  the 
interior  span.  If  the  right  arm  is  completely  loaded  with  p 
per  unit  length,  then,  with  the  notation  of  Fig.  73,  we  obtain: 


H=- 


1      pa 
-=■    '  2fx 


M-^^i-^-y) 


If  both  cantilever  arms  are  fully  loaded, 


(395. 


pa 


P" 


(f-u) 


(396. 


Fig.   74. 


PQ'innQ 


In  the  two-hinged  arch,  the  horizontal  thrust  may  be  deter- 
mined by  equ.   (250)  ;  introducing  the  abbreviations  N  for  the 

denominator  and  -|-  =  v,  and  retaining  only  the  terms  depend- 
ing on  the  external  loading,  equ.   (250)   may  be  written 
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E= 


I 

2  Mv 

0 


For  a  load  G  placed  on  the  cantilever  arm,  M  =  —  G  ~-  ; 

hence 

I 

^  V  X 

^=-^1-^    ^397. 

In  the  i7-influeuce  line,  Fig.  54,  obtained  as  the  funicular 
polygon  of  the  iJ-forces  according  to  §  17,  the  intercept  of  the 
prolongation  of  the  last  side  upon  the  vertical  through  A  gives 

the  quantity  2  v  x;  hence,  by  equ.   (397),  this  line  also  consti- 

0 

tutes  the  continuation  of  the  H-influence  line  on  the  side  of  the 
cantilever  arm   (Fig.  74). 

If  the   arch   possesses   a   vertical   axis   of  symmetry,    then 

»  I  » 

^vx  =-^'S,v,  hence 

0  ^0 

) 

1  ^^ 

^=--2~^^V    (3^^'- 

The  vertical  component  of  the  reaction  at  A  is 

v.=-g}, 

hence  the  direction  of  the  left  reaction  is  determined  by 
tan  T  ^  — T-  == 


2^vx 
0 

and  is  therefore  independent  of  the  position  of  the  load  G.  Con- 
sequently the  reaction  locus  is  continued  over  the  cantilever 
arm  as  a  straight  line  consisting  of  the  end-tangent  from  the 
point  A. 

If  we  substitute  2  fo  =  l  tan  r,  then 

(398. 


,         I        X 
JO        2     I 

2  (;a; 

0 

I 

2t; 
0 

consequently. 

n—     }  G ,  . 

2fo 

(399. 
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Thus,  for  loading  on  the  cantilever  arms,  the  two-hinged  arch 
acts  exactly  like  a  three-hinged  arch  having  its  crown-hinge  at 
a  height  of  /„ ;  //  and  M  may  also  be  calculated  by  the  same 
formulae  (395)  and  (396),  provided  /o  be  substituted  for  /. 

If  a  load  p  completely  covers  both  cantilever  arms,  assumed  equal  in 
length,  the  moments  at  the  core-points  of  the  arch-sections  are  easily 
derived.  They  are,  in  fact,  proportional  to  the  distances  of  the  core-lines 
from  a  horizontal  line  drawn  at  a  height  of  /o  above  the  end-points,  and 

-1  2 

are  given  by  these  intercepts  multiplied  by  7Z  =  —   -^ — -    [cf.  equ. 

(396)].     In  Fig.    75,  these  moments  are  represented  in  the   graphs  jn  n  o 


m 


Fig.  75. 


w 


1-^ .  ^^ 


and  p  qr.  Adding  to  these  the  moments  due  to  a  load  p'  covering  the 
entire  span  I  of  the  arch,  we  obtain  the  combined  moments  for  the  total 
loading  as  indicated  by  the  shaded  ordinates  of  Fig.  75 ;  there  is  thus  shown 
graphically  the  effect  of  the  cantilever  arms  upon  the  distribution  of 
stresses  in  the  arch. 
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§  24.    General  Case  of  the  Cantilever  Arch. 

Let  an  arch  with  fixed  ends  have  a  cantilever  arm  anchored 
to  it  at  any  point  (Fig.  76).     The  general  equations  (311)   to 

Fig.  76a. 


(313)    apply  here  also,  and  may  1)l'  written  in  an  abbreviated 
form  as  follows : 


r 


n  = 


I 

_o 


x,= 

0 

I 

S  x  v' 

0 

I 

S  Mv" 

0 

I 

S  v" 
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where  M,  as  usually,  represents  the  moments  within  the  span  I 
of  a  simply  supported  beam.    For  the  concentration  G, 


I      V2       -^/Jx^c 
I 


M  =  -«.X(4  +  .)]- 


consequently 

y.Mv  =  G 

0 

^Hi~ 

0- 

I 

2  J 


2 

The  summations  appearing  in  the  above  expression  are  rep- 
resented as  static  moments  of  the  v-forces  by  the  intercepts  of 
the  corresponding  sides  of  the  funicular  polygon  upon  the  ver- 
ticals through  the  ends  A  and  B ;  i.  e.,  the  two  summations  are 
represented  respectively  by  the  end  ordinates  of  a  line  drawn 
tangent  to  the  fl^-curve  at  the  point  c  (Fig.  76'*).  Hence, 
according  to  the  equation 

the  ordinate  of  the  above  tangent  under  the  load  G  will  give  the 
horizontal  thrust  H  measured  to  a  scale  of  6*  =  iV". 

The  same  relations  hold  good  for  the  quantities  X^  and  Xo  and 
their  influence  lines  constructed  as  funicular  polygons  of  the 
forces  v'  and  v'\  Here,  again,  the  tangents  to  the  respective 
influence  lines  at  the  sp ringing-point  of  the  cantilever  arm  give, 
by  their  ordinates,  the  values  of  X^  and  Xo  for  any  loading. 

If  c  =  ~^,  i.  e.,  with  the  cantilever  arm  attached  at  the  end 

of  the  span,  we  find  H  =  0,  X^  ==  —  6^y,  Xg  =  —  G^ ;  hence 

Tj  =  G,  V2  =  0,  and  M^  =  M^  =  0,  and  we  thus  find,  what 
should  be  self-evident,  that  the  loading  on  such  cantilever  arm 
produces  no  effect  on  the  arch  with  fixed  ends. 

If  the  cantilever  arm  has  its  springing  at  the  crown,  we  find 
H  is  constant  for  all  values  of  ^,  i.  e.,  independent  of  the  position 
of  the  load.    This  applies  also  to  the  two-hinged  arch. 
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§  25.    Deformations. 

There  will  be  considered  here,  in  detail,  only  the  determina- 
tion of  the  vertical  deflections  of  the  end  of  the  cantilever  arm 
in  the  two-hinged  arch  represented  in  Fig.  77.  For  this  purpose 
we  may  refer  to  the  discussions  given  in  §  19  and  apply  directly 
the  graphic  treatment  there  deduced. 

Neglecting  small  correction  terms,  the  deflections  of  the 
points  of  the  arch  under  any  loading  are  obtained  as  the  static 

M 


moments  of  a  beam  loaded  with  the  forces  z  = 


EI 


the  result- 


ing curve  of  deflections  for  a  unit  load  acting  at  the  end  of  the 


Fig.  77. 


UCv)  Forces 


cantilever  arm  will  be,  at  the  same  time,  by  Maxwell's  principle 
of  reciprocal  deflections,  the  influence  line  for  the  deflections  of 
the  free  end  produced  by  a  concentration  moving  along  the 
arch-rib. 

By  §  19,  this  influence  line  may  be  represented  by  the  ordi- 
nate-differences  of  two  funicular  curves  of  which  one  is  the 
fl"-influence  line  and  the  other  is  constructed  for  the  load- 
quantities 

1     M        ^  ,.       a;       na;=:i  ,        _  .      rr;'       na;'  =  0 


7  1     M        nj.      a;       \-\x  =  l 


w 


a;  =a 


We  may  also,  as  in  Fig.  77,  employ  the  differences  of  the  load- 
ordinates 
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(k—  v)  =—  I — Y ij  )  or   (k  —  V)  = -J-  .  —'-^ — I 

in  constructing  the  deflection  curve  directly. 

If,  instead  of  the  moment  of  inertia  /,  we  substitute   —r- 

(where  h  is  any  assumed  constant  moment  of  inertia),  then  the 
scale   unit   for   the   ordinates  of  the   deflection  curve   will   be 

EI-  cb 

-= ^T — -  times  the  unit  of  the  scale  of  lengths.    Here  Hi,  =  -^-^ 

Ha.  p.i^X  ^  To 

denotes  the  horizontal  thrust  for  a  unit  load  G  at  the  end  of 
the  cantilever  arm,  A  x  is  the  horizontal  spacing  of  the  k  and  v 
ordinates,  and  p  is  the  pole  distance  used  in  constructing  the 
funicular  polygon. 

The  expression  for  the  deflections  ( — A  i/)  of  the  end  of  the 
cantilever  arm,  due  to  a  load  G  at  any  point  x,  as  given  by  equ. 
(800),  may  be  written  as  follows  if  we  neglect  the  term  depend- 
ing on  the  axial  thrusts : 

—  EI.j\y  =  Gmy:~Ha.tnx. 
With  a  constant  moment  of  inertia,  we  obtain : 

^/.A?/  =  r^x(^2-a— X')  -y-wix](?-2^    (fora;=OtoO 
E I  .Aij  =  -\^  x''  -^  --^  .  (a-x')lG  ^  {ior  x'=Otoa) 


L.(401. 


wix  denotes  the  moment  of  the  quantities  r;  i.  e.,  if  u  is  the 
ordinate  of  the  TZ-curve  drawn  with  a  pole  distance,  p,  Wx  = 
u  .  p  .  JH^x.    Again,  N  is  the  denominator  of  the  expression  for  H. 

The  vertical  displacement  of  the  end  of  the  cantilever  due 
to  a  change  of  temperature,  if  we  neglect  the  expansion  of  the 
cantilever  itself,  is  given  by 

EI./^yt  =  —  nt-^  .a, 

or,  substituting  the  value  of  Ht  from  equ.  (290), 

Ayt=  —  Mtb  .cos^  .  -^ (402. 

If  the  arch  lias  a  croioi-hingc,  we  may  first  neglect  the  inter- 
ruption of  continuity  at  the  crown  and,  taking  /,:  —  v  =  0  at  this 
point,  proceed  as  above  to  obtain  a  curve  of  deflections  as  the 
funicular  polygon  of  the  forces  k  —  v.  To  the  deflections  thus 
determined  we  must  add  the  effect  of  the  rotation  at  the  crown. 
This  produces  a  crown  sag,  —  8;  and,  by  equ.  (143),  neglecting 
the  term  referring  to  the  axial  thrusts  and  with  the  altered 
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notation  /x  =  2  vy  =  N,  $  =  a,  nit  =  -^-r- .  N,  we  obtain 

Eh^  =  G.-lj{l--^)~.N (403. 

Using  the   same   scale   as   for  the   ordinates   of   the   deflection 

curve,  namely  —^ -. —  =  — r —  .  — ^  times  the  scale  of  lengths, 

the  deflection  ordinates  due  to  the  crown -hinge  rotation 
are    given    by    the    moment    ordinates    for    a    crown-load    of 

f  1 ^j  -j^ —  which,  since  iV^  =  p  .  A  j; .  2  Hq  n  and  /o  =  ^ — 

=     "on^^_^     -g    represented    by   a  distance  2  ( -y  ii  ?io— f'o  ^o  ) 

■==  —  2r  Vg  (Fig.  73&).  The  deflection  lines  d^  c^  e^  are  therefore 
fixed  by  drawing  d^c^  ||  Or,  and  the  resulting  (full-drawn)  inter- 
cepts of  Fig.  73  h  give,  by  the  above  scale,  the  deflections  of  «!;he 
cantilever  end  D  for  a  moving  concentration.  (Compare  equ. 
(143)  et  seq.) 

The  effect  of  temperature,  as  before,  is  given  by 

Ayt=  —  wtb. cos/3. ^    (402*. 


The  Continuous  Arch. 


187 


5.    THE  CONTINUOUS  ARCH. 

§26.  Continuous  Arch  with  Hinged  Connections  Be- 
tween Successiye  Ribs.  Determination  of  the  Horizontal 
Thrust. 

By  continuous  arches  we  understand  a  form  of  construction 
in  which  several  arch-ribs  have  common  intermediate  piers  on 
which  their  ends  are  free  to  slide  together,  but  with  the  outer- 


Fig.  78. 


■''--iatllliiaill^i^it^' 


most  ends  definitely  connected  to  the  abutments.  Let  us  first 
consider  the  case  of  such  a  bridge  composed  of  n  successive  arch- 
ribs  with  hinged  ends.  Again  allowing  the  approximation  of 
writing  P'  ^  H  and  of  substituting  a  mean  cross-section 
A-^,    A^,    ....,  for   each   rib,   also    writing   for   the   mth   span 


JtC 


r 


dx 


)— 


cos  /3„ 


and 


/if  d  s 


y'^ds 


and, 


Am  "  J  I  m  / 

finally,  assuming  that  the  displacements  on  the  piers  may 
occur  without  friction  and  that  the  changes  of  temperature 
from  the  unstressed  condition  amount  to  t^,  to,  t.^ .  .  for  the 
respective  arches,  we  obtain  for  any  loading  on  the  mth  span 
the  following  expression  for  the  increase  in  length  of  that  span  : 


A^  =  2 


Ml/ 
EI 


.ds  —  B-^ 


y"  <J  s 

EI 


~H  . 


hm  COS  ;8n 
E  Am 


+  W^m  hm  COS  ^rn- 


Adding  together  all  such  expressions  for  the  individual  spans, 
we  obtain : 
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m     ^  ^ 
jjT    hi  cos  Pi        .         boCOSjS.        .  I  haCOS  Pn     1 

Hence, 

S  —/-  .ds  +  Ecj  (fihiCosPi  +  hh-cos  P.+  ..  .  +fnfca  cos  j3„) 

H  = ^^ '- (404. 

2    y'd  .s     I    -y   y^  d  s  y   y^  d  s     ,      bi  cos  Pi  bjCosp^ 

1        1  2        r~      '"     n        I  Ai  Jl 

j^  ^^     bn  COS  Pn 

An 

Comparing  this  with  the  case  of  the  simple  two-hinged  arch 
we  find  the  following :  The  horizontal  thrust  due  to  any  load  is 
essentially  less  in  the  continuous  arch ;  this  reduction  of  thrust 
increases  with  the  number  of  arches  linked  together.  If  all 
the  arches  have  the  same  dimensions,  then  for  n  arches  for 
which  only  one  is  loaded, 

H  =  —  H' (404^ 

n 
where  H^  denotes  the  thrust  in  the  single  loaded  arch  if  its  ends 
were  immovable. 

For  constructing  the  i7- influence  line,  the  procedure  given 
in  §  17  may  be  directly  applied.  In  obtaining  the  maximum 
stresses,  the  method  of  influence  lines  recommends  itself;  and  it 
is  thus  made  apparent  that  the  maximum  positive  moment  at 
any  section  will  occur  when  the  corresponding  span  alone  is 
partially  or  entirely  loaded,  whereas,  for  the  greatest  negative 
moment,  all  the  remaining  spans  must  be  completely  loaded. 

If  the  frictional  resistance  at  the  piers  is  considered,  the 
calculation  of  the  horizontal  thrust  is  changed  as  follows:  Let 
H^  be  the  horizontal  thrust  transmitted  to  the  left  abut- 
ment; also  let  it  be  assumed  that  the  vertical  pressures  on  the 
intermediate  piers  due  to  the  dead  weight  of  the  arch-ribs  are 
practically  uniform  and  equal  to  A,  and  that  the  coefficient  of 
friction  =  /.  Let  the  loading  in  the  mth  span  produce  on  the 
(m  —  l)th  and  mth  piers  the  vertical  reactions  Vi  and  Fa 
respectively.  Then  the  horizontal  forces  acting  in  the  first  to 
the  ?ith  spans  are : 

n„H,+fA,H,  +  2fA...,  n,+0n-2)fA,  H,+Jm-l)fA+fV,, 

H,+'(m-2)fAH(yi-V,),H,-\-(m-3)fA+f(V-V,)..., 
H,-\-  (2m-n-l)M+/  {V,-V,). 
Hence,  retaining  the  same  simplifications  as  above  and  omit- 
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ting  the  effect  of  temperature  as  given  by  equ.  (404),  we  obtain, 
from  the  equation  of  work,  the  following  expression  for  JJi : 


ffx  = 


^^^^-C,.f.A-CJV-CJ{V-\\) 


V  i/^ds    I    ^  y'ds    I 


_,  y^ds     I      bi  cos  Pi      ■      62  cos  jSj 


(405. 


n 


Ax 


A, 


+  ... 


?>n  COS  J3d 


Here, 


y\ls 


L2       ^  3       i  m       ^ 


y^ds 


y'ds 


m+l      ^  n      ■* 


+  2^^^^^^..+  (m-l)^"''''^" 


A, 


■(m-2) 


6a  COS P2 
6  m+t  COS  j3m+i 


4-...(2m-ti-l)-^^^^] 


C.  =  2^^  + 


m+l       ' 


&m  COS  jSm 
Am 

^    y'ds    j^    6m+i  COS /3m+i 


+   . 


6n  COS  /3n 


(406 


If,  as  before,  we  assume  all  the  arches  to  have  the  same  cross- 
section,  then 


Ci=^  [2m{2n-m+l)  -n'-3n]  (s -^ 
^         ^   y'ds    1^    b  cos  j3 

C,=  («-™)(SJ^+^^) 


1/^Zs  hcosP 


(406' 


and  we  obtain 


n 


2m  (2n  —  m  +1)  — n" — 3n 


/.A-~~/F, 


n  —  ni 


n 


f{V-V,) 


(405^ 


It  should  be  observed,  however,  that  the  horizontal  thrust 
due  to  loading  can  never  be  negative  in  any  span,  i.  e.,  the 
horizontal  thrust,  already  existing  on  account  of  dead  load 
cannot  become  diminished.  If  the  contrary  is  indicated  by  the 
above  formula,  then  we  must  consider  as  included  in  the  system 
only  those  arches  on  each  side  of  the  loaded  span  for  which  the 
formula  gives  a  positive  value  of  the  horizontal  thrust ;  H^  must 
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be  positive  in  the  outermost  spans.     The  horizontal  force  in  the 
loaded  span  is 

H=H,+  {m-l)f.A+f.V,. 

Fig.  79. 


A  special  form  of  the  continuous  arch,  designated  by  Haher- 
kalt*  as  the  "Balanced  Arch,"  is  shown  in  Fig.  79.  The  end 
spans  consist  of  half-arches  whose  free  ends  are  connected  to- 
gether through  a  straight  tension  rod  A  E.  This  tie-rod  has  no 
connection  \nth  the  intermediate  arches.  Only  one  of  the  sup- 
ports is  fixed,  the  others  are  free  to  slide  horizontally ;  in  the 
terminal  supports,  A  and  E,  this  freedom  of  movement  may  be 
attained  through  the  use  of  rocker-piers.  To  calculate  the  force 
H  acting  in  the  tie-rod,  we  may  again  employ  equ.  (404),  if 
we  denote  by  y  the  arch-ordinates  measured  from  the  respective 

chords  and  add  to  the  denominator  a  term  —  representing  the 

effect  of  the  tensile  strain  in  the  tie-rod.  (L  =  length  and  A  = 
cross-section  of  the  tie-rod  AE.)  If  the  ends  A  and  E  rest  on 
rocker-piers  of  section  A,  and  height  h^  pud  if  Z,  and  h  are  the 
horizontal  and  vertical  distances  between  the  end-points  of  each 
terminal  arch,  there  enters  into  the  denominator  of  equ.  (404) 

an  additional  term: 


Atli' 


For  a  load  G  located  in  either 


end  span  at  a  distance  $  from  A  or  E,  the  numerator  of  the 
expression    for    H    must    be     increased    by    the    small    term 


O 


(l  —  ^)  h.h^ 


The  effect  of  a  temperature  change  of  t°  is  represented  by 
adding    to    the    numerator    of    equ,    (404)    the    term 

2  h  Ih 


-^.,<(.+lM.) 


This  system  of  arches  has  found  application,  in  the  form 
shown  in  Fig.  80,  in  a  foot-bridge  over  the  Seine  built  at  Paris 
in  1900.  Tn  this  case,  however,  the  supports  on  the  two  inter- 
mediate piers  are  made  fixed ;  so  that  the  middle  arch,  acting  as 

•  Osterr.  Wochenschr,  f.  d.  offentl.  Baudienst,  1901. 
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an  ordinary  two-hinged  arch,  is  excluded  from  the  continuous 
structure.     The  tension  in  the  tie-rod  is  determined  by 

K  Ml/ 


h  Jh 


11= 


^j-ds  + 


Fig.  80- 


7> 


¥^ 


In  the  above  expression,  the  summations  cover  a  single  side-span 
and  the  (quantities  A,  A^,  hi,  etc.,  have  the  denotation  previously 
assigned. 

In  Fig.  80  the  shaded  ordinates  give  the  influence  of  a  con- 
centration G  upon  the  moment  at  the  arch-point  31  measured  to 

c 

a  scale  whose  unit  is  • — . 

y 
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§  27.  The  Continuous  Arch  with  Hingeless  Connec- 
tions between  the  Ribs. 

•J 

If  the  successive  arches  are  rigidly  connected  together  at 
the  intermediate  piers,  so  that  any  change  in  the  angle  between 
the  arch-axes  at  the  points  of  support  is  prevented,  although  a 
horizontal  displacement  at  these  points  is  permitted,  the  struc- 
ture thus  formed  of  n  successive  spans  without  any  hinges  is  of 
w-fold  static  indeterminateness.  It  is  here  assumed  that  the 
connection  to  the  abutments  possesses  freedom  of  rotation. 

1.  A  statically  determinate  structure  is  obtained  if  a  hinge 
is  inserted  in  each  span.  However,  in  general,  such  a  system 
will  be  practicable  only  with  an  odd  number  of  spans;  for,  if 
the  number  of  spans  is  even,  the  system  lacks  stability.     The 

Ficr.  81. 


system  ceases  to  be  a  rigid  one,  but  enters  into  unstable  equilib- 
rium, when  it  is  possible  to  connect  the  end-hinges  by  a  chain 
of  straight  lines  passin,g  through  all  the  intermediate  hinges 
(the  chain  of  lines  AB'  C^D'  E,F'  in  Fig.  81).  If  the  last 
point  {F')  does  not  coincide  with  the  end-support  (F),  the 
stability  of  the  system  is  assured ;  but  the  capability  of  deforma- 
tion is  even  then  considerable,  if  F'  approaches  close  to  the 
point  F. 

If  only  one  span,  as  5  C  in  Fig.  81,  is  loaded,  the  reactions 
in  the  unloaded  spans  are  given  by  the  chains  of  lines  from  the 
abutments,  A  B'  and  F  E'  D^  C%  while  the  loaded  span  acts  as 
a  three-hinged  arch  supported  at  5'  and  C\  In  the  second, 
fourth,  and  all  the  even  spans,  these  imaginary  points  of  support 
lie  above  the  cro\^^l-hinge ;  in  the  odd-numbered  spans  these 
points  fall  below  the  crown-hinge ;  and,  in  such  case,  they  will 
coincide  with  the  actual  pier-supports  B,  C,  D.  .,  if  all  the 
crown-hinges  are  located  at  the  same  height  above  the  closing 
chords  A  B  C  D .  .,  i.  e.,  if  all  the  arches  have  the  same  rise. 
Loading  in  the  odd  spans  will  thus  produce  compression  at  the 
end  abutments,    and   loading  in   the   even   spans   will  produce 
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tension.  The  individual  spans  act  alternately  as  erect  or  in- 
verted arches  of  equal  virtual  rise  /g  throughout.  All  parts  of 
the  structure  are  thus  subjected  to  reversals  of  stress. 

For  a  moving  concentration,  the  reactions  vary  as  a  linear 
function  of  the  position  of  the  load  ;  and,  for  a  structure  of  three 
spans  of  equal  rise,  the  influence  lines  for  the  horizontal  thrust 

Fig.  82. 


at  the  end-supports  and  for  the  vertical  reactions  at  A  and  B 
are  shown  in  Fig.  82,  a,  h,  c. 

The  moment,  referred  to  the  point  {x,  y)  in  the  first  span 
or  to  the  point  {x',  y')  in  the  second  span,  is  given  by 
i¥  =  M  —  Tly  or  M  =  M  -f  //(/',  respectively,  where  M  denotes 
the  moment  of  the  vertical  forces  for  a  single  arch.  Hence  the 
influence  quantity  for  M  is  ol)tained  in  Fig.  82,  d  and  e,  as  the 
difference  between  the  ordinates  of  the  fl^-curve  and  those  of 

13 
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the or  — r  lines.     These  intercepts  must  be  multiplied  bv  the 

y        y 

factors  y  or  y' ;  and  these  ordinates  y  must  be  measured,  in  the 
odd  spans,  above  the  true  points  of  support  A  B,  and,  in  the 
even  spans,  from  the  virtual  points  of  support  B'  C.  There  thus 
remains  no  difficulty  in  establishing  the  analytical  expressions 
for  the  resultant  forces  and  moments. 

If  the  friction  at  the  movable  intermediate  supports  is  con- 
sidered, then  the  reaction  at  those  points  must  no  longer  be  taken 
as  vertical  but  as  inclined  at  the  angle  of  friction.  The  reactions 
of  the  loaded  span  tend  to  lie  displaced  outward,  but  the  direc- 
tion of  displacement  changes  alternately  for  the  other  spans. 
Since  the  reactions  in  these  spans  also  alternate  regularly  be- 
tween tension  and  compression,  it  appears  that  the  directions 
of  the  reactions  at  all  the  piers  on  each  side  of  the  loaded  span 
must  be  inclined  toward  that  span  (Fig.  83).    The  intermediate 

■Piij.  83. 


supports  of  the  successive  spans  are  replaced  by  the  imaginary 
points  B^C\.  .,  B'  C\  .  ;  and  the  changes  in  the  reactions  from 
those  of  the  frirtionless  condition  are  easily  obtainable. 

2.  If  no  crown-hinges  are  provided,  the  structure  with  n 
distinct  spans  is  «-fold  statically  indeterminate ;  and,  to  deter- 
mine the  reactions,  n  equations  of  elasticity  must  be  established.* 

To  establish  these  equations  of  condition,  it  is  simplest  to 
make  use  of  the  principle  of  least  work.  For  flat  arches,  with  the 
depth  of  section  small  in  comparison  Avith  the  radius  of  curva- 
ture, the  work  of  deformation  may  be  written 


W  = 


/ 


2EI  '^^"T-  2EA 


/ 


TI  itdx,....  (407. 


*  The  theory  of  this  type  of  structure,  which  may  be  considered  as 
a  more  general  case  of  the  continuous  beam,  was  first  presented  by  H. 
Miiller-Breslau  (Woehenbh  f.  Arch.  u.  lug.,  1884).  In  the  following 
treatment,  this  work  has  been  utilized. 
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if  we  adopt  the  approximations  of  taking  the  axial-force  =  II 
and   assuming   a  mean   cross-section  A,   and   denote   by   /   the 

moment  of  inertia  multiplied  by  cos  cf>  =  —~-'     The  integration 

is  to  cover  the  entire  length  of  the  structure  and  I  denotes  this 
total  length  of  span  between  end  abutments. 

If  Fj  Fo .  .  denote  the  vertical  reactions  at  the  1st,  2nd,  .  . , 
intermediate  piers,  and  if  Vii/n-  ■  are  the  moments  at  any  point 
of  a  straight  beam  of  span  I  loaded  with  a  unit  force  success- 
ively at  the  different  points  corresponding  to  the  intermediate 
supports ;  if,  furthermore,  M  is  the  bending  moment  producible 
in  this  beam  by  the  external  loads  acting  on  the  continuous  arch 
and  if  y  is  the  arch-ordinate  measured  from  the  line  joining  the 
end-points  A  B ;  then  we  have 

M  =M  -  H y  -  V,y,-  V,y,-  V,y,-  .  .  .  .   ..  (408 

If,  as  a  general  case,  we  assume  that,  under  the  loading,  the 
end-points  are  displaced  outward  by  an  amount  A I  and  the 
intermediate  supports  are  depressed  by  the  small  amounts  8^  So .  . , 
then  Castigliano's  Theorem,  concerning  the  derivatives  of  the 
work  of  deformation,  yields  the  following  relations : 

But,  by  equ.   (408), 


9  3/  3M.  9  M 


if'  a  V  ^1'  a^\  y 


9H  ^'  aUi  ^1'         ar, 


2 


Hence,  if  /q  denotes  an  arbitrary  moment  of  inertia,  equ.  (407) 
yields  the  following  ecjuations  of  condition : 


EIoM  -ioE  lot  !=--(' M~ydx-n  l- 
Ehh,  =  ^M^y,dx 
EIoh=  (m -j  2/2 d X. 


If  we  substitute  here  the  value  of  M  from  e(|u.  (408)  and  intro- 
duce the  abbreviations 


Co=fy'Y-dx+l^l 


Cm  =  J  y  ym-fdx  . 

MM  Cm  r  =  j   ymyr-j^dx 


(409. 
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we  finally  obtain  the  equations: 

-uEIofl  +  EIo^l^fM  -J  ydx-Hco-ViCi-  V.Ci-  T3C3-  .  . 

Elo^i-f  'M--J-  yidx-H Ci-ViCn-ViCn-  ViCsi- .. 

E hS2= f  M  -f  y^dx-H C2-yiCi2-V2C22-V3C32-  .  ■ 


(410. 


If  the  load  consists  of  a  single  concentration  (r  in  the  juth 
span,   the    definite  integrals   C  M^  ydx,  i  M.  -f  Vidx , 

Fig.  84. 


may  be  represented  by  the  ordinates  of  respective  funicular 
I'olygons.  They  are  in  fact  equal  (cf.  §  17)  to  G  times  the 
moments,  about  the  load  point,  in  a  simple  beam  of  span  I  loaded 

successively  with  the  quantities  y-j-,  Vi-f''  ^2  -f  ...(Fig.  84). 

Let  us  denote  these  moments,  which  may  readily  be  determined 
by  construction,  by  m,  m^,  m^.  .  ■ 
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The  quantities  c\c.,..c\n  and  the  general  term  Cmr  are  also 
given  by  these  funicular  polygons,  as  follows :   Since  ijr  =  ~f  x 

(from  x  =  0  to  x^It)  and  i/r=  -j-  {I  —  x)  (from  x  =  lr  to  x^l) , 
we  have 

Ir  I 

0  ■  *ir 

i.  e.  =  the  moment  about  the  rth  point  of  support  of  the  area  of 

the   graph   of   y^  ——;  or,  since  by  equ.  (409)  Cmr  ^  Crm,  it  is 

also  ecpal  to  the  moment  about  the  mth  point  of  support  of  the 

area  of  the  graph  of    yr —j—  ■     The  equations  (410)  thus  take 
the  form 


■u)EIotl+EIoM=Gm—nco—\\c^—V2C2—VsCs- 
EI  082=  G  m2-Tl  C2-  ^^1 C12- 1^2*^22"  ^^3 '"32  ~ 


..   (411. 


There    remains    to  be   determined  the    definite  integral  Cq 


JO'fO 


ydx-\-l^~.     This  quantity  is    nothing  else   than 
0 
the  moment,  about  the  chord  A  B,  of  the  load-quantities  y  -j  dx 

applied  horizontally  at  the  respective  points  of  the  arch.  Hence 
this  quantity  may,  in  a  familiar  manner,  also  be  obtained  by 
graphic  construction;  and  the  solution  of  equations  (411)  will 
yield  the  values  of  the  reactions  H,  V^,  Vo.  .  .  If  the  effects  of 
temperature  and  of  yielding  of  the  piers  are,  for  the  sake  of 
simplicity  in  computation,  omitted  for  separate  consideration, 
then  the  left-hand  members  of  the  above  equations  must  be 
replaced  by  0,  and  the  solution  gives : 


E=G  (am  +  /3mi  +  ym2-[-  . . .  ) 
7i  =  G^  (aim-h/?iWi  + 71*^2  +  ..) 
Fa=G^(a2W*  +  i82*Wi  + 72^12+  ••) 


(412. 


where   a  Py  . . . .,   a^  f^iyi.  .  .,    ag  ^2  72  •  •  •    represent  coefficients 
which  are  independent  of  the  position  of  the  load  G ;  so  that  it 
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is  necessary  to  solve  the  equations  but  once  in  order  to  obtain 
the  influence  of  any  position  of  the  load. 

Equations  (411),  with  the  omission  of  the  first,  also  serve  to 
determine  the  reactions  for  a  continuous  beam  on  putting  H  =  0. 

For  a  more  exact  analysis,  the  friction  at  the  supports  should 
also  be  considered. 
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§  28.  More  Exact  Theory  of  the  Arch,  Including  the 
Effect  of  the  Deformations  I  nder  Loading. 

As  previously  stated,  in  §  10,  the  foregoing  theory  of  the 
arch-rib  is  founded  on  the  approximation  of  assuming  that  the 
elastic  curve  under  loading  is  identical  with  the  initial  form  of 
the  arch-axis ;  hence,  in  determining  the  moments,  the  deforma- 
tion of  the  arch  caused  by  the  loading  has  not  been  considered. 
This  is  the  same  approximation  as  was  made  in  the  treatment 
of  stiffened  suspension  bridges  in  §§  4  to  8;  and,  for  a  more 
accurate  analysis,  we  must  follow  the  same  general  procedure 
developed  in  outline  in  §  9.  However,  since  the  error  of  the 
approximate  theory  diminishes  as  the  deformations  of  the  struc- 
ture become  less,  it  may  be  generally  stated  that  in  aj'ches,  which 
as  a  rule  are  more  rigidly  constructed  than  suspension  bridges 
(especially  the  earlier  examples),  it  will  less  often  be  necessary 
to  apply  the  rigorous  theory.  We  will  therefore  take  up  the 
exact  analysis  only  so  far  as  may  be  necessary  in  order  to  obtain 
an  estimate  of  the  admissibility  of  the  approximate  treatment 
and  of  the  magnitude  of  its  error. 

Let  us  consider  a  two-hinged  arch  of  uniform  cross-section, 
and  let  {x,  y)  denote  the  coordinates  of  any  point  of  the  arch- 
axis,  measured  from  the  left  point  of  support,  in  the  unstressed 
condition  of  the  arch-axis ;  and  let  the  vertical  deflection  of  the 
point,  under  loading,  be  -q.  We  will  neglect  the  horizontal  deflec- 
tions of  the  points  of  the  arch  and,  furthermore,  assume  that  the 
end-reactions  are  not  affected  by  the  deformations.  With  the 
usual  notation,  the  moment  at  the  given  point  of  the  arch  may 
be  written : 

M  =  M-E{y  —  yj); 

and,  for  a  flat  arch  of  approximately  constant  curvature,  the 
change  of  curvature  due  to  deflection  will  be,  by  equ.  (183), 


V  EA  ) 


dx'   ~  EI 


or,  substituting  the  above  expression  for  31, 

Substituting  the  abbreviations 

H 


c'- 


EI--^H 


(413. 
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^^^  F{x)  =  ^-y, 

the  differential  equation  of  the  detleetion-ordinates  of  the  arch 
becomes 

For  the  cases  of  loading  considered  in  practice  and  with  a 
segmental  or  parabolic  arch-axis,  F{x)  is  an  algebraic  function 
of  no  higher  than  the  second  degree,  so  that  its  second  differen- 
tial coefficient  will  be  constant  and  its  higher  derivatives  will 
vanish.  Then  the  integral  of  the  above  differential  equation 
is  J 

r}=Asincx-\-B coscx—F {x)  -\-—^F"{x)  ..  (414. 

C 

with  which  the  expression  for  the  moment  becomes 

,  M=H(^Asincx^Bcoscx  +  ^F'' {x))   ..  (415. 

The  constants  A  and  B  are  determined  by  the  condition  that 
sX  x  =  0  and  x  =  l,  r]  ^  0;  and,  at  any  interruption  of  contin- 

uity,  equal  values  must  obtain  for  r)  and 


dx 


To  determine  the  horizontal  thrust  H,  the  following  method 
may  be  used.  Let  us  consider  an  arch  loaded  with  a  unit  con- 
tinuous load,  and  assume  the  resulting  pressure-line  to  coincide 
with  the  axis  of  the  arch  ;  then,  if  w^e  thus  disregard  the  bending- 

moments,  the  axial   thrust   in  the  arch  =  1 .  r,  where  r  =  ^j 

is  the  radius  of  curvature  of  the  arch  at  the  crown.  The  actual 
distributed  load  q,  in  the  place  of  the  unit  loading,  produces  the 
deflections  r]  and,  with  the  length  of  the  axis  =  h,  a  shortening 

IT 

of  the  arch-axis  by  the  amount    -=^~r-  .  h.    If  we  apply  the  prin- 

ciple  of  virtual  work  to  the  assumed  load  1,  on  the  basis  of  the 
deflections  rj,  the  equating  of  the  external  and  the  internal  work 


gives    1.  f  ■rjdx  =  l  .r 


Hb 
EA 


Substituting  in  this  equation  the  above  expression  for  rj 
(equ.  414)  and  observing  that,  for  a  parabolic  arch  uniformly 
loaded, 

we  obtain,  with  the  aid  of  equ.  (415), 
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H= '^ (416. 

J"  (A  sin  CX  +  Bcoscx)  rfa5+-^-j-  "Hyf^ WaT'''^ 

0 

To  apply  this  formula,  an  approximate  value  for  H  must  first 
be  calculated  by  the  formulae  previously  established.  [Com- 
pare this  expression  with  that  of  equ.  (152)  for  the  ease  of  the 
suspension  bridge.] 

For  a  uniformly  distributed  full-span  load,  the  constants 
A  and  B  are  found,  by  the  condition  that  t^  =  0  for  x  =  0  and 
x  =  l,  to  have  the  values 

Hence,  by  equ.  (415), 

and,  by  equ.  (416), 

E- ■k^^'+'^l^ (418. 

For  very  small  values  of  c,  hence  for  very  rigid  arches,  we 
thus  find,  in  agreement  with  the  approximate  theory, 

M  =  \qx{l-x)  (l-Z/^f) 
and  approximately  (assuming  7=  co), 

'^         8       f 

1  TT 

At  the  limiting  value  oi  -^  cl  =-9-,  we  find  71/ =  00,  i.  e. 

the  arch  must  fail  under  the  h  ending -stress.     This  yields  the 
relation 


Ei-^n 


^(l  +  T>-)  =  -"- ("9- 

The  limiting  value  thus  fixed  for  the  horizontal  thrust  at 
which  the  arch  will  fail  by  bending  is  nearly  identical  with  the 
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buckling  load  given  by  Euler's  formula  for  straight  columns 
whose  unsupported  length  is  I. 

If  the  loading  consists  of  a  single  concentration  G,  applied 
at  distances  $  and  $'  from  the  respective  ends  of  the  span,  the 
moment  at  any  point  to  the  left  or  right  of  the  load  may  be 
written 

H    8f 


31 =H  {A  sin  cx-\-B  cos  c  x)  -\- 


V 


or 


M'=  H{A'sin  c x+  B' cos c x)  +  -^^  ^/-  • 

The  constants  are  determined  by  the  conditions  that,  for  j^  ^  0 
and  a:-=  7,  ?/  ==  0,  and,  at  the  point  of  application  of  the  load, 

77  and  — r^  must  have  the  same  values  for  the  left  and  right 
'ax 

segments   of  the  rib.     Substituting  ^'  =  1  —  ^  and  a;'=  I  —  x 

we  obtain 

j,r 1   sinc^'sincx  p H    /  sin  c  x -\- sin  c  x'  -.  \         r  Acyn 

c         sin  cl  c^r  \  sin  cl  /  '  ' 

which  expression  applies  for  all  points  from  x  =  0  to  x  =  $. 
For  the  right  segment  of  the  arch,  i.  e.,  from  x  =  i  to  x^=I,  we 
must  interchange  ^'  with  |  and  x^  with  x  in  the  above  expres- 
sion. 

For  the  horizontal  thrust,  equ.  (416)  yields  the  expression 

H  = (421. 

2  1     G     s,>i  c^-\- sinc^'  —  suicl 


3  c^    H  sincl 

__1     8f  /2    .         cl 

„2 


ir/2        ci      \       n     , 


With  c  =  0,  i.  e.,  for  the  infinitely  rigid  arch,  the  above 
expression  gives  H  =  0.  But  if  we  assume  c  only  so  small  that 
the  arc-functions  sin  and  tan  may  be  replaced  by  the  corre- 
sponding arcs,  we  obtain 


77  = 


and,  if  we  neglect  the  relatively  very  small  second  term  in  the 
denominator,    this    formula    becomes    identical    with    that    of 

Engesser  and  MiUlcr-Breslau  :   E=  -^  G  -jj   (see  p.  128). 

For  this  case,  namely  with  c  =  0,  the  terms  of  equ.   (420) 
take  the  indeterminate  form  of  -q-,  whose  evaluation  by  the  usual 


1 

2 

ow 

2 
3 

fl- 

H 

EA 

rb 
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methods  gives  the  following  expression  in  agreement  with  the 
approximate  theory : 

If  the  arch  is  uniformly  loaded  over  the  entire  span  with  g 
per  unit  length,  and,  in  addition,  with  a  load  p  extending  for 
a  distance  A  from  the  left  end,  the  following  expressions  for  the 
moments  at  the  arch-points  are  derived  from  equ.  (415)  :  From 
a;  =  0  to  a;  =  A, 


lf=-y^ — rl  (-V rf  )  (sin  cx4-sin  cx'—sincl) 

+  -|-  {sine  x' -\- si  n  ex  COS  c\  — sine  I)  I 
From  a:  =  A  to  X  =  ?,  j-  . .   (422. 

M=  -^—. — rl  (~ 1)  (sin  ex -{-sin  ex'— sin  eJ) 

c  smcl  \_\  E  I   / 

+  -^  (1  — COS  c  A)  sin  ex'\ 

Here,  x'  =  1  —  x  and  A'  ==  /  —  A. 

For  the  horizontal  thrusts  in  this  case,  equ.    (416)    yields 
the  expression : 


H  = 


where 


-^[9'^^  +  pAM3i-2A)]  + 


gl-\-  p\ 


K+^^  +  ^n 


H 


EA 


rb 


(423. 


^=?i]7^[Kl-T0  (^-<^osel)+f  (l+eosey-cosel-eoseX)] 

For  comparison  of  these  formulae  wdth  those  of  the  approxi- 
mate theory,  the  following  example  is  worked  out: 

For  a  parabolic  arch  of  constant  section,  let  I  =  120  m.,  /  =  12.13  m., 
A.  =  0.06696  m^,  I  =  0.5549  m*.  Let  the  loading  consist  of  a  dead  load 
of  ^f  =  2  t.  per  meter  covering  the  entire  span  and  a  live  load  of  p  ^  2  t. 

per  meter  covering  the  left  half  of  the  span.     Hence  ^  =  ^'  =  "^• 

By   the  approximate   theory,   equs.    (277)    and    (278),   we   obtain 

1    /  p\     I' 


■where 


/  15       /    \ 


g    ^,)  -=12.13X1.180 


13.41  m. 
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Hence 

1  120= 

H  =  -g    X  3  X  -13-4:^  =401.79  t. 

The  moments  are  given  by  M  =  M  —  11  y  as  follows : 

113 

For    x=  ^  I  "2"  i  -^l 

M  =  844.72  526.29  —55.28  tonne-meters. 

For  the  exact  design,  we  first  assume  the  above  value  for  II  and  thus 
obtain 

401.79 

0.0000362117 


W 


'  ~  11,098,000—8.287X401.8 

Hence  c  =  0.0060176 
ami  cl  =  0.722112  =  41°  22'  16".3 
I 


ith  X=:  Y,  equ.    (423)   yields 

432,000  +  9,941,538 

77 ' '     ' '- ^ 401  79  t 

^  ~  2,521.34+22,332.01  +  970.40—5.34  — *^^.'»  ''• 

which  is  precisely  identical  with  the  result  of  the  approximate  theory. 

Furthermore,  with  X  = -^^^  equ.   (422)  yields, 

1 

for  a?  =  ^  I, 

^=    c'sincll\3-^'ir)  \S'n-^cl  +  sm-jcl-sincl) 

/         3  11  \-| 

+  p  {sin    4  cl  +  sin  -^  cl,  cos  -2  cl  —  sin  cl  J  I , 

1 

for  X  =  '2    '' 

^=-^^^1^1  (y+    2-^^n^)  (^sin^cl-siuu)\, 

3 

for  a;  =  -^  ;, 


M 


=  -c^^hi^l  0-^  ^/")  (''"'  T  '^  +  «'""  T  cl-sincl) 
+  p  ■  sm  -4-  cl  (  1 —  cos  "2"  cl)    r 

Substituting  the  numerical  values  in  these  expressions, 

113 

for     x=-^l  Y '  "4  ' 

M  =  872.41  556.38  —39.99  tonne-meters. 

The  variation  from  the  approximate  theory  thus  an.ounts  to 
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+  27.69         +  30.09         +  15.29  t.-m. 
or  3.17%  5.41%  38.2%. 

The  error  involved  in  the  approximate  theory,  with  an  arch 
of  adequate  stiffness,  is  thus  found  to  be  zero  with  respect  to 
the  horizontal  thrust  and  but  a  few  per  cent  in  the  ruling 
positive  moments.  At  any  rate,  it  should  be  noted  that  the 
accurate  theory  always  yields  increased  values  for  the  positive 
moments  and  that,  in  a  very  flexible  arch,  the  error  in  this 
respect  may  be  very  considerable.  However,  in  all  cases  of 
arches  applied  to  bridge  construction  it  will  suffice  to  conduct 
the  design  by  the  approximate  theory,  especially  as  the  exact 
theory  becomes  very  complicated  when  the  moment  of  inertia 
is  variable.  If  it  is  desired  to  calculate  the  additional  moments 
due  to  the  deformation,  an  approximate  method  may  advan- 
tageously be  applied  if  the  arch  is  not  too  flexible.  This  con- 
sists in  determining  the  deflections  of  the  arch  under  the  given 
loading  by  the  rules  developed  in  §  §  16,  19  and  25,  and  then 
referring  the  moments  to  the  altered  form  of  the  axis.  If  A  a?  and 
A  y  are  the  displacements  of  an  arch-point  due  to  the  loading, 
H  the  horizontal  thrust  and  V  the  sum  of  all  the  vertical  forces 
on  one  side  of  any  given  section,  then  the  correction  to  be 
added  to  the  bending  moment  on  account  of  the  deformation 
of  the  axis  is  given  by 

AM=y.AiC— 7?.A^    (424. 
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§  29.    Proportioning  of  Section  in  Plate  Arch  Ribs. 

It  is  difficult  to  directly  determine  the  exact  sectional  areas 
in  plate  arch  ribs,  even  if  the  dead  load  is  known  or  assumed, 
since  the  maximum  moments  cannot  be  determined  without 
the  core-lines  and  the  position  of  the  latter  is  in  turn  dependent 
upon  the  sectional  dimensions  and  areas.  The  best  we  can 
do  is  to  adopt  an  approximate  method  which  consists  in  first 
estimating  the  position  of  the  core-points,  taking  them  at  about 
the  outer  leg  of  the  flange  angles. 


Fig.  85. 


Let  the  fundamental  cross-section  consist  of  a  web  plate  and 
four  equal  flange  angles  (Fig.  85)  ;  let  //  be  the  depth  of  this 
section,  ao  its  area,  and  /o  its  moment  of  inertia  about  its 
gravity  axis.  Also,  let  a^  and  a^  be  the  required  areas  of  the 
flange  plates,  and  /  the  moment  of  inertia  of  the  combined 
cross-section  A  ==  Oo  +«!  +  a^  whose  center  of  gravity  is  at 
the  distances  </,  and  d.  from  the  centers  of  the  flanges.  Then 
we  have,  very  nearly, 


a-^d^— a2dn— afid^— -^^  =0      and  di-\-dn=]i. 


Hence 


or,  if  we  write  the  ratio 


■  (I-. 


A 


^<t> 


(425. 
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then,  di=  (1 -(/>)!;,        (/3=(l  +  0)  A (426. 

Using   these    relations,    the    following   approximate    expressions 
for  the  moment  of  inertia  may  be  written : 

/=ai^,^+a2f?2;+/o+«o(o  -f/x)'=A(l-</.^)  -^+/o-ao(^)  •■ 

If  il/,  and  il/o  are  the  maximum  moments  ahont  the  two 
core-points  of  the  cross-section,  (which  we  have  assumed  to 
lie  at  the  flange  surfaces  of  the  flange  angles),  and  d\  and  cV^ 
are  the  distances  of  the  center  of  gravity  of  the  section  from 
the  upper  and  lower  extreme  fiber-planes,  then  the  maximum 
fiber  stresses  which  should  equal  the  permissible  intensities  of 
compressive  stress  are 

Consequently,  —  ^~~, 

or,  wath  sufficient  approximation, 

di_  __  1  —  0  .V,_ 

d,        1  +  0  ~  },h' 

from  which  we  obtain 

*-fr;t • ■ (*27. 

But,  since  I  (t  =  Mo  d\    or,    approximately, 

[A(1-c^=)-|-+/o-«ox]ct  =  .¥3  (!-</>)  ^, 

we  have 

(1+0)/-^^    (1-0^) /r    *^*'^"- 

or,  substituting  the  value  of  ^  from  e(|u.  (427), 

.  Mi  +  M.     ,       (gp/r  — 4/„)      (.i/,  +  .i/,)' 

^=     h<r    + — 4/? — ^^TTizr- (429. 

The  areas  of  the  flange  plates  may  then  be  calculated  by  the 
formulae : 


_    1  +  0     J  1  Ma  ^  1 

«!  —  -    2       ^         2  ^'o  ~  .1/,  +  M,  2  ^0 

_     1  —  0       , ]_  __  M,  A 1_ 

flz—       2      ^^         2  "o~"  J/,  +  1/,  2  ^0 


(430. 


This  approximate  design  of  the  flange  sections  thus  requires 
that  the  maximum  moinents  M^  and  M.,  about  the  outer  edges 
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of  the  flange  angles  should  be  determined.  In  calculating  these 
moments,  however,  it  will  usually  suffice  to  find  the  critical 
loading  with  reference  to  the  center  of  gravity  of  the  section 
instead  of  for  the  separate  core-points.  The  error  introduced 
by  this  inaccurate  determina;tion  of  the  loading  will  never  be 
material,  since  the  influence  of  the  loads  in  the  vicinity  of 
the  critical  points  is  always  comparatively  insignificant.*  At 
the  same  time  the  design  is  thus  greatly  simplified  since  the 
number  of  different  cases  of  loading  is  reduced  by  one-half. 

With  the  aid  of  the  cross-sections  determined  by  this  first 
approximation,  a  more  accurate  design  may  then  be  made  in 
which  the  true  core-lines  are  located,  the  maximum  moments 
referred  to  these,  and  the  effect  of  temperature  taken  into  con- 
sideration. For  calculating  a^  and  a.,  the  above  formulae  may 
again  be  used. 


*  In  WeyraveJi's  design  of  the  Neekar  Briflge  at  Cannstaat,  it  is  shown 
that  the  error  in  the  maxinuim  stresses  due  to  the  simplified  assumption 
of  the  loading  does  not  exceed  1.7%.  (See  Weyratich:  "Die  Elastischen 
Bogentrager,"  2nd  edition,  p.  41.     Munich,  1897.) 
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D.     Arch  and  Suspension  Systems  with 

Open  Web. 

(Framed  Arches.) 

§  30.  Determination  of  thie  Stresses  in  the  Members, 
when  the  External  Forces  Are  Known. 

1.  General.  According  to  the  explanation  given  at  the 
beginning  of  this  book,  the  class  of  bridges  under  immediate 
discussion  includes  all  those  framed  structures  which,  on  ac- 
count of  the  occurrence  of  oblique  reactions,  may  be  designated 
as  Arches  or  Suspension  Bridges.  In  construction,  these  bridges 
consist  of  two  chords,  at  least  one  of  which  is  curved  or  poly- 
gonal in  outline  and  is  connected  to  the  other  by  a  framework 
or  system  of  web  members.  In  the  design,  the  same  funda- 
mental assumptions  are  made  as  in  the  general  theory  of  Trusses, 
namely  that  the  individual  members  of  the  framework  are 
connected  at  the  panel-points  with  frictionless  hinges,  so  that 
only  axial  stresses  can  appear  in  the  members.  The  secondary 
stresses  resulting  from  rigid  joints  are  to  be  separately  con- 
sidered but,  with  proper  construction,  these  stresses  will  as 
a  rule  be  slighter  in  arches  than  in  ordinary  trusses  on  account 
of  the  smaller  deformations;  hence  it  will  generally  be  un- 
necessary to  investigate  these  stresses  in  designing  an  arch.  It 
is  further  assumed  that  the  deformations  are  so  slight  that  the 
initial  form  of  the  structure  may  be  made  the  basis  for  the 
computation  of  the  stresses.     (Cf.  §  28.) 

If  the  external  forces,  i.  e.,  the  applied  loads  and  the  result- 
ing reactions,  are  known,  then  the  calculation  of  the  stresses 
in  the  individual  members  may  be  executed  according  to  the 
generally  applied  rules.  If  the  truss-work  itself  contains  no 
superfluous  members,  then  the  stresses  can  be  simply  derived 
from  the  equations  for  static  equilibrium;  and  this  may  be 
accomplished : 

1.  By  applying  the  conditions  of  equilibrium  to  the  forces 
acting  at  each  panel -point,  which  may  be  done  graphically  by 
the  method  of  Cremona's  force-polygon;  or 

2.  By  the  so-called  Method  of  Sections. 

The  latter  method  is  applicable  whenever  it  is  possible  to 

pass  a  section  through  the  structure  so   as  to  cut  not  more 

than  three  non-concurrent  members.     The  stresses  in  any  one 

of  these  members  may  be  determined  either  analytically,   by 

14 
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equating  the  moment  of  the  external  forces  with  that  of  the 
unknown  internal  stress,  taking  the  point  of  intersection  of 
the  other  two  members  as  the  center  of  moments ;  or  graphically, 
by  resolving  the  resultant  of  the  external  forces  along  the  direc- 
tions of  the  three  members  in  the  section.     (Fig.  86.) 

If  the  web-bracing  contains  redundant  members,  then  an 
exact  design  requires  the  application  of  a  procedure  based  upon 
a  consideration  of  the  elastic  deformations  of  the  individual 
members.  There  are  thus  to  be  obtained  as  many  equations  of 
condition  as  there  are  redundant  members. 

In  many  cases,  however,  the  procedure  may  be  simplified 
and  the  number  of  statically  indeterminate  quantities  reduced 


Fig.  86. 


Fig.  87. 


^         ^ 


o'-' 


Force  Polygon- 


by  adopting  a  certain  approximation  which  will  here  be 
sidered  in  coiuiection  with  several  systems  of  web-bracing. 


con- 


a.)  TliG  framework  consists  of  three  sets  of  iveh  members, 
all  of  rigid  constructio7i  (Fig.  87).  Let  the  panel-length  be 
relatively  small  so  that  the  break  in  direction  of  consecutive 
chord  members  may  be  inappreciable.  Each  panel  contains  a 
redundant  member,  viz.,  one  of  the  two  diagonals.  If,  as  is 
sufficientl.y  accurate,  we  assume  the  external  reactions  to  remain 
unaffected,  then  the  stress  in  the  diagonal  will  affect  no  members 
of  the  contiguous  panel  except  the  radial  posts  common  to  both. 
Introducing  the  notation  indicated  in  Fig.  87  for  the  lengths 
and  sections  of  the  members  composing  any  panel,  then  the 
stress  *S',,  of  the  diagonal  do  is  determined  by  the  following 
expression  of  the  Theorem  of  Least  Work : 


^rS 


dS 


=  -^r8u  =  0. 


(431. 


in  which  the  coefficient  of  elasticity  is  assumed  uniform  through- 
out,  r  represents   the   ratio  of  the  length   to  the   cross-section 
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of  each  member,  and  u  denotes  the  stress  produced  in  each 
member  by  two  opposing  unit  forces  acting  in  the  direction  of 
the  member  do.  If  Z  represents  the  stresses  which  wouhl  ho 
produced  in  the  members  by  the  given  loading  upon  the  omission 
of  the  redundant  diagonal,  then  the  actual  stress  will  be 

8  =  Z-{-8,.u  (432. 

and  only  the  posts  c^  and  c.  require  additional  terms,  *S^'  u' 
and  S''  u''  respectively,  to  represent  the  influence  of  the  adjacent 
diagonals.    Accordingly  there  results  from  equ.  (431), 

2  r  Z  u  +  ;S6  2  rii-  +  r,  S'  u,  u'  +  r,  S''  u,  u"  =  0   (433. 

AVith  approximately  parallel  directions  of  c^  and  c..,  the  stresses 
u  are  easily  expressible  with  the  aid  of  the  force  polygon,  Fig. 
87,  by  the  "following  values:     (from  similar  triangles), 


f/.  '  ^'^       d. 

Furthermore, 

C           „            r" 

d'  '  "         r/- 

or,  wdth  close  approximation. 

di  '                       di 

Introducing  in  the  above  equation  the  further  approximation 
S'  ^  8"  =  Sq,  and  solving  for  8q,  there  will  result  the  expression 

3I  +  2r2  +  ''^^^^^^  +  ''^''U3  +  Aj+  A5+  A,' 

No  appreciable  error  will  be  introduced  by  using  a  mean  depth 
of  panel  c,  putting 

Ci  Co  =  c%       Ci  c,  (Ci  -f-  cj  =  2  c\ 
and,  in  addition,  assuming  an  average  cross-section  A^  for  the 
posts  Ci  and  Cg  there  will  result 

.       (z.|;  +  z.j;+(Z3+z.)£-z.^)./. 

Ai  +  A2  "T"  *  A3  "t"  Ab  "^   Ab 

For   a  final   simplification,    introduce   the    closely   approximate 
values 

in  the  above  equation,  thus  obtaining: 
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(2.1  +  2^^)^^=-2»(2^  +  ^)^ 


Ai     ■"    A2   "^       A3  "^   As  "^   A, 

By  equ.(432),  the  value  of  8^^  fixes  the  stresses  in  all  the  other 
members  in  the  panel.  Accordingl}^,  the  stress  in  the  diagonal 
f/i  will  be 


^^5=Z5+4^>5^ 


ih 


'6 


or,  on  substitution, 


^.,= 


At  "•"    A,  "^      A3     '     As  "^   A„ 


The  ratio  betv.'een  the  stresses  of  the  two  intersecting  diagonals 
will  be 

An  approximate  value,  sufficiently  accurate  in  many  cases, 
may  be  obtained  by  neglecting  the  terms  containing  A^  or  A^ 
as  a  denominator.     There  will  then  result  the  simple  relation 


(.3  f/,3 

^5   ^^ A3    '     As  <^i 

A3   "^  As 


(436. 


If  the  radial  posts  c  are  of  relatively  heavy  section  when 
compared  with  the  diagonals,  then  a  final  simplification  will 
give, 

^g  ^^         A-i/dt                                                ^       ^    _  (■437 
/Se  ^'/^'^  ■ 

The  expressions  (436)  and  (437)  are  dependent  only  upon  the 
lengths  and  cross-sections  of  the  web  members ;  consequently, 
if  the  latter  quantities  or  their  ratios  be  assumed  at  the  outset, 
the  resultant  of  the  two  stresses  8-^  and  8^,  may  easily  be  obtained 
(Fig.  88).  For  this  purpose,  lay  off  upon  the  two  diagonals 
from  their  point  of  intersection  the  distances  7i-l  and  ff-2 
proportional  respectively  to  the  numerator  and  denominator  of 
the  above  expressions.  The  diagonal  of  the  resulting  parallelo- 
gram gives  the  direction  of  the  resultant  of  ^^  and  ^g  and 
its  intersections  0  and  m  with  the  two  chords  will  be  the  moment- 
centers   for   the   determination   of   the   chord  stresses.      If   Mq 
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and  Mn  are  the  moments  of  the  external  forces  about  these 
two  points,  po  and  p^  the  perpendiculars  from  o  and  u  upon 
the  lower  and  upper  chords  respectively,  then  the  chord  stresses 
will  be 


^'2=  — 


pa. 


(438. 


b.)  TJic  J ramework  consists  of  douhhj  intersecting  diagonals, 
without  radial  posts.  (Fig.  89.)  This  system  of  bracing,  in 
the  consideration  of  its  internal  stresses,  is  also  statically  in- 
determinate. An  approximate  determination,  sufficient  in  all 
cases,  may  be  made  by  putting  .^3  =  0  in  the  equations  derived 
above.  There  is  thus  obtained,  from  equation  (435),  the  following 
ratio  of  stresses  in  two  intersecting  diagonals : 


(439. 


Laying  off  the  distances  d^  and  dg  from  the  point  of  intersection 
K,  the  diagonal  of  the  resulting  parallelogram  w411  cut  the 
chords  in  the  points  o  and  u,  about  which  the  moments  of  the 
chord  stresses  are  to  be  taken.  The  stress  in  the  diagonal  will 
be,  by  the  above  equation, 


Sr. 


z„ 


(440. 


from  which  may  be  derived  the  well-known  rule,  that  the  analysis 
of  such  a  multiple  web  system  may  be  effected  by  resolving 
it  into  its  simple  component  systems. 

e.)  The  framework  is  constructed  as  in  (a.)  hut  without 
rigid  diagonals.  The  approximate  formulae  (436)  and  (437) 
show  that  under  any  given  loading  the  stresses  in  the  two 
diagonals  of  any  panel  will  be  of  opposite  character.  The 
exact  formula  (435),  however,  may  yield  a  like  sign  for  the 
two  stresses;  but,  in  such  case,  at  least  one  of  these  stresses 
will  be  very  small.  It  may  therefore  be  assumed  that  one  of 
the  two  diagonals  in  each  panel  must  always  remain  without 
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stress.  There  remains  to  be  determined,  under  any  given  load- 
ing, merely  which  of  the  two  diagonals  receives  a  positive  Z, 
or  a  tensile  stress;  this  member  is  then  to  be  considered  fis 
acting  alone  in  its  panel,  so  that  the  web  system  is  reduced  1o 
a  statically  determinate  one. 

2.  Severest  Loading  and  Determination  of  Maximii-i 
Stresses.  If  we  can  find  the  reactions  for  any  arbitrary  position 
of  a  concentrated  load,  then  no  difficulty  will  be  involved  in 
determining  the  manner  of  loading  for  maximum  stress  in 
each  member.  This  may  generally  be  accomplished  by  the 
aid  of  influence  lines  for  the  individual  stresses,  as  explained 
on  page  42  of  this  book.  There  may  also  be  applied  the  re- 
action locus  and  tangent  curves  for 
Fig.  90.  determining  the  critical  point  or  load- 

division  point  for  each  stress.  In 
arches  with  pin-ends,  the  tangent 
curves  are  replaced  by  the  two  end- 
points  :  and  in  three-hinged  arches,  the 
reaction  locus  consists  of  the  two  lines 
joining  the  end-points  with  the  crown- 
hinge.  Arches  with  double  end-con- 
nections (Fig.  90),  corresponding  to 
arched  ribs  with  fixed  ends,  may  be 
considered  as  exerting  two  reactions 
at  each  abutment,  the  resultant  of  which  coincides  with  a  tan- 
gent to  the  Tangent  Curve. 

The  position  of  continuous  loading  for  producing  maximum 
stress  is  determined  by  rules  similar  to  those  applying  to  arched 
ribs.  It  is  merely  necessary  to  find  the  center  of  moments 
for  the  member  under  investigation,  and  to  pass  through  that 
point  the  tangents  to  the  Tangent  Curves.  For  a  chord  member, 
the  center  of  moments  will  be  the  opposite  panel-point  or 
some  point  determined  as  in  Fig.  88  or  89 ;  for  a  web  member, 
it  will  be  the  intersection  of  the  two  chords  of  the  corresponding 
panel.  The  intersections  of  the  above  tangents  with  the  Reaction 
Locus  constitute  the  division-points  of  the  loading. 

The  stresses  produced  by  the  loading  thus  determined  may 
be  evaluated  by  the  method  of  sections  or  moments,  either 
graphically  or  analytically,  provided  the  corresponding  reactions 
can  be  ascertained.  Except  for  the  signs  of  the  stresses,  there 
will  l)e  no  difference  in  the  procedure  whether  arches  or  sus- 
pension structures  are  considered. 

If  the  loading  consists  of  a  train  of  concentrations,  the 
maximum  stresses  are  best  determined  by  the  aid  of  influence 
lines.     This  procedure,  in  the  case  of  hinged  arches,  is  to  be 
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especially  recommended  for  its  simplicity  and  will  therefore  be 
given  a  detailed  consideration. 

3.     Method  of  Influence  Lines  for  Framed  Arches  with 
Pin-Ends. 

a.)      Determination  of  the  Chord  Slrcsscs.  According  to  equa- 
tion (438),  the  upper-chord  stress  r  s  (Fig.  91)  is  determined  by 


(rs) 


■1/u 


Ma 


.  sec  a 


where  31^  is  the  moment  of  the  external  forces  about  the  point 
u  (to  be  determined  as  aliove),  /(u  is  the  vertical  depth  of 
truss  at  the  point  u,  and  o-  is  the  inclination  of  the  upper 
flange  aljove  the  horizontal.  The  moment  Mu,  however,  may 
be  expressed  in  the  case  of  the  two-hinged  arch  as  the  moment 
Mu  of  a  freely  supported  beam  diminished  by  the  moment  of 
the  horizontal  thrust,  or 


M,  -  M, 

n 

?/-_, 

Sv^, 

that 

1hr^ 

chord-stress  Avill  be 

S  = 

Mu  —  77  vu 

; — ~  .  sec  0  —  — 

Fig.91. 

( 

Mu 

-H 


) -p.  sec  a..  (441. 

/     /iu 


If  the  influence  line  for  the  horizontal  thrust  H,  or  the 
"H-curve, "  is  constructed  or  computed  according  to  methods 
to  be  later  explained   for   a  moving  load  =  1,   there  remains 

merely  to  draw  an  influence  line  for  the  expression   ~^  ,i.  e., 


2/u 
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for  the  moments  of  a  freely  supported  beam  divided  by  the 
constant  ordinate  i/u.  This  moment  influence  line,  in  the  case 
of  vertical  loads,  is  known  to  be  a  triangle  with  a  maximum 

ordinate  at  ic^-, 

Accordingly,  if  we  make    the   distance   AN  =  — —  and  draw 

the  connecting  line  N  B  (Fig.  91),  the  latter  will  intercept  on 

the  vertical  line  through  the  point   u  a  distance  U  U'  =  ~ — ^ 

so  that  ATI B  wall  be  the  Moment-Triangle.  Within  the  panel, 
however,  all  loads  must  first  be  transferred  to  the  panel-points 
r  and  s,  so  that  the  influence  line  between  R  and  ;S*  must  be 
a  straight  line;  consequently  the  entire  moment- triangle  will 
not  be  effective  but  the  influence  line  will  be  represented  by 
/  B  8  B.  Subtracting  from  the  ordinates  of  this  line  those  of 
the  H-curve,  the  differences,  multiplied  by  the  numerical  factor 

-—-•  sec  a,  will  give  the  stresses  in  the  chord  member  r  s  ac- 

cording  to  equation  (441). 

For  a  system  of  concentrations,  the  severest  position  of  load- 
ing and  the  corresponding  stress  may  be  determined  by  the 
general  principles  of  influence  lines.  For  a  uniformly  dis- 
tributed load  of  intensity  p  per  unit  length,  the  largest  stresses 
in  the  chord  r  s  will  be. 


Smin  =  —  Area  AR S  J  . ~  .  sec  a  .  p, 


/iu 


(S^max  ==  +  Area  J  H  B  .  -—- .  sec  a  .  p, 

/lu 

in  which  the  areas  are  to  be  determined  by  measuring  the 
al)scissae  to  the  scale  of  lengths  and  the  ordinates  to  the  scale 
of  forces. 

If  the  panel-points  of  the  lower  chorrl  lie  along  a  parabola,  then  it 
should  be  noted,  for  simplifying  the  construction,  that  the  locus  of  the 
points  U  corresponding  to  the  panel-points  of  the  lower  chord  will  be  a 

horizontal  line  and  its  constant  ordinate  will  be  U  V  =  — — • 

b.)  Determination  of  the  Wch  Stresses.  (Fig.  92.)  It 
will  be  sufficient  to  analyze  the  stresses  for  a  simple  web  system ; 
and  then  to  make  an  approximate  determination  of  the  stresses 
in  a  multiple  system  either  by  separating  it  into  simple  systems 
or  by  eliminating  the  redundant  members  with  the  aid  of 
equations  (434)   to  (435), 

The  stress  in  the  member  r  v  (Fig.  92)  is  obtained  by  taking 
the  moment  of  the  external  forces  about  the  point  of  inter- 
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section   z   of   the    chord  members   of   the   corresponding   panel, 
so  that 


^=  + 


(rv) 


d% 


where  f/z  represents  the  perpendicular  let  fall  upon  the  member 
from  the  point  z.  Again,  we  may  write  7)/z  =  Mz  —  //  .  y^,  thus 
obtaining 

Mz  R    lit.  I         /      Mz  Tj\      111.  /AA^ 


S  =  + 


-+(^-^0 


Mz  is  again  the  moment  which  would  exist  if  the  end-points  were 

Fig.  92. 


horizontally   movable,    or    the    moment   produced    in    a    simply 
supported  beam.     For  all  positions  of  a  unit  load   ( (r  =  1 )   to 


the  left  of  the  point  r,  Mz 


x\,  or  equal  to  the  moment 


of  the  right  reaction  about  the  point  z;  for  the  load  positions 
to  the  right  of  the  point  s,  the  moment  of  the   left  reaction 


v.ill   give   Mz 


I 


Xz ;   this   affords   a   simple   construction   for 


the    influence    line     of 


Mz 


For    this   purpose   erect   at 


X 


vertical  line  y1  P  =  — -,    and  at   B  a  vertical  line   B  Q  = 
the  connecting  lines  A  Q  and  B  F,  intersecting  in  the  vertical 
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line  through  z,  determine  the  polygon  A  R  S  B  which  constitutes 

the  influence  line  for  the  function  — ~.     Deducting  the  H-ordi- 

nates,  the  shaded  area  in  Fig.  92  will  be  the  influence  area  for 
the  required  web  stress ;  the  intercepts  of  this  area,  multiplied 

by  the  constant  factor  -^  ,  represent  the    stress    in   the    web 

member  r  v  for  the  different  positions  of  the  load.  In  the  case 
represented,  there  are  two  division-points  for  the  loading  (critical 
points)  ;  all  loading  within  the  limits  Jj  Jr.  produces  a  tensile 
stress,  loading  in  the  remaining  portions  of  the  span  will  produce 
compression  in  the  member.  In  some  cases  there  may  be  but 
one  critical  point,  i.  e.,  but  one  intersection  of  the  moment 
polygon  with  the  J7-polygon ;  this  will  occur  when  the  vertex 
Z  lies  outside  of  the  iZ-polygon. 

In  the  case  of  a  uniformly  distributed  load  p  per  unit  length, 
the  largest  stresses  in  the  member  r  v  will  be 


/S'max  =  +  Area  JiSJ^.-^ 


P 


Smin  =  —  (Area  ARJi-\-AreaJnEB)  ~-  .p. 

(It. 

For  an  approximate  solution  in  the  case  of  a  double  web 
system  (Fig.  91),  resolve  it  into  its  component  systems,  consider 
one-half  of  p  acting  on  each,  and  apply  the  method  of  influence 
lines  as  above. 
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§  31.    The  Simple*  Framed  Arch  with  Hinged  Ends. 

Under  this  head  we  consider  all  those  framed  structures  of 
a  single  span,  which  have  their  ends  A  and  B  capable  of  rotating 
but  not  of  sliding  freely.  If,  in  addition,  such  a  framework 
is  interrupted  by  a  central  hinge,  there  results  the  statically 
determinate 

a.)  Three-Hinged  Framed  Arch.  The  equations  of  static 
equilibrium  suffice  to  determine  the  reactions  in  this  type  of 
structure.  The  reaction  locus  in  this  case  consists  of  the  two 
lines  passing  through  the  end-points  and  the  crown-hinge ;  and 
the  reactions  are  given  by  equations  (200)  and  (201).  The 
H-jiolygon  for  vertical  loads  reduces  to  a  triangle  whose  altitude, 
if  the  crown  hinge  is  at  the  middle  of  the  span  and  if  the 

corresponding  rise  is  denoted  by  /,  is  fl"  ^^  -^. 

To  the  foregoing  discussions,  nothing  need  be  added  con- 
cerning the  determination  of  the  stresses  in  the  Three-Hinged 
Arch.  These  may  be  found,  according  to  the  previous  general 
remarks,  either  analytically  or  graphically.  The  influence  lines 
for  chord  and  web  members  are  constructed  as  in  Fig.  91  and 
92,  except  that  the  fl"-polygon  is  replacpd  by  the  triangle  already 
mentioned.  ' 

Fig.  93. 


The  suspension  system  represented  in  Fig.  93  is  to  be  con- 
sidered as  an  inverted  three-hinged  arch  and  is  to  be  designed 
in  exactly  the  same  manner.  In  such  a  system,  if  the  curve  of 
the  cable  or  chain  forming  the  lower  chord  is  made  to  coincide 
with  the  equilibrium  polygon  of  the  dead  load,  then  all  the 
dead  load  and  the  main  part  of  all  live  load  that  may  be  uni- 
formly distributed  over  the  entire  span  will  be  carried  by  the 
lower  chord,  while  the  upper  chord  and  the  bracing  will  be 
stressed  only  by  partial  or  non-uniform  loading. 

b.)  Two-Hinged  Framed  Arch.  As  previously  stated,  this 
system  is  statically  of  single  indetermination  with  reference  to 

*i.  e.,  having  a  single  span;   non-continuous. 
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the  external  forces,  so  that  the  elastic  deformations  must  be 
considered  in  determining  the  unknown  reaction.  Various 
methods  of  procedure  are  here  applicable. 

1.    General  Equation  of  Condition  for  the  Horizontal  Thrust 

(H).  If  one  of  the  ends  of  the  framed  arch,  e.  g.,  A,  were  free 
to  slide  horizontally,  then  the  system  would  act  as  a  simple  truss 
for  which  the  internal  stresses 
could  be  determined  in  the  usual 
manner.  Let  these  stresses  be 
represented  by  Z  and  let  u  denote 
the  stresses  which  would  be  pro- 
duced by  a  pair  of  forces  of 
magnitude  =  1.  sec  a  applied 
at  the  end-points  and  directed 
toward  each  other.  The  stresses 
u   are   also    easily    determined. 

If,  upon  anchoring  the  ends,  there  is  produced  a  horizontal 
thrust  =  H,  so  that  the  actual  force  acting  along  the  direction 
of  the  arch-chord  =  H  sec  a,  then  the  stresses  in  the  arched 
framework  will  be 

8  =  Z-{-H  .11   (443. 

These  stresses  will  produce  elastic  deformations  in  the  in- 
dividual members  amounting  to 

where  s  is  the  length  and  A  the  cross-section  of  the  member, 
and  E  is  the  coefficient  of  elasticity.  The  work  of  deformation 
of  the  internal  stresses  of  the  system  will  be 

0 

where  r=-r  for  abbreviation. 
A 

Assuming  that  the  abutment  is  displaced  horizontally  under 
loading  by  an  amount  A  I,  the  span  I  being  increased  by  this 
amount,  then,  l)y  a  familiar  principle  concerning  the  work  of 
deformation  (Castigliano's  Theorem), 

dW 


—  A  I  .cos  a  = 


d  (Hseca) 


.  J       dW         1  ^     a      d  S 

Substituting  the  value  of  S  from  equ.  (443)  and  putting  t^  =  '^ 

-  E.M  =  2r8  u^-^rZui-H^rir 

whence 

^__^rZu±E^    

z  r  W 
A  different  analysis  gives  the  value  of  II  in  terms  of  the 
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virtual   deflections   at   the   abutment.      Considering  the   end   B 
as  fixed,  let  the  horizontal  deflections  of  the  free  end  A 

produced  by  a  unit  load  at  M,  be  8ma, 

produced  by  a  load  Pm  at  M,  be  Pm  Sma, 

produced  by  a  force  1  .  sec  a  acting  along  the  chord 

A  B,  be  8aa, 
produced  by  a  similar  force  H  .  sec  a,  he  H  .  8a 


-"aa- 


The  actual  horizontal  displacement  of  the  point  A  with 
reference  to  the  point  B,  caused  by  a  yielding  of  the  abutTnents, 
is  denoted  by  —  A  I.  This  must  agree  with  the  resultant  effect 
of  all  the  applied  loads  P  and  of  the  force  H  .  sec  a,  so  that 

-AZ  =  (2P,„8™a  +  58aa) 

whence 

jj  ^  Pm5ma-f  A?      (445, 

Comparing  this  with  equation  (444)  shows  that  ^rZu 
=  £" .  5  Pm  8nia  aud  2  v(r  =  £" .  Saa ;  so  that  the  terms  of  equ. 
(444)  represent  the  horizontal  deflections  of  the  freely  supported 
end  of  a  simple  truss,  caused  respectively  by  the  external  loading 
and  a  force  1  .  sec  a  directed  along  A  B,  multiplied  by  the 
coefficient  E. 

The  above  determination  of  the  horizontal  thrust  tacitly 
assumes  an  unstressed  initial  condition  of  the  system;  in  other 
words  it  is  presupposed  that  upon  the  removal  of  the  external 
loading  the  system  will  remain  free  from  stress.  In  general, 
however,  this  unstressed  condition  will  not  obtain  except  when 
every  member  is  at  that  temperature  at  which  it  may  have  been 
fitted  into  the  structure  without  initial  strain.  If  the  actual 
state  of  the  individual  member  differs  from  this  temperature 
by  i°,  then,  if  m  represents  the  coefficient  of  expansion,  the 
equation  of  condition  for  H  becomes 

—E  .  U  =  ^{r8-\-E  .U.s)u. 

If  it  is  desired  to  find  the  effect  of  the  temperature  alone,  the 
external  loading  may  be  omitted  from  consideration ;  accord- 
ingly, putting  Z  =  0, 

—  E.M  =  '^E.i^.t.s.u-^E%ru'' 
whence 

TT  =—    Fj  ■■^l-\-^  E  i^tsu    (44G. 

S  r  u^ 

It  should  be  observed  here  that  it  is  impracticable  to  consider 
separately  the  temperature  range  (0  of  each  individual  mem- 
ber from  its  unstressed  initial  condition.  It  must  suffice  to 
aasume  certain  uniform  temperature  limits  for  all  the  members 
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or  at  least  for  groups  of  members,  although  this  makes  it  un- 
certain whether  the  severest  coml)ination  of  conditions  is  pro- 
vided for.  It  is  therefore  important  that  the  range  of  tempera- 
ture, at  any  rate,  should  not  be  assumed  too  small.  Under  the 
conditions  of  our  climate,  there  should  be  assumed  a  value  of 
t=±  30"C.  (^  ±  54°F.)  ;  furthermore,  it  is  easily  practicable 
to  apply  the  above  formula  to  the  case  of  the  unequal  heating  of 
the  two  chords  occurring  when  one  of  these  is  shielded  from 
the  sun. 

Assuming  m  t  to  be  the  same  for  all  the  members,  then 
'^(jit  s  u  =  wf^  su.  There  is  a  theorem,  first  demonstrated  by 
Molir*,  as  follows:  If,  in  a  free,  unloaded  structure,  two  unit 
forces  directed  toward  each  other  are  applied  at  any  two  panel- 
points  A  B  separated  by  a  distance  s^,  the  resulting  stresses  u' 
produced  in  the  various  members  s  will  satisfy  the  condition 

2  w'  s  +  Si  =  0. 

In  the  present  case,  the  distance  between  the  panel-points 
AB  =  I .  sec  a,  and  u  represents  the  stresses  produced  in  the 
framework  by  the  forces  1  .  sec  a  acting  along  the  chord  A  B ; 
consequently   u'  =  u  cos  a   and    2  «s  =  —  I .  see'  a,   thus    giving 

^^__E(Al^^^nsec^       

For  steel  we  may  use  E  to  =  250  tonnes  per  square  meter  per 
degree  C.  (=197.5  pounds  per  square  inch  per  degree  F.),  so 
that  for  t  =  30°C.  (=54°F.),  Eojt=  1,500  tonnes  per  square 
meter   (=10,660  pounds  per  square  inch). 

It  may  be  observed  here  that  the  above  derivation  of  H  is  not  exact 
inasmnch  as  it  assumes,  in  determining  the  stresses,  that  the  initial 
geometric  form  of  the  system  remains  unchanged.  Only  under  this  assuni])- 
tion  can  the  theorem  of  virtual  work  be  applied.  This  is,  however,  the 
same  approximation  as  was  made  for  the  theory  of  the  Arclied  Eib,  and 
the  same  remarks  apply  concerning  its  permissibility  as  have  been  made 
in  §  28.  This  method  of  analysis  becomes  better  applicable  to  the  framed 
aroh  as  its  radial  depth  increases  and  as  its  deflections,  in  consequence, 
diminish. 

2.    Analytical  Determination  of  the  H-Influence  Line.     In 

order  to  obtain  the  influence  line  for  the  horizontal  thrust  H, 
it  is  necessary  to  consider  a  unit  load  placed  successively  at 
the  individual  panel-points  and  to  compute  the  corresponding 
values  of  "$  r  Z  n.  In  a  symmetrical  arch,  this  computation 
is  most  easily  accomplished  by  finding  the  stresses  n  and  z 
produced  in  each  of  the  members  of  the  framework  by  a  hori- 
zontal and  vertical  unit  reaction  applied  at  the  end  A.  The 
stresses  u  and  z  may  be  determined  either  analytically  or 
graphically,  the  force  polygon  being  used  in  the  latter  proceduvc. 

*Zeitschrift  d.  Arch.  u.  Ing.  Ver.  zu.  Hannover,  1874. 
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If,  now.  a  load  of  unity  be  placed  at  any  panel-point  whose 
horizontal  distances  from  the  ends  A  and  B  are  x  and  x'  re- 
spectively, then  the  horizontal  thrust  is  given  by  the  formula 

7  2  r  z  ?/  -f-  a?  S    r  z  it 
^x= '- ^ '- (448. 

0 

X 

The  summation    %   refers  to  all  the  members  between  the  end  A 

0 

X' 

and  the  load,  and  the  summation    2    refers  to  all  the  members 

X 

between  the  point  of  application  of  the  load  and  the  panel-point 
symmetrical  thereto.  If  the  panel  lengths  are  all  e([ual,  the 
distances  x,  x'  and  I  may  be  replaced  by  the  corresponding 
numbers  of  panels. 

In  an  asymmetrical  arch,  an  additional  force  polygon,  z', 
is  to  be  constructed,  viz.,  for  a  vertical  load  of  unity  applied 
at  the  end  B ;  and  the  numerator  of  the  expression  for  H  must 

X  x' 

be  changed  \.q  x'  ^  r  zu  -\-  x  "%  r  t!  u. 

0  0 

3.    Graphical  Determination  of  the  //-Influence  Line.    The 

effect    of    a   concentration    P   is    given    by    equation    (445)    as 

H  =     .^  '""■  .     The  expressions  S^a  and  8aa  may  also  represent 

Oaa 

the  projections  upon  the  chord  A  B  ot  the  horizontal  deflections 
of  A  produced  respectively  by  the  load  P  =  1  and  by  the  force 
(1  .  sec  a)  acting  along  the  line  A  B.  According  to  Maxwell's 
Theorem,  however,  the  deflection  of  the  point  A  along  the 
direction  of  the  chord  caused  by  the  vertical  unit  load,  must 
be  equal  to  the  vertical  deflection  of  the  loaded  panel-point 
that  would  be  produced  by  a  unit  force  acting  along  the  chord. 
Consequently  the  influence  line  for  H  is  given  by  the  vertical 
deflections  of  the  panel-points  (elastic  curve  of  the  loaded 
chord)  produced  by  two  opposing  unit  forces  acting  along  the 
chord  A  B.  The  scale  unit  for  H  is  the  relative  displacement 
of  the  points  A  and  B  produced  by  two  opposing  forces  of 
{l.seca)  acting  along  the  same  chord  AB.  For  evaluating 
these  displacements,  various  exact  or  simplified  procedures  may 
be  followed. 

a.)  MetJwd  of  the  Williot  Deflection  Diagram.  (Plate  I, 
Figs.  2-2°.)  We  first  construct  a  Cremona  Force  Polygon  for 
the  stresses  i(^  produced  by  two  unit  forces  acting  along  A  B 
(Fig.  2-').  From  these  values  and  the  known  lengths  and  cross- 
sections  of  the  members,  are  computed  the  elongations  multiplied 
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o 

by  E :     £'.As  =  — -,h^.     The  latter  quantities  are  used  for  the 

construction  of  a  Williot  Diagram  (Fig.  2^).  For  this  purpose 
we  consider  any  arbitrary  member  {kd  in  Fig.  2"^)  as  fixed 
and  lay  off  its  elongation  (here'=0)  from  a  pole  k^  to  the 
point  d^.  From  k-^  d^  are  drauai  the  elongations  of  the  contiguous 
members  ki  and  di  in  their  respective  directions  (a  lengthening 
being  drawn  in  the  direction  of  the  member,  a  shortening  in 
the  opposite  direction)  and  at  the  ends  of  these  two  lines  are 
erected  perpendiculars  thereto,  representing  the  angular  dis- 
placements of  the  members.  The  intersection  i^  of  these  per- 
pendiculars represents  the  change  in  position  of  the  panel-point 
i  relative  to  kd.  Proceeding  thence  in  the  same  manner,  the 
elongations  of  the  members  ic  and  dc  fix  the  position  of  c,, 
and  so  on  to  A^.  Proceeding  similarly  on  the  other  side  of  kd, 
we  obtain  the  point  l^,  then  c^,  and  finally  the  point  B^,  thus 
determining  the  relative  displacement  of  the  points  A  and  B. 
Since  A,  however,  is  constrained  to  move  in  a  horizontal  plane, 
-there  must  be  effected  such  a  rotation  of  the  entire  framework 
as  will  eliminate  the  difference  of  elevation  of  the  points  A.^ 
and  B^.  In  this  rotation  about  B,  A  will  move  in  a  direction 
perpendicular  to  A  B  through  the  distance  B^  A^,  and  the 
diagram  of  displacements  corresponding  to  this  rotation  consists 
of  the  figure  Aoh.Cn  ...,  geometrically  similar  to  the  actual 
framework ;  finally,  therefore,  the  distance  between  correspond- 
ingly designated  points  of  the  two  displacement  diagrams  will 
give  the  actual  deflections  of  the  respective  points  h,  c,  etc. 
If  the  moving  concentration  G  is  applied  only  at  the  panel- 
points  g,  h,  i,  etc.,  of  the  upper  chord,  then  the  vertical  dis- 
placements of  these  points,  scaled  from  the  Williot  diagram,  will 
represent  the  ordinates  of  the  i7-influence  line,  all  upward 
deflections  corresponding  to  positive  values  of  //.  These  values 
are  plotted  in  Fig.  2^^  to  one-half  the  scale  of  the  displacement 
diagram.  The  scale  unit  for  77  or  the  value  of  the  correspond- 
ing concentration  G  is  therefore  -^  8aa,  where  San  is  the  displace- 
ment of  A  in  the  direction  A  B  produced  by  a  force  1  .  sec  a 
acting  in  the  same  direction,  or,  what  is  equivalent,  the  dis- 
placement produced  by  a  unit  load  multiplied  by  sec  a.  This 
quantity  is  represented  by  the  horizontal  displacement  A^  A, 
to  be  scaled  from  the  Williot  Diagram. 

b.)  Construction  of  the  Deflection  Curve  (H-Influcnce  Line) 
as  the  Funicular  Polygon  of  the  Deformations  of  the  Angles. 
According  to  the  above  discussion,  the  influence  line  for  E 
coincides  Avith  the  deflection  curve  (elastic  curve)  of  the  loaded 
chord  produced  by  the  action  of  a  unit  force  directed  from 
A  toward  B.     This  deflection  curve  may  be  derived  from  the 
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angular  and  linear  deformations  of  a  chain  of  members  con- 
necting the  panel-points  in  question,  which  chain  may  consist 
either  of  chord  members  or  web  members  (as  indicated  by  the 

Fig.  95. 


heavy  lines  in  Fig.  95a  and  Fig.  95b  respectively). 


Fig.  96. 


The  changes  in  the  angles  of  this 
linkwork  will  produce  vertical  deflec- 
tions of  the  panel-points ;  these  deflec- 
tions may  be  obtained  as  the  ordinates 
of  a  funicular  polygon  constructed  by 
treating  the  angular  deformations  as 
loads  concentrated  at  the  respective 
panel-points. 

I'he  angular  distortions  may  be  de- 
termined either  analytically  or  graphic- 
■J\r  ally.  If  MNO  (Fig.  96)  is  one  of  the 
triangular  frames  connected  with  the 
point  31  of  the  linkwork,  and  if  Am, 
An,  Ao  are  the  longitudinal  strains  in  the 
bars  composing  it,  then  the  angular  distortion  at  M  will  be 

A  (no)  =  (Am  — An)  cotan  (wti)  -\-  (Am  — Ao)  cotan  {mo). 

The  same  quantity  may  be  found  graphically  by  constructing, 
to  any  convenient  scale  the  vector  summation  M  0^  N^  M^  of  the 
strains  in  the  triangular  frame  MNO,  (all  elongations  being 
plotted  in  the  direction  of  the  cyclical  succession  of  the  sides 
of  the  triangle  M-N-0,  and  all  compressions  being  plotted  in 
the  reverse  direction)  ;  the  change  in  any  angle  will  then  lie 
represented  by  the  projection  of  this  chain  of  lines  upon  the 
opposite  side  of  the  triangle.  Adopting  an  arbitrary  radius 
k  for  the  angular  scale-imit,  then  the  distance  w,  measured 
to  the  linear  scale  of  the  plotted  strains  and  divided  by  k,  will 
represent  the  actual  change  in  the  angle  in  radians.  Note  that 
w  is  positive  if  it  is  directed  from  the  perpendicular  line  through 
M  in  the  positive  cyclical  direction,  M  N  0.  In  the  link-chain 
of  Fig.  95a,  the  changes  in  all  the  angles  meeting  at  a  panel- 

15 
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point  must  be  added  algebraically  to  get  the  total  angular 
distortion  at  the  point;  in  the  arrangement  of  Fig.  95b,  it  is 
necessary  to  consider  only  those  angles  formed  by  the  web 
members  themselves. 

Construct  the  force  polygon  of  the  distances  iv  with  a  pole 
distance  p ;  then,  considering  these  quantities  as  vertically 
applied  loads,  construct  the  corresponding  funicular  polygon ; 
the  ordinates  of  this  polygon,  measured  from  the  closing  side, 

will  represent,  to  a  scale  of  —  times  that  of  the  plotted  elonga- 
tions, the  deflections  due  to  the  angle-changes.  The  polygon 
will  therefore  be  an  influence  line  for  H.  In  similar  manner 
we  may  represent  the  denominator  8aa  of  the  expression  for 
H,  i.  e.,  the  displacement  of  A  in  the  direction  A  B  produced 
by  a  force  1  .  sec  a.  The  part  of  this  displacement  due  to  the 
angular  deformation  will  be  given  by  the  intercept  upon  the 
chord  AB  oi  a.  funicular  polygon  constructed  for  the  quantities 
w  considered  as  forces  acting  parallel  to  A  B,  with  a  pole- 
distance  p.  cos  a  (since  the  quantities  w  were  determined  for 
a  force  of  unity). 

In  Plate  I,  Figs.  3  to  3*^,  this  procedure  is  shown  applied 
to  the  same  structure  as  that  used  in  Fig.  2.  The  linkwork 
was  formed  of  the  web  members  according  to  the  scheme  of 
Fig.  95b.  The  quantities  iv  were  obtained  graphically  from 
the  elongations  in  the  table  (column  5)  which  were  plotted  to 
the  same  scale  as  that  of  the  Williot  Diagram  (Fig.  2'').  All 
the  values  of  w  were  of  the  same  sign  (negative),  indicating 
that  all  the  displacements  were  upward ;  this  corresponds  to 
positive  values  for  H.  Furthermore,  having  assumed  /*•  =  5 
meters  and  the  pole  distance  j?  =  10  meters,  the  funicular 
polygons  Figs.  3*=  and  3*^   give  the  displacements  to  a  scale  of 

—  =  j^  times  that  of    the  elongations,  i.   e.,  to  the  same  scale 

as  that  of  Fig.  2. 

To  the  deflections  caused  by  the  angular  deformations  must 
be  added  those  produced  by  the  pure  elongations  of  the  mem- 
bers in  the  chain.  These  are  scaled  from  a  simple  Williot 
Diagram  (Fig.  3^),  obtained  by  the  vector  addition  of  the 
elongations  of  the  members,  to  which  is  attached  a  small  repro- 
duction of  the  structure  to  provide  for  the  rotation  of  the  system 
back  to  its  horizontally  constraining  abutment.  The  vertical 
deflections  of  the  panel-points  of  the  framework  are  taken  from 

this   diagram   and    (reduced  to    i    scale)    are   annexed   to   the 

Deflection  Curve  (Funicular  Polygon,  Fig.  3*^)  ;  similarly,  the 
corresponding  horizontal  displacement  S"aa  of  the  point  A 
is  added   to   the   displacement   8'aa   obtained     in  Fig.   S""    from 
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the  angular  distortions.     We  thus  obtain  the   quantity      „  B^^. 

=  Y   (^'aa  +  8"aa)    as   the    magnitude    of    the    load    G    which 

produces  the  values  of  //  given  by  the  ordinates  of  Fig.  3"^ ; 
G  thus  constitutes  the  scale  or  unit-load  of  the  I?-influenee  line. 

The  two  procedures  a)  and  b)  yield  identical  results;  in 
general,  method  b)  permits  of  securing  a  somewhat  greater 
degree  of  graphic  precision. 

c.)  Simplified  Method  for  the  Determination  of  H.  The 
determination  of  the  horizontal  thrust  11  will  be  substantially 
simplified  if  the  elongations  of  the  Aveb  members  be  neglected 
and  only  the  effect  of  the  chord  members  considered.  The 
web  members  have  relatively  but  a  small  share  in  the  total 
deformation  of  the  system,  so  that  this  simplification  will  usually 
be  within  the  permissible  limits  of  accuracy.  It  can  be  intro- 
duced in  the  analytical  determination  of  H  (paragraph  2.), 
as  well  as  in  the  graphical  procedures  (a)  and  (b).  It  is 
thus  necessary  to  find  the  stresses  u  and  the  resulting  elongation 

terms  -^  u  =  r  .u  merelv  for  the  chord  members.     The  chord 

stresses  u  (produced  by  the  force  1  .  sec  a)  may  be  obtained 
either  from  a  force  polygon  or  by  computation.  Consider  the 
chord  member  lying  opposite  to  the  panel-point  m  (Fig.  97)  ; 
let  (Tin  be  its  inclination  from  the  horizontal,  y^  the  vertical 
height  of  the  point  m  above  the  arch-chord,  and  /;„,  the  vertical 
depth  of  truss;  then  the  stress  in  the  member  will  be 

Ura=~SeC(rm. (449. 

Again  applying  method  (b)  on  the  basis  of  a  chain  of  links 
consisting  of  the  web  members,  the  weight  iv,  to  be  applied  at  m 

and  representing  the  angular  distortion,  is  given  by  w  =  rii  .  — 

where  d  is  the  perpendicular  distance  of  m  from  the  chord 
member  and  k  is  an  arbitrary  constant.  Putting  A:  =  1  and 
d  =  htn  cos  a„i,  we  have 

Sm         Mm 
Ji.  m        Urn 

or,  with  am  as  the  length  of  the  horizontal  projection  of  the 
chord  member, 

w^=  —-  •  Y-  ■  sec   am     (450. 

Am        hm  ^ 

Introducing  an  arbitrary  standard  section  Ac,   the   quantities 
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w  may  be   replaced  by  the  new  numbers  v  =  A^ .  w,  whence 


Ac        ffm  -y  Ac  am  Vm 

Am       llm  Am  «  m 


.  sec^a (451, 


"We  can  now  obtain  the  ordinates  for  the  fl^-influence  line  as 
the  moments  Mv  producible  in  the  framework  when  acting  as 
a  simply  supported  beam  and  loaded  vertically  at  the  panel- 
points  with  the  weights  v^i ;  while  the  unit  load  G  will  be  given 
by  2vm2/m;  accordingly, 


E= 


M. 


I,vy 


(452. 


This  relation  could  also  have  been  obtained  from  equ.   (448), 

Fig.  97. 


The  signs  of  the  quantities  v  need  no  further  consideration  as 
we  have  already  seen  that  the  angular  deformations  w  will 
have  the  same  sign  for  all  the  panel-points  of  the  upper  and 
lower  chords. 

The  graphic  method  again  involves  the  construction  of  two 
funicular  polygons,  one  for  the  forces  v  acting  vertically  and 
a  horizontal  pole  distance  p\  the  other  for  the  forces  v  directed 
parallel  to  A  B  with  a  vertical  pole  distance  p'  (Fig.  97).  In 
Plate  I,  Figs.  4''-4'=,  this  simplified  determination  of  H  is  carried 
out  for  the  framed-arch  treated  in  the  preceding  illustrations 
and,  for  comparison,  the  resulting  influence  line  for  H  is  in- 
troduced in  Fig.  3"^  in  dash  and  dot  lines.  For  this  purpose, 
the  pole  distance  p'  was  so  chosen  as  to  make  the  funicular 
polygon  Fig.  4^=  yield  an  intercept  identical  with  the  distance 

-K-  8aa  of  Fig.  3,  so  that  the  same  scale  unit  G  will  apply  to  the 

i?-polygon.  The  discrepancy  with  the  exact  determination  of 
M  amounts  to  15%  in  the  case  considered. 
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Fig,.  98. 


If  the  loads  in  the  arch  act  only 
at  the  panel-points  of  one  of  the  chords, 
then  the  iT-influence  line  will  have  in 
common  with  the  funicular  polygon  of 
Vm  only  those  vertices  which  lie  under 
the  panel-points  of  the  loaded  chord 
(Fig.  97).  If  the  framework  contains 
vertical  web  members,  then  the  values 
of  Vai  belonging  to  panel-points  in  the 
same  vertical  line  must  of  course  be 
added  together  (Plate  I,  Fig.  4).  If 
the  framework  consists  of  radial  posts 
and  intersecting  diagonal  struts  (Fig.  98),  then  instead  of  the 
panel-points  we  must  use  the  points  o  and  u  determined  by  the 
method  of  Fig.  88 ;  for  these  points,  if  the  chord-sections  are 
Ao  and  ^u  respectively,  the  quantities  v  must  be  calculated  as 
follows : 


Ac 

Ac 

Ao 


aaj/o 


ser  o-u 


seC  (To 


(453. 


The  same  applies  to  structures  consisting  of  simply  inter- 
secting diagonals.  If  h,  the  depth  of  the  framed  arch,  is  small 
compared  to  the  rise,  and  if  the  cross-sections  of  the  upper 
and  lower  chords  are  put  equal  to  each  other  (compare  sub- 
sequent remarks  on  this  matter),  then  it  will  generally  be 
sufficient  to  use  the  approximation 

A  c         flm  ym 


•l'o  +  'i^u=2 


A, 


sec^o-m     (454. 


where  y^,  ^im,  dm,  sec  o-m  refer  to  the  axis  of  the  arch  and  to 
the  point  of  intersection  of  the  two  diagonals.  This  load, 
^'o  +  ^'u,  is  then  to  be  considered  as  acting  in  the  vertical  line 
through  this  crossing-point. 

The  horizontal  thrust  produced  by  a  displacement  of  the 
abutments  of  A  I  and  a  uniform  change  in  temperature  will 
be,  by  equ.   (447), 

jr (M  —  <^tlsec^a)EAc     (455. 

ii  t  —  I 


0 


In  the  braced  arch  with 
straight  upper  chord,  the  brac- 
ing near  the  crown  is  commonl.y 
replaced  by  a  full  plate  web 
(Fig.  99).  For  this  central 
portion,  equ.  (250)  of  the  theory 
of  the  Plate-Arch-Rib  may  be 
used  for  calculating  the  hori- 
zontal   thrust;     if    ^b    is    the 


Fig.  99. 
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average  cross-section  of  the  arch-rib  and  s  the  length  of  its  axis, 
the  resulting  expression  for  the  horizontal  thrust  will  be 


H= 


Mv 


^yv  -i-'^ymVm  +  s 


A, 


(456. 


Here'S.yv  refers  to  all  the  panel-points  of  the  framed  portion, 
the  values  of  v  being  calculated  by  formula  (451);  2  ^/m  t'm, 
on  the  other  hand,  refers  to  successive  sections  of  the  plate-rib, 
1/ni  representing  the  ordinate  of  the  axis  of  the  rib  and  Vm 
being  figured  by  equation   (255),  viz., 


A 


Ac 


t;.=  ^  •  (2y^  +  t/^.,)  f  + -6- (2^-  +  iyn..:)  ^  •  •  .  •  (457. 

Mv  is  again  the  moment  produced  ]\y  loads  of  magnitude  v 
acting  on  a  simple  beam  of  span  / ;  so  that,  as  before,  the 
influence  line  for  H  will  appear  as  the  funicular  polygon  of 
the  ■y-forces. 


Fig.  100. 


d.)  Correction  of  the  Preceding 
Method  of  Determining  H  hy  Introduc- 
ing the  Effect  of  the  Weh  Members. 
Pass  a  vertical  section  through  the 
diagonal  dm  (Fig-  100)  ;  then,  for  a 
vertical  end-reaction  of  unity,  the  con- 
dition of  static  equilibrium  requires  the 
following  relation  between  the  hori- 
zontal components  of  the  stresses  in  the 
three  members  cut  by  the  section : 


or 


Za  sin  P  =^  —  Zni_i  COS  CTu  —  Zm  COS  (To, 

(Mm_i        1^   Mm\     dm  /  a7m_i       |^  Xm\     (Im 

/im_i         '       /(m  /  am-i  \  llm-i   "'      hm/  flm-i    ' 


for  a  horizontal  end-reaction  of  unity, 


Wd  = 


—  (  1  -f  iU-i  cos  o-u  +  i/m  COSfTo) =  (  •- —  ir)~n 


If  ^d  is  its  cross-section,  then  the  contribution  of  the  diagonal 
dm  to  the  summations  ^rzu  and  2  r;r  of  equ.  (448)  will  be 
given  by 


rzu 


rir 


d' 


.-111         a   m_i 
1  ff,n 


a    ni. 


[Xm^l  /y'm-1  ?/'n\  O^m  /  ?/'m_i  ?/'"\l 

/im-i  \  /,'m_i  Jim/       '       lhn\llm-,  /(m/J 

r/.V'm-i   irm\    ,//'... -1   /y/'m-i   V^   \  2/^1  . 

|.\7(m_i  hm/    hm-i  \ /tm-i  km/  /imj 


Noting  that  exactly   similar  expressions   may   be  obtained   for 
the  diagonal  tZmni    (ascending  toward   the  right),  whose  cross- 


. .  (459. 
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section  may  be  denoted  by  Ad,  a  comparison  with.  equ.  (451) 
will  show  that  the  influence  of  the  elongations  of  the  web- 
members  may  be  taken  into  consideration  by  augmenting  each 
panel  load,  Vm,  at  the  tuth  panel-point  by  an  amount : 

A  v^=  4^  .  -f^  Cf "  _  f '■"--)  4-  4^,  .  -p^  (f '-  -^^  . .  (458. 

Ad        a  m-ihm     \llm  /hii_i  /      '      Ad         U  m./lm     \ /(m  /(m+i  / 

and  at  the  {m  —  l)th  panel-point: 

J.d       Ct  m-i.hm-i\  11  m-i  llm   ' 

I        Ac      ^  d^m-i  /  y'm-t    yi>i-j\ 

Ad"  a^m-i  //ni_i    \    7(m_i  /(m.2/ 

In  addition,  the  denominator  2  r?/  must  be  increased  by  A  v^  ■  ym 
and  A  Vm^^  .  y'm-i,  respectively. 

These  formulae  are  easily  modified  for  the  case  in  which 
one  set  of  web  members  are  vertical.  ( rt:i,_i  =  Om+i  =  •  •  •  •  =^  0)- 

4.  Tentative  Estimate  of  Cross-Sections.  In  evaluating  // 
it  is  necessary  to  know  the  areas  of  cross-sections  of  the  indi- 
vidual members.  As  these,  however,  remain  to  be  determined 
by  the  design,  we  are  compelled  to  provide  for  a  recomputation ; 
and,  for  the  first  determination  of  H,  we  must  make  a  pre- 
liminary estimate  of  the  cross-sections  of  the  members.  As 
shown  above,  the  chords  have  a  considerable  effect  upon  the 
magnitude  of  the  deformations  while  the  influence  of  the  web 
members  is  much  less.  It  will  therefore  be  advisable  first  to 
determine  H  by  the  simplified  method  in  which  the  elongation 
of  the  web  members  is  neglected ;  or  else,  if  it  is  desired  to 
include  the  effect  of  these  members,  a  uniform  section  may  be 
assumed  for  all  of  them.  The  assumption  of  uniform  sections 
may  even  be  admissible  for  the  chord  members,  in  a  preliminary 
computation.  Designs  actually  carried  through  have  shown  that 
the  error  of  such  assumptions  is  negligible,  particularly  in  arches 
having  the  hinges  in  their  neutral  axis  and  with  chords  more 
or  less  parallel,  as  well  as  in  arches  of  crescent  shape.  Arches 
with  straight  upper  chord  or  those  having  their  end-hinges  in 
the  intrados,  will  of  course  display  a  larger  variation  in  chord- 
section.  In  order  to  obtain  the  closest  values  of  H  by  the  first 
computation  in  such  cases,  it  is  advisable  first  to  determine  the 
chord-sections  as  those  of  a  three-hinged  arch  whose  crown- 
hinge  is  somewhat  above  the  mid-point  between  the  two  chords. 
If  we  assume  a  constant  cross-section  for  the  upper  chord  and 
another  for  the  lower,  then  only  the  ratio  between  these  values 
will  be  required  in  the  expression  for  H:, ;  the  mean  cross-section, 
however,  must  be  known  or  assumed  in  evaluating  77t.  Observ- 
ing, furthermore,  that  the  elongations  in  the  vicinit.y  of  the 
crown  of  the  arch  are  most  effective  in  influencing  the  value 
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of  H,  we  should  therefore  use  that  ratio  of  cross-sections  which 
will  actually  obtain  near  the  crown.  Various  values  may,  of 
course,  be  adopted  for  this  ratio,  but  only  a  certain  particular 
value  will  yield  equal  intensities  of  stress  in  both  chords.  Actual 
designs  have  shown  that  in  framed  arches  with  either  parallel 
or  non-parallel  chords,  subjected  to  a  moving  load,  the  most 
effective  value  for  the  ratio  between  the  chord-sections  at  the 
crown  is  approximately  unity.  It  is  therefore  advisable,  for 
a  first  design,  to  assume  equal  sections  for  the  two  chords  at 
the  crown ;  and,  in  arches  having  their  end-hinges  in  the  neutral 
a:xis,  the  chord-sections  may  be  assumed  uniform  throughout. 

In  an  arched  truss  subjected  to  a  moving  load,  as  in  all  other  statically 
indeterminate  structures,  it  is  possilile  to  determine  the  position  of  loading 
for  maximum  stress  in  each  member  and  thus  obtain  directly,  without 
trial,  the  required  cross-sections  so  that  all  parts  of  the  structure  shall 
be  proportioned  for  equal  intensities  of  stress.  Such  a  design,  however, 
would  not  only  be  impractically  laborious,  but  would  also  be  of  doubtful 
value  since  there  are  many  other  sources  of  error  such  as  non-uniform 
elastic  coefficients,  erection  stresses  and  uncertainties  in  the  temperature 
stresses.  We  will  therefore  always  employ  the  above  indicated  approximate 
method  based  on  a  provisional  assumption  of  cross-sections  and,  if  necessary, 
go  through  a  recomputation  based  on  the  results  of  the  preliminary 
design. 

It  is  a  different  matter,  however,  with  an  arched  truss  to  be  designed 
for  a  fixed  position  of  loading.  In  such  a  case,  as  demonstrated  in  the 
paper  cited  below,*  it  will  not,  in  general,  be  possible  to  secure  equal 
intensities  of  stress  in  all  parts  of  the  structure,  except  with  such  perfect 
erection    as    is    very    rarely    attained.      Such   structures   may    be    designed 

by  a  simpler  method  which  consists  in  so  choosing  the  stresses  ±  <r  ^   — — 

A. 

for    the    individual    members    as    to    satisfy    the    equation    of    condition 

2-^  . — -— •  s^-    {±  (y  u  s)    =  —  E  \l.     The  provisional  assumption  of 
A         dH 

cross-sections  will  therefore  be  superfluous;    however,  as  the  value  of  the 

statically  indeterminate  reaction  or  of  the  stress  in  one  of  the  redundant 

members   may  here   be   assumed   arbitrarily   within   certain   limits,   namely 

so   as   to   exclude   any   consequent   change   in   the   sign    of   the   stresses,   it 

will   be  possible   to   obtain  a  series   of   differently  proportioned   structures 

which  shall  all  be  stressed  to  satisfy  the  above  condition.      (Compare  the 

previous  citation.) 

5.  Computation  of  Deflections.  In  the  framed  arch,  let 
a  load  P  be  applied  at  any  panel-point  C  whose  horizontal 
distances  from  the  two  abutments  are  $  and  i\  Let  H^  be 
the  horizontal  thrust  producible  by  a  load  of  unity  at  C.  In 
order  to  calculate  the  consequent  deflection  A  i/  of  a  panel-point 
D,  distant  x  and  x'  from  the  two  abutments,  let  us  consider 
a  unit  load  applied  at  D  and  determine  the  resulting  stresses 
Zx  in  the  various  members  of  the  statically  determinate,  i.  e., 
freely  supported,  truss.     If  the  stresses  in  the  framework  pro- 

*  "Beitrag  7iir  Berechnung  stati?ch  unbestimmter  Stabsysteme." 
Zeitschr.  d.  osterr.  Ing.  und  Arch.  Ver.,  1884,  No.  3. 
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duced  by  the  load  P  at  C  are  denoted  hy  S  =  P    (z^  +  11^  •  u) y 

so  that  -=-  .  S  represents  the  elongations  of  the  individual  mem- 

bers,  then  the  principle  of  equality  between  external  and  mternal 
virtual  work  will  give  the  equation 

A!/.l=2^>S'.Zx  =  —  [2rz^Zx  +  i7f2ri*Zx] 
which  may  be  rewritten  either  as 

A^  =  |-[-^2rZ|Z^  +  2/-«z,1//^ (460. 

or,  since  2  ruz^  =  —  H^  2  rir,  as 

Ay  =  |-  [:S,rz^z^-H^H^%ru'-]        (460-\ 

The  latter  form  will  be  suitable  for  computation  if  the  thrusts 
fl'l  and  flx,  which  are  produced  by  unit-loads  at  C  and  D, 
have  already  been  determined  by  equ.  (448)  or  in  any  other 
way.     The  summation   "^r  z^z^.   may  likewise  be  computed  in 

terms  of  the  series  of  stresses  z,  which  are  produced  in  the 
members  of  the  framework  by  an  upward  unit  reaction  at  the 
end  A,  by  means  of  the  formulae : 


for  ^<x,      ^rz.z^='^J--:$rz^-i-~^  rz-  +  f:S,  rz\ 


for  ^>  X,     Sr^i  Zx  =  ^2  rz^-j-  ^^  rz-  -j-  ^  2  r  z^ 


..(461. 


In  a  completely  loaded  span,  the  crown  deflection  may  be  found  with 
sufficient  accuracy  from  the  average  of  all  the  panel  deflections.  If  the 
panels  are  uniform  in  length,  if  P  is  the  load  per  panel-point  of  which 
there  are  n,  and  if  S  denotes  the  stresses  produced  in  the  system  by  the 
application  of  a  unit  load  at  every  panel-point,  then,  on  the  assumption 
of  a  parabolic  deflection  polygon,  the  crown  displacement  will  be  given 
by  equating  the  external  and  internal  work  as  follows:  (Here  S  and  z 
are  identical.) 

3  P'Lr^^ 

^^«  =  ^^r¥-   (^^2- 

The  horizontal  deflection  A  ./;  of  the  panel-point  D  (positive 
if  inwards)  produced  by  a  vertical  load  P  applied  at  C  is  given 
by  the  principle  of  virtual  work  as 

l.Aa;  =  2-^  •  8^u\ 

0^  \x=^[%rz,u'  +  E,^ruu'] (463. 

I^ere  u'  denotes  the  stresses  produced  in  the  members  of  the 
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simply  supported  structure  by  a  horizontal  force  of  unity, 
directed  inwards,  applied  at  D.  These  stresses,  again,  may  be 
determined  either  analytically  or  by  means  of  a  force  polygon. 
The  following  equations  will  serve  to  determine  the  dis- 
placements produced  by  temperature  changes  and  the  simul- 
taneous yielding  of  the  abutments.  The  vertical  deflection  of 
the  panel-point  D  will  be 

Introducing  the  value  of  H  from  equ.    (446), 

At/t  =  tof2szx %~r——  •  2rti  Zi=w#2  s'z^ —  {o)t'S,su-{-j\l)Hx. 

Here  s  denotes  the  length  of  the  individual  members,  and 
H'x  is  the  horizontal  thrust  produced  by  a  unit  load  acting  at  D. 
According  to  Mohr's  Theorem,  cited  on  page  222,  we  have 
^  su  =  —  I  sec^  a,  also  2  5  Z:^  =  0,  so  that  the  formula  for  tem- 
perature deflections  becomes 

TT 

Ayt  =  -=r'2,ruzj,  =  ±  {(jjtlsec^a  —  Al)  .H^    ....  (464. 

The  horizontal  displacement  of  the  panel-point  D  on  account 
of  temperature  changes  will  be, 


or 


L.Xt=±wt'^u' s±{(^>tlsec^a  —  ^.l)  J""     (465. 


In  the  graphic  procedure,  our  design  will  be  to  determine 
the  influence  lines  for  the  horizontal  and  vertical  displacements 
of  an  arbitrary  panel-point  D.  These  influence  lines  (by 
Maxwell's  Theorem)  represent  the  sag-diagrams  or  elastic  curves 
of  the  framework  for  a  vertical  or  horizontal  load  applied  at  D. 

Each  of  these  elastic  curves  may  be  obtained : 

a.)  By  drawing  the  Williot  Displacement  Diagram.  For 
this  purpose  it  is  necessary  to  determine  the  stresses  in  the 
members,  produced  by  a  vertical  or  horizontal  unit  load  applied 
at  Z>,  and  to  calculate  the  resulting  elongations. 

b.)  From  the  funicular  polygon  of  the  angle-changes  con- 
sidered as  vertical  loads.  Here  the  angle-changes  may  either 
be  determined  directly  from  the  strains  in  the  members  of 
the  structure  or  else  they  may  be  taken  as  the  resultant  of  the 
angle-changes  in  the  freely  supported  truss  and  those  produced 
by  the  force  Hx .  sec  a  acting  along  the  chord  A  B.  The  latter 
quantities  yield  an  elastic  curve  which  coincides  with  the  H- 
influence  line ;   and,  in  fact,  if  the  construction  described  in 
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method  3.b)  is  followed,  these  (negative)  deflections  will  be 
given  by  the  ordinates  of  the  fi-curve  if  they  are  measured 

to  a  scale   whose   unit  is times  that  of  the  scale 

p  .  Hs.  sec  a 

to  which  the  strains  were  plotted.  It  therefore  suffices  merely 
to  compute  the  elastic  curve  for  the  simple  truss  loaded  at  D. 
For  this  purpose,  we  must  compute  the  stresses  Zx  and  the 
resulting  changes  in  length  and  angle  of  the  chain  of  members ; 
laying  off  the  angle-changes  upon  a  radius  k,  the  resulting 
lengths  IV  are  to  be  treated  as  vertical  forces  applied  at  the 
panel-points.  For  these,  construct  a  funicular  polygon  with 
a  pole  distance  of  p  .  H  sec  a  and  correct  the  resulting  ordinates 
by  the  small  vertical  deflections  which  correspond  to  the  elonga- 
tions   of    the    members    multiplied    by    — = ,    i.    e.,     to 

•^  *^         Ex  .  sec  a.    ^  ' 

r  Zx  .  — ,   and  which  are  obtained  by  means  of  a  "Williot 

Hx  sec  a  ' 

diagram  (similar  to  Fig.  3^,  Plate  I).  The  differences  between 
these  corrected  ordinates  of  the  funicular  polygon  and  the 
ordinates    of   the   H-influence   line   will   then   give   the    actual 

k 

vertical  deflections  to  a  scale  of  ^r- times  that  to  w^hich 

p  .  Hx  sec  a 

the  strains  were  plotted. 

If  the  simplified  method  3.c)  has  been  used  for  obtaining 
the  n-curve,  the  latter  being  constructed  as  the  funicular 
polygon  of  the  panel  loads  Vm  (equ.  451),  then  in  determining 
the  elastic  curve  of  the  simple  truss  there  again  need  be  con- 
sidered the  strains  in  the  chord  members  only.  The  loads  f  V, 
proportional  to  the  angle-changes  in  the  linkwork,  are  then  to 
be  determined  by  the  formula 

/  A.C    (fmZx  o  /Ann 

Vm  =  -. -, —  •  sec  a       (466. 

Am      km 

where  Zx  is  the  stress  in  the  member  m  of  the  simple  truss 
loaded  with  P  =  1  at  D.  With  these  panel  loads  and  a  pole 
distance  p .  H^,  construct  a  funicular  polygon  for  vertical  load- 
ing; as  before,  the  differences  between  the  ordinates  of  this 
polygon  and  those  of  the  fl'-curve,  will  give  the  deflections  of 

AW 

the  framed  arch  to  a  scale  whose  unit  is  —^ —  times  that  of 

Etl    p 

the  scale  of  lengths. 

The  horizontal  deflections  are  similarly  obtained,  if  for  z, 
in  the  above  construction  are  used  the  stresses  which  are  pro- 
duced in  the  framework,  considered  as  a  simple  truss,  by  a 
unit  horizontal  force  applied  at  D. 

If  the  structure  has  a  central  hinge,  we  again  first  find  the 
elastic  curve  for  any  point  D  from  the  stresses  and  strains  in 
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the  three-hinged  arch,  assuming,  however,  an  unyielding  mem- 
ber {DE,  Fig.  101)  to  be  connected  across  the  crown-hinge  so 
that  its  angle-change  ^\all  be  wc  =  0.  The  stresses  in  the  mem- 
bers will  be  >S'  =  Zx+Hk.«,  where  Hx  is  the  horizontal  thrust 
of  the  three-hinged  arch  produced  by  the  unit  load  applied  at  Z>. 
With  wc  ==  0,  these  stresses  will  induce  a  horizontal  displacement 
of  the  end  A  relative  to  B  which  may  be  calculated  by  the 
formula. 

Fig.  101. 


or,  since  2rz«=  —  Hx.'^ru^, 

8:=(Hx-flx)2rw^  =  (Hx-/70Sa. 

Here  JBTx  is  the  horizontal  thrust  of  the  two-hinged  arch 
formed  by  introducing  the  rigid  crown-strut,  and  Sa  is  the 
corresponding  horizontal   deflection  of  A,  produced  by  a  unit 
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horizontal  force  acting  at  A.  The  quantities  i7x  and  8a  are  to 
he  determined  by  the  graphic  procedure  described  under  3.b) 
and  3.c). 

On  account  of  the  ends  being  anchored,  the  displacement  Sa 
cannot  take  place ;  there  must  therefore  occur,  at  the  crown,  an 
angular  rotation  amounting  to 

0)0=  j-=  ( H, - 5x)  y      (467. 

This  will  produce  deflections  which  may  be  represented  by  the 
ordinates  of  a  triangle  constituting  the  funicular  polygon  for 
a  load  M'c  applied  at  the  hinge.  In  Fig.  lOld,  there  is  first 
drawn  the  deflection  curve  of  the  three-hinged  arch  for  a  unit 
load  at  D.  This  curve  is  obtained,  by  the  method  described  in 
3.b),  as  the  funicular  polygon  of  the  panel  loads  w/ ;  these  are 
obtained  from  the  strains  produced  by  the  stresses  8  of  the 
three-hinged  arch,  using  a  unit  h  =  20  meters  and  assuming 
w'c  =  0-  According  to  equ.  (467),  the  load  now  to  be  assumed 
at  the  crown-hinge  is 

^(;c  =  /w«c  =  fc.(Hx  — fl'x)  J=Y  (yx  — 2/x) (467^ 

where  yx  and  y^  are  the  ordinates  of  the  two  H-curves  measured 
to  the  scale  of  8a  =  1.  Combining  the  funicular  triangle  of  the 
load  -Wc  with  the  previously  constructed  deflection  polygon,  there 
\:\\\  be  obtained  the  total  deflections  of  the  three-hinged  arch. 
(Fig.  lOlcZ.) 
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§32.     The  Flamed  Arch  with  Tie-Rod. 

If  the  ends  of  a.  two-hinged  arch  are  joined  by  a  tension-rod 
to  tal^e  up  the  liorizontal  thrust  (Pig.  102),  then,  in  calculating 

Fig.  102. 


the  value  of  H,  the  effect  of  the  stretching  of  this  tie-rod  must 
be  considered.     If  A^  is  its  cross-section  and  I  its  length,  so  that 

A?=  /  is  its  elongation    then  equs.   (444)     and   (445)  will 

give  for  an  arch  Math  ends  at  the  same  level, 

Fig.  103. 


E 


'TZjU 


2rH='  +  - 


.lo 


aa   ~r~ 


EA, 


(468. 


The  i7-influence  line,  constructed  according  to  the  preceding 
paragraphs,  requires  no  modification,  but  the  unit  load  deter- 
mined by  the  displacement  S^a  must  be  increased  bv  1  .  -^^-, - 

L  Ao 

Compared  with  the  arch  without  a  tie-rod,  the  value  of  //  is 

reduced  in  the  proportion  of  1  :  (l  +-g — ■  •  -^7-)-    A  uniform 

temperature  change  in  both  arch  and  tie-rod  will,  in  this  case, 
produce  no  stresses. 
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If  the  tie-rod  does  not  connect  the  end  hinge-points,  but 
joins  the  two  panel-points  EF  (Fig.  103)  instead,  then  the 
tension  pi'oduced  in  it  will  be 


where  ii'  represents  the  stresses  in  the  framework  produced 
by  a  unit  tension  along  E  F,  8e  represents  the  accompanying 
horizontal  displacement  of  E  relative  to  F,  and  8me  denotes  the 
similar  horizontal  displacement  produced  by  a  unit  load  applied 
at  M.  The  latter  symbol  also  represents  the  vertical  deflection  of 
M  produced  by  a  unit  horizontal  force  in  E  F.  As  this  ten- 
sion n  produces  stresses  and  strains  only  in  those  members 
lying  between  E  and  F,  the  angle-changes  of  the  linkwork  and 
the  panel  loads  iv  or  v  derived  from  these  are  also  limited  to 
the  panel-points  between  E  and  F.  The  /7-influence  line  obtained 
as  the  funicular  polygon  of  the  loads  tu  will  be  straight  in  the 
portions  A^  E,  and  F,  B,  (Fig.  103). 
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§  33.    Other   Types  of  Framed  Arches  with   Hinged 

Abutments. 

1.  The  Free-Ended  Cantilever  Arch.  The  horizontal  thrusi 
at  the  abutments  will  produce  stresses  and  strains  only  in  the 
members  situated  between  the  abutments.  Accordingly,  the  loads 
w  or  V,  employed  for  the  construction  of  the  fl'-influence  line, 
ivill  be  limited  to  the  panel-points  between  A  and  B  and  the 
H'-curve  will  continue  beyond  these  points  in  straight  lines. 
(Compare  the  case  of  the  Arched  Rib,  Fig.  74.)  If  the  free  end 
of  the  cantilever  arm  supports  a  simple  truss  (suspended  span), 
so  that  the  arch  forms  part  (anchor  span)  of  a  "Gerber"  Bridge, 


f^IZg 


Fig-.  104. 


then  the  course  of  the  fl"-curve  is  easily  specified  (Fig.  104). 
The  deflections  of  the  panel-points  of  the  arch,  as  well  as  those 
of  the  cantilever  arm,  are  easily  obtainable  by  the  procedure 
presented  in  §  31 :  5. 

2.  The  Cantilever  Arch  with  Ends  Fixed  to  Horizontal 
Rollers.  If  the  ends  of  the  cantilever  arms  of  an  arch  are 
constrained  to  move  in  horizontal  planes,  there  results  a  three- 
fold indeterminate  system.  We  will  choose  as  our  unknowns 
the  horizontal  thrust  of  the  arch  11,  and  the  vertical  reactions, 
D  and  E,  at  the  end-supports.  By  introducing  a  central  hinge 
in  the  arch,  we  may  reduce  the  number  of  unknowns  to  two. 
The  equations  of  condition  are  obtained  by  putting  the  hori- 
zontal displacement  of  A,  also  the  vertical  displacements  of 
D  and  E,  equal  to  zero. 

In  a  free-ended  cantilever  arch,  horizontally  movable  at  J, 
let  there  be  denoted  by 


8ma,  the  horizontal  displacement  of  A  relative  to  B 
Smd,  the  vertical  deflection  of  D 
Sme,  the  vertical  deflection  of  E 


Produced   by 

-a  unit  load  at 

any  point  M. 
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Produced  liy  a  unit  force 
acting  horizontally  in- 
v\-ard  at  A. 

Produced  bv  a  unit  load  at  D. 


Saa,  the  horizontal  displacement  of  ^1 

Sad  =  Sda,  the  deflection  of  D 

Sae  =  Sea,  the  dcflectiou  of  E 

Sdd,  the  deflection  of  D 

Sde  =  Sed,  the  deflection  of  E 

See,  the  deflection  of  E,  produced  by  a  unit  load  at  E. 

Then  the  equations  of  condition  for  H,  D  and  E  may  be 
written, 

2  P  .  8ma  +  H  .  Saa  +  i>  .  Sda  +  ^  .  Sea  =  0' 

2P.8„a  +  i7.Sad  +  Z).8dd  +  ^.Sed  =  0     ••••  (469. 

2  P  .  S^e  +  fl"  .  Sae  +  Z>  .  Sde  +  ^  .  See  =  0. 

For  the  analytical  treatment  we  will  determine  the  series 
of  stresses  n,  u-^  and  U2,  Avhich  are  produced  in  the  members 
of  the  statically  determinate  structure  when  there  act  upon  it 

Fig.  105. 


the  forces  H  =  1,  D  =  1  and  E  =  1,  respectively.  If  the 
external  loading  produces  stresses  Z'  in  the  determinate  struc- 
ture, then   the   accession  of  the  forces  H,  D  and  E  will  render 

S=Z  +n  u  +  D  i(,-\-Eu., 

and  the  theorem  of  virtual  work  will  therefore  yield  the  follow- 
ing equations  of  condition,  equivalent  to  equs.  (469), 

2  r  Z  Ki  +  fl"  2  r  iM^  +  Z>  2  r  u,-  +  ^  2  r  u^  u^  =  0  [  •  •  (470. 

The  coefficients  in  these  equation*  may  be  evaluated  either 
analytically  (equs.  470)   or  by  means  of  a  graphical  treatment. 
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Ill  the  latter  method,  it  is  necessary  to  first  construct  the  curve 
of  deflections  produced  in  the  framework  by  a  unit  force  acting 
along  the  chord  AB  (Fig.  105).  In  this  curve,  the  ordinates 
under  M,  D  and  E  will  give  the  quantities  S^a,  8da,  Sea ;  then,  by 
use  of  the  graphic  method  described  above  (§  31:3),  there  is 
to  be  found  the  horizontal  displacement  S^a- 

In  a  similar  manner,  construct  the  deflection  curve  of  the 
freely  supported  cantilever  arch  for  a  vertical  load  of  unity 
applied  at  D,  to  obtain  the  deflections  Smd,  8,3d,  and  8de-  Finally, 
a  deflection  curve  constructed  for  a  unit  load  applied  at  E 
will  give,  at  the  points  31  and  E,  the  deflections  8me  and  See- 
If  the  structure  is  symmetrical  in  form,  it  is  seen  that  the  third 
deflection  curve  need  not  be  drawn.  There  are  thus  obtained 
all  the  coefficients  in  equations  (469),  and  solving  these  will 
give  the  influence  values  of  the  unknowns  H,  D  and  E.  These 
may  then  be  used  in  the  equation 

8  =  Z  -\rJJu  +  D  u,+Eu, 

to  determine  the  influence  values  of  the  stresses  in  the  individual 
members  of  the  structure. 

If  the  structure,  instead  of  being  anchored  at  the  abutments 
A  and  B,  is  provided  with  a  tie-rod  joining  these  two  points 
(Fig.  106),  then  the  first  of  the  equations  (469),  representing 
the  horizontal  displacement  of  A  relative  to  B,  is  to  be  modified 

by  replacing   the    zero    in   the  second     member   by  —  H  -^^-r' 

where  /  is  the  length  and  A^  the  cross-section  of  the  tie-rod. 

Fig.  106. 


If  the  structure  has  a  central  hinge,  the  problem  becomes 
simplified  since  the  mere  omission  of  the  end  anchorages  will 
make  the  structure  statically  determinate  so  that  there  are 
but  two  unknowns,  D  and  E,  to  be  determined.  If  the  bridge 
is  symmetrical,  a  single  deflection  curve  will  in  this  case  be 
sufficient,  namely,  the  deflection  curve  of  the  three-hinged  arch 
for  a  unit  load  applied  at  D  or  E.  This  type  of  bridge  is  treated 
in  greater  detail  in  the  paper  cited  below.* 

3.    The  Framed  Arch  with  Anchored  Ends. 

This    arrangement    sketohed    in    Fig.    107,    proposed    by    Engineer    A. 


*  Melan,     Bogentrager    mft     vermindertem     Horizontalschube.       Osterr. 

Monatssclir.  f.  d.  offentl.  Baudienst.  1897. 
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Schnirch,*  consists  of  an  arched  structure,  with  the  ends  A  and  B  on 
rollers  having  the  framework  extending  outward  beyond  these  abutments 
and  anchored  by  the  ties  C  A'  and  D  B'  to  the  deepest  practicable  i)0Jnts 
of  the  pier-masonry.  This  anchorage  corresponds,  in  effect,  to  a  lowering 
of  the  end-hinges;  the  structure  may  be  treated  as  an  ordinary  two  hinged 
arch  with  its  abutments  at  A'  and  B',  the  portions  A  A'  and  B  B'  being 
considered  as  members  of  inelastic  and  unyielding  material.  This  arrange- 
ment, by  increasing  the  arch-rise, 
Fig.  107.  affords  the  advantage  of  a  reduC'- 

tion  in  the  horizontal  thrust,  es- 
pecially in  that  due  to  changes  of 
temperature ;  in  consequence,  there 
may  be  secured  a  marked  saving 
of  material  in  the  masonry  of  the 
abutments,  and,  under  certain  con- 
ditions, in  the  superstructure  as 
well.  This  anchoring  will  be 
distinctly  advantageous  in  flat 
arches. 

The  horizontal  thrust  may  be  calculated  by  equ.  (448).  The  stresses 
z  remain  the  same  as  in  the  arch  supported  a;t  A  and  B,  whereas  the 
stresses  u  must  be  determined  for  a  horizontal  unit  load  applied  at  A'. 
Graphically,  the  influence  line  for  H  may  be  determined  as  above  by  means 
of  the  deflection  curve  for  a  unit  force  at  A'.  Similarly,  the  displacements 
of  the  movable  ends,  A  and  B,  may  be  found  either  by  the  graphic  method 
developed  above,  i.  e.,  by  constructing  the  deflection  curve  for  a  horizontal 
load  at  A  or  by  the  analytic  method  of  equ.  (463).  If  any  loading  is 
placed  on  the  structure,  producing  the  stresses  <S  =  Z  +  H  m,  the  resulting 
combined  displacement  of  the  two  rolling  ends  will  be,  by  equ.  (463), 


—  AZ=— -[2rZ«'+ff2rMM'] 


(471. 


The  stresses  «',  i.  e.,  the  stresses  in  the  members  producible  by  a  unit 
force  acting  along  A  B,  may  be  determined  either  by  a  force  polygon  or 

y 


by   the   relation   ii' 


y  +  h 


.  u    where   y   is   the   ordinate   of   the  moment- 


center  for  any  member  measured  above  the  arch-chord.  The  roller-dis- 
placement producible  by  temperature  change  is  obtained  by  equ.  (465), 
with   2  u'  s^  —  l   and   Al  =  0, 


AJt  =  utl = s —  —ET  ( ^  *' "" 

2,  r  u'  n 


■2rMM')    ....(472. 


*Zeitschr.  d.  osterr.  Ing.-u.  Arch.-Ver.,  1884,  p.  184. 
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§34.    The  Continuous  Framed  Arch  and  the  Braced  Sus- 
pension Bridge  of  Multiple  Span. 

This  group  of  bridges  corresponds  to  that  of  the  arched  ribs 
treated  in  §  26  and  is  found  exemplified  particularly  in  suspen- 
sion structures.  The  defining  condition  for  this  type  of  con- 
struction is  that  the  arches  (or  suspension  spans)  shall  be 
hinged  together  at  the  intermediate  piers  and  capal)le  of  hori- 
zontal displacement  at  these  points,  while  the  ends  must  be 
securely  anchored.  Such  framed  structures,  with  reference  to 
their  external  reactions,   are  of  single  static  indeterraination. 

Fig.  108. 


They  may  be  rendered  determinate  by  introducing  a  central 
hinge  in  one  of  the  spans. 

1.  We  will  first  treat  the  latter  case,  particularly  in  the  form 
of  a  three-span  Suspension  Bridge  with  a  Central  Hinge.  The 
continuous  tension  chord  is  to  be  conceived  as  hinged  at  A  and 
B,  while  the  bracing  is  interrupted  at  these  points  of  support. 
The  method  of  support  at  these  intermediate  piers  is  to  be 
either  by  means  of  rollers  or  rocker-arms;  the  ends  of  the 
bridge  are  held  fixed  by  the  roller-supports  and  the  oblique 
anchorage. 

a.)  Central  Span.  The  stresses  in  the  main  or  central 
span  are  not  affected  by  any  loads  in  the  side  spans.     Loads 
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in  the  central  span  will  produce  stresses  according  to  the 
principles  of  the  three-hinged  arch.  In  Fig.  108a,  B'  C  J,  0  A' 
represents  the  influence  line  for  the  lower  chord  niemlx'i-  r  u. 
The  factor  by  which  this  influence  area  is  to  be  multiplied  to 
give  the  stress  in  the  member  r  u  produced  by  a  loading  of  p 

units  per  unit  length,  is  j) .—  .    With  a  parabolic  upper  chord, 

0  would  lie  on  the  horizontal  line  through  C" ;  the  two  triangles 
A'  C  B'  and  A'  0  B'  would  then  be  of  equal  areas,  and  the 
positive  area  A'  0  J^  would  thus  be  equal  to  the  negative  area 
B'  C  J  I.  The  lower  chord,  under  this  assumption,  would  there- 
fore receive  no  stress  from  a  uniform  load  covering  the  entire 
span,  and  its  greatest  stresses  would  be 

Lnx!ix=  —  Lrain= p •  (Area  A'  0  Ji)  -|^. 

In  Fig.  108  a  are  also  drawn  the  influence  lines  for  the  upper 
chord  member  o  s  and  the  web  member  w  n.  With  the  aid  of 
these  we  may  determine  the  limiting  stresses  producible  in  the 
upper  chord  by  a  uniformly  distributed  dead  load  of  g  per  unit 
length  and  a  similar  live  load  of  intensity  p  per  unit  length, 
by  the  formulae 

?7max=  [{p-\-g)  AreaB'C'Jo  —  g.AreaJ.RA']  -j^  .seca- 
Urain=  [g .  Area B' C  J^—  (p-\-g)  AreaJzRA^]  -^  .seca- 

and  the  corresponding  stresses  of  the  web  member  m  n,  by  the 
formulae 

D^a^=[(p+g)  (Area B' N J^-^ Area J,C''A')-g . Area J^M J,]  -^ 
Dmin  =  [giAreaB'NJs  +  AreaJiC'A')  -  (p+g)AreaJsMJ^]-^. 

Simple  expressions  may  be  written  for  the  chord  stresses  in  the  main 
rpan.  First,  for  any  form  of  cable,  if  Z7g  and  Lg  represent  the  stresses 
due  to  dead  load,  vre  have 


h  V  yl 


2fl        __^\_  f-  ^^  ly  —  2fx_  _  7/1^7 


0 


+  2fx  /        8        ly  +  2fx        f  \  K 


Lra..-L,+         2         V    yl+2fx  )     iH 

_  pi'         ly-2foo        y        1 

Ln,ln-Lg  g-  iy^2fx  f  h, 

I       2   \  htl  +  2fx  /^"8"'     I]h  +  2[x    '    f  \  hr 

TT   -_L     P^'  l^H  —  2fx  h,         1  ^ 

8  Ihi-i-  'i  t  X  f       liT 

Umin  =  C  g  —  -^„—  I    ■    ■   ,'-o7 l)-r-sec(r. 

2      \  hil  +  2fx  /    hr 


seed 
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With  a  parabolic  upper  chord,  tlie  above  expressioBS  for  the  lower  chord 
stresses  reduce  to 

pocil  —  x)  (I  —  2a;) 


L 


mas  - 


2{3l  —  2x)ho 


For  the  web  members,  the  expressions  for  the  liniitiug  stresses  become  very 
complicated  in  this  case;  it  will  be  more  convenient  to  apjdy  equ.  (442), 
using  the  values  of  Mz  and  H  corresponding  to  the  critical  loading. 

b.)  Side  Span.  The  construction  in  the  side  span  is  to  be 
treated  as  a  simply  supported  truss  subjected  to  the  full  hori- 
zontal tension  arising  in  the  main  span.  A  load  in  the  side  span 
will  produce  the  same  stresses  as  in  a  framework  simply  resting 
on  two  supports.  The  upper  chord  will  therefore  receive  its 
maximum  compression  when  the  side  span  is  completely  loaded 
and  the  main  span  carries  no  load  at  all ;  and  the  maximum 
tension  is  produced  when  the  main  span  is  completely  loaded 
and  the  side  span  is  free  from  load.  The  opposite  law  of  loading 
holds  true  for  the  lower  chord.  If  H  is  the  horizontal  tension 
and  if  M  is  the  bending  moment  for  the  loading  in  the  side  span, 
then  the  stress  produced  by  any  loading  of  main  and  side  span 
in  the  upper  chord  member  o's'  (Fig.  108)  will  be 


U=-iM-n.y.^)^==~(^-n)f^sec<r 
and  the  stresses  in  the  lower  chord  member  r'  i('  will  be 

By  these  formulae,  the  stress  influence  lines  may  be  readily 
constructed.  These  are  represented  in  Fig.  1086,  to  one-half 
the  scale  of  Fig.  108a,  for  the  indicated  chord  members  of  the 
left-hand  span ;  they  are  obtained  by  making  the  intercepts  on 

the   vertical   line   of   the   pier  =  ^—  .  1  and  ■  .  1 .      Here 

x'r'  and  x\'  are  the  horizontal  distances  of  the  panel-points 
r'  and  s^  from  the  intermediate  pier.  The  largest  stresses 
producible  by  an  assumed  uniform  dead  load  of  g  in  the  main 
span  and  of  g^  in  the  side  spans  together  "vnth  a  uniform 
live  load  of  p  per  unit  length  will  be, 

Um^:,=  [{p-^g)AreaA'C'B'  —  g^.AreaD'R'A']  ^seca. 

hv' 

U^in=  [g .  Area  A'  C B'  —  (p-^  g^)  Area  D'  R'  A']  ^  seccr. 

fir 

Lm..=  [{p  +  g^).AreaD'S'A'-g.AreaA'C'B']^- 
L^in=[g,.AreaD'8'A'-{p  +  g).AreaA'C'B']^- 
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The  stresses  in  a  web  member,  e,  g.,  m'  n' ,  will   have    the 
general  value 

D  =  -(M.-//„..)->=-(f^-fl)^. 

where  Mz'  and  y-/  refer  to  the  point  of  intersection,  z' ,  of  the 
two  chord  members  lielonging  to  the  panel  containing  the 
diagonal.  If  z'  falls  within  the  span,  then  the  same  law  of 
loading  obtains  for  the  web  member  as  for  the  chords,  viz.,  the 
limiting  stresses  arise  when  either  the  main  or  side  span  alone 
is  completely  loaded.  The  influence  lines  for  this  case  are  shown 
in  Fig.  108&,  in  the  right-hand  span;  the  resulting  stresses  in 
the  diagonal  m'w'  will  be 

Dmin=[g.AreaA'C'B'-{p  +  g,)AreaB'N'M'E']^<-- 

The  analytical  expressions  for  the  chord  stresses  in  the  side  spans  may 
be  written : 

Y  r/i  a?s'  (  h  —  xs' )  —g  — g^-  I  -j^ 

1  ,  ,        1 

Lmax  ==  Le  4"  '2   P  ^^    ( 'i  —  Xs  )     -,    , 

Lmln—  Lg  —  p      g^        ^^^, 


[1  J^y.'  l 

-o-f/iJ?r'  {h  —  xv')—g  ~8/    J 


^ .  sec  a 

f7g=  I  -JT  f/iJJr'  {Ix  —  J7r'  )  —  (I         o^        I  ~^~; — 

I'  t/r'  sec  ff 


[/max  —   L  g  ~\-  p 


8f         '  hr' 


1  sec  a 

The  web   stresses  are   to   be   calculated  by   means  of  the  general   formula 
(442). 

2.  Continuous  Braced  Suspension  Bridge  without  a  Central 
Hinge.  If  none  of  the  spans  is  provided  with  a  hinge,  then 
the  framework  in  each  span  acts  as  a  two-hinged  arch  whose 
horizontal  thrust  H  is  conditioned  by  the  displacements  of 
the  end-points.  Let  us  first  consider  each  of  these  arches  as 
independent,  and  let 

P,  P',  P"  .  .  .  ==  loads  in  the  1°,  2°,  3°,  .  .  .,  spans. 
PSma,  P'S'ma,  P"8'''mn,  .  .  .  =  the  rclativc  horizontal  displacement 
of  the  ends  of  each  span  when  acting  as  a  simple  truss  under 
the  above  loads;  considered  positive  if  outward. 
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8aa,  S'aa,  S''aa,  .  .  .  =  the  horizoiital  displacements  of  the  ends 
of  each  span  produced  by  unit  forces  acting  horizontally 
outward  at  these  points ;  accordingly 

r  8^a  +  H  Saa,       P'  8'n>a  +  R'  S'aa,        P"  8"ma  +  B"  8"aa  •  •  •  =  total 

horizontal  displacements  of  the  ends  of  each  span. 

Then  the  total  horizontal  displacement  of  the  anchored  ends 
of  the  system  must  be 

-Ai  =  PS^a  +  P'8'„,a+  P"8"ma  ...•+//  (Saa-j-  8'aa  +  8"aa  •  •  •  •   ) 

whence  the  following  value  of  the  horizontal  thrust  may  be 
written : 

Oaa  +  Oaa-t-O     aa  +   .  .  . 

The  deflections  8  are  to  be  found  either  analytically  or  graphically 
according  to  §  31 ;  for  the  analytical  treatment  we  use  the 
following  expression  corresponding  to  equation  (444)  : 

Here  r  =  -—  represents  the  ratio  of  length  to  cross-section  of 

each  member;  Z,  Z',  Z",,  .  .  .  are  the  stresses,  produced  by  the 
actual  loading,  in  the  members  of  the  1°,  2°,  3°,  ...  spans 
considered  as  simple  trusses ;  if,  u' ,  it",  .  . .  are  the  correspond- 
ing stresses  producible  by  a  load  of  H  =  \,  or  a  force  of 
1,  sec  a  acting  along  the  chord  of  each  span  where  a  is  the  angle 
of  inclination. 

A  load  in  any  span  will  thus  contribute  a  positive  horizontal 
force,  viz.,  a  cable-tension  in  the  case  of  a  suspension  bridge. 
Having  constructed  the  influence  line  for  77,  the  influence  lines 
for  the  stresses  in  the  members  are  obtainable  in  the  same 
manner  as  with  the  center-hinged  construction. 

Example.  (Includes  Plates  II  and  III.)  In  the  following  we  give, 
as  an  example,  the  complete  design  of  G.  Lindenthal's  project  for  a 
railway  suspension  bridge  over  the  St.  Lawrence  River  at  Quebec.  The 
main  span  is  548.02  meters  (  =  1,800  ft.),  and  each  of  the  two  side  spans 
is  207.87  m.  (=682  ft.).  The  bridge  consists  of  inverted  two-hinged 
arches  swung  from  rocker  arms  and  anchored  at  the  ends.  The  bracing 
consists  of  vertical  posts  with  a  double  set  of  diagonal  tension  members. 
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Table  I. 


c 

o 

I 

c 

n) 


1> 


f5 


(m) 


A 


(cm=) 


sec  a 


100 


(m) 


(m) 


h 


y 

C-  sec  a 

h 


sec  a 


CI 


O 
•5 

CI       rM 


H 


^ 

^ 


I 

II 
III 

IV 

V 

VI 

VII 

VIII 

IX 

X 

XI 


XII 

XIII 

XIV 

XV 

XVI 

XVll 

XVIII 

XIX 

XX 


Ml 

19.0S 

2774 

«2 

19.15 

2774 

«3 

19.23 

2838 

«1 

19.33 

2900 

«5 

19.47 

2900 

Ma 

19.58 

2900 

"7 

19.72 

2900 

«8 

19.88 

2964 

«9 

20.06 

2964 

WlO 

20.23 

2964 

MU 

20.42 

3020 

?1 

22.48 

670 

/^ 

18.89 

1189 

h 

18.89 

11S9 

h 

18.89 

1189 

h 

18.89 

1189 

h 

18.89 

1189 

h 

22.13 

953 

h 

22.13 

953 

?9 

22.13 

953 

ho 

22.13 

953 

In 

29.77 

953 

Ml2 

20.24 

3C\n 

«13 

20.  OS 

2752 

Mn 

19.92 

2752 

«1B 

19.74 

2730 

Ml6 

19.60 

2730 

«17 

19.47 

2708 

«18 

19.35 

2703 

«19 

19.24 

2643 

M20 

19.15 

2643 

1.0093 
1.0134 
1.0182 
1.0237 
1.0300 
1.0370 
1.0444 
1.0527 
1.061G 
1.0711 
1.0813 


0.688 
0.692 

0.678 
0.666 
0.672 
0.676 
0.682 
0.671 
0.677 
0.682 
0.677 


1.1900  3.358 
1.0000  1.589 
1.0000  1.589 
l.OOOo!  1.589 
1.0000  1.589 


1.0000 
1.1718 
1.1718 
1.171S 
1.1718 
1.5756 

1.0721 

1.0'')24 


1.589 
2.322 
2.332 
2.322 
2.322 
3.122 

0.672 

0.729 


1.0535'  0.724 

1.0450  0.725 
1.0374  0.719 
1.030:5  0.710 
1.0240  0.715 

1.01S5  0.728 

I 
1.0135   0.725 


17.37 
22.54 
27.74 
32.93 
38.10 
43. 2S 
36.91 
30.57 
24.20 
17.83 

2.19 
4.66 
6.22 
7.25 
7.77 
7.77 
7.25 
6.22 
4.66 
2.59 

22.55 

31.79 

40.75 

49.80 

58.72 

67.80 

67.6 

67.5 

67.4 


14.78 
17.89 
21.52 
25.66 


1.1752 

1.2603 
1.2889 
1.2826 


30.331.2560 


35.51 
29.66 
24.35 
19.54 
15.24 

14.78 
17.89 
21.52 


1.2189 

1.2441 

1.2553 

1.2387 

1.1700 

0.1752 
0.2603 
0.2889 


25.66  0.2823 
30.33  0.2560 


35.51 
29.66 
24.35 
19.54 
15.24 


15. 
17. 
20. 
13. 
27. 
31, 
27, 
23, 
20, 


0.2189 
0.2446 
0.2553 
0.2387 
0.1700 


1.4794 
1.7970 
1.9967 
2.0976 
2.1414 
2.1305 
43  2.4650 
77  2.8440 
42  3.3000 


1.1861 
1.2.342 
1.2980 
1.3162 
1.3074 
1.2832 
1.2864 
1.3158 
1.3238 
1.2899 
1.2651 
0.2085 
0.2179 
0.2748 
0.2858 
0.2693 
0.2374 
0.2716 
0.2929 
0.2894 
0.2395 
0.2678 

1.5861 
1.7404 
1.9983 
2.1393 
2.1988 
2.2007 
2.3529 
2.7033 
3.1135 


0.03S3 
0.0626 
0.0521 
0.0137 
0.0371 
0.0317 
0.0323 
0.0394 
0.0490 
0.0626 
0.0708 
0.0S05 
0.0317 
0.0512 
0.0427 
0.0359 
0.0305 
0.0362 
0.0432 
0.0540 
0.0684 
0.1033 

0.0703 
0.0649 
0.0553 
0.0475 
0.0407 
0.0349 
0.0348 
0.0400 
0.0461 


0.0556 

0.0534 

0.0454 

0.0383 

0.0325 

0.0275 

0.02S3 

0.034 

0.0438 

0.054S 

0.060' 

0.056: 

0.0215 

0.0223 

0.0194 

0.0154 

0.0115 

0.0228 

0.0298 

0.0363 

0.0380 

0.08G3 

0.0749 
0.0823 
0.0803 
0.0733 
0.0613 
0.0553 
0.0584 
0.0786 
0.1039 


0.9G70 

1.0653 

1.1414 

1.1303 

1.1536 

1.1177 

1.1338 

1.1716 

1.2034 

1.1461 

1.0790 

0.1430 

0.0775 

0.1219 

0.1304 

0.1157 

0.0897 

0.1715 

0.2008 

0.1979 

0.1379 

0.2234 
13.9491 


1.6875 
2 . 2330 
2.9115 
3.3348 
3.4916 
3.4978 
3.9551 
5.3147 
7.0107 
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Table  I — Continued. 


b 

b 

.4-) 

c 

0 

PL, 

t. 

I 

A 

sec  a 

I 

100- 

V 

n 

y 

h 

Isec. 

1 

y-  sec  a 

to 

to 

to 

^h 

~w 

C 

s 

CD 

0 
0 

1-H 

a 

(m) 

(cm2) 

(m) 

(m) 

II 

II 

«21 

19.07 

2579 

1.0033 

0.739 

1                       i  3.5S53 

0.0533 

0.1410 

9.4966 

XX 

67.24 

17. 6S  3.8015 

M22 

18.99 

2579 

1.0051 

0.737 

4.1223 

0.0614 

0.1867 

12.5456 

XXII 

67.1 

15.24 

4.3902 

H23 

18.93 

2579 

10031 

0.735 

4.6300 

0.0698 

0.234815.7746 

XXIII 

67.08 

13.87 

4.8384 

«24 

18.91 

2579 

1.0014 

0.734 

5.0463 

0.0752 

0.2782 

18.6710 

XXIV 

67.04 

12.80  5.2400 

"25 

18.90 

2579 

1.0003 

0.733 

5.3689 

0.0800 

0.3146 

21.1120 

XXV 

67.04 

12.19:5.4945 

"26 

18.90 

2579 

1.0000 

0.733 

5.4945 

0.0820 

0.3300 

^22.1281 

XXVI 

(11.0641) 

1X2 

29.43 

953 

1.5568 

3.080 

7.31 

15.24 

0.4794 

0.7463 

0.1023 

0.2347 

1.7163 

hs 

20.96 

953 

1.1087 

2.195 

14.19 

17.68 

0.7970 

0.7070 

0.0676 

0.1051 

1.1248 

lu 

20.96 

953 

1.1087 

2.195 

0.9943 

0.05S1 

0.1276 

2.1977 

20.36 

20.42  0.9967 

?15 

20.96 

1018 

1.1087 

2.057 

26.50 

23.77  1.0976 

1.1610 

0.0504 

0.1204 

3,7948 

?16 

20.96 

1018 

1.1087 

2.057 

31.30 

1 
27.43  1.1414 

1.2412 

0.0435 

0.1110 

3.1851 

h: 

20.96 

1018 

1.1087 

2.057 

36.04 

31. 85 '1.1305 

1.2594 

0.0376 

0.0973 

3.2753 

?18 

18.90 

1277 

1.0000 

1.480 

40.2 

27.43,1,4650 

1.2978 

0.0339 

0.0651 

2.4811 

?19 

18.90 

1277 

1.0000 

1.480 

43.77 

23.77 

1.8440 

1.6545 

0.0393 

0,0962 

4.0349 

?20 

18.90 

1450 

1.0000 

1.303 

2.0720 

0.0455 

0.1227 

5.5613 

46.95 

20.42:2.3000 

?21 

18.90 

1635 

1.0000 

1.163 

49.50 

17.68 

2.8045 

2.5523 

0.0528 

0.1565 

7.5540 

'22 

18.90 

1798 

1.0000 

1.051 

51.65 

15.24 

3.3902 

3.0973 

0.0591 

0.1986 

10.0545 

'23 

18.90 

1971 

1.0000 

0.958 

53.22 

13.87 

3.83S4 

3.6143 

0.0389 

0.2383 

12.4950 

?21 

18.90 

1971 

1.0000 

0.958 

54.25 

12.80 

4.2400 

4.0392 

0.0751 

0.290J 

15.6135 

?2U 

18.90 

2146 

1.0000 

0.880 

4.3672 

0.0800 

0.307r 

16.7804 

54.77 

12.19,4.4945 

/26 

18.90 

2146 

1.0000 

0.880 

4.4945 

0.0S20 

0.3115 

8.8858 

1  Anch 

orage 

48.75 

7426 

1.1180 

0.658 

1.1180 

219.8567 

1    Side 

Span 

0.8192 

^Main 

Span 

13.9491 

219.5567 

234.6250 

1.    Influence  Line  for  H  —  By  equ,  (473"), 


H= 


'Z.rZu-\-'2,rZ'u'-{-E  .M 


Here  Z  and  u,  with  tlie  usual  significance,  refer  to  the  members  of  the 
main  span,  Z'  and  u'  refer  to  the  members  of  a  side  span.  For  determining 
H,  we  will  apply  the  approximate  method  (§  31:  3.  c),  in  which  the  chord 
strains   alone  are   considered   and   the   i?-influence  line  is  constructed   aa 
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the  funicular  polygon  of  the  panel  loads  v  which  are  obtained,  according 


to  equ.    (451),   from  v  =  r. 


-^  .  sec^  <T.     In  this  expression,  y  represents 
/(" 

the  ordinate  of  any  panel-point  measured  from  the  line  joining  the  points 
of  suspension  of  the  corresponding  span;  Ji  is  the  vertical  depth  of  truss; 
<T  is  the  inclination  from  the  horizontal  of  the  chord  member  situated 
opposite  the  panel-point;  and  r  =  the  ratio,  length:  cross-section  of  the 
member.  In  the  arrangement  under  consideration,  consisting  of  inter- 
secting tension-diagonals,  of  the  two  such  members  in  each  panel  only 
that  one  should  be  considered  as  acting  which  is  put  in  tension  by  the 
given  loading.  This  would  make  the  determination  of  the  if-influenee 
line  very  complicated,  so  that  we  adopt  the  admissible  approximation  of 
calculating  each  value  of  v  from  the  mean  of  the  values  for  the  two 
diagonals,  and  considering  it  as  applied  at  the  mid-points  of  the  chord- 
members. 

We  thus  obtain 


Mv 


^ry+  2-^v'y'+  2-^  sera 


I 
A 


The  extra  term  in  the  denominator  takes  care  of  the  elongation  in  the 
anchor-chains  (of  length  I,  section  A  and  inclination  a).  The  quantities 
entering  into  the  calculation  are  given  in  Table   I. 

In  Plate  II,  Figs.  1 — 4,  the  H-curveisconstructed  as  the  funicular  polygon 
of  the  V  and  v'  forces  and  the  quantities  Z  v  y  and  Z  v'  y'  are  obtained 
as  the  proper  intercepts  of  funicular  polygons.  In  the  last  column  of 
Table  I,  the  products  v  y  are  also  computed  and  their  sum  is  found  to  be 


100 


(-2-2r2/+2r'7/'+  ~sec'a^  =234.62. 


The  pole  distance  of  the   v   and  v'   force   polygons  having   been  taken 
as  p  =  3.875  times  the  unit  to  which  the  100-fold  v  's  were  plotted,  therefore 

in  the  expression  17  =  -—..  G,  where  i  is  any  ordinate  of  the  J7-curve,  the 

2  X  234  62 

value  of  A   must  be  2V  =    =  121.1  meters,  which  agrees  with 

o.o75 

the  construction.     The  ordinates  of  the  77-curve  are  compiled  in  Table  II. 


Table 

II. 

<1>  c 

Is 

0 

I 

II 

III 

IV 

V 

VI 

VII 

VIII      IX 

X 

XI 

V 

{ 

0 

1.95 

3.20 

3.99 

4.42 

4.79 

4.79 

4.42 

3.96 

3.35 

2.13 

0 

rc  y. 

XII 

XIII 

XIV 

XV 

XVI 

XVII 

XVIII 

XIX 

XX 

XXI 

XXII 

XXIII 

XXIV 

XXV 

2 

i 

22.10 

41.76 

60.66 

78.18 

95.21 

111.10 

126.55 

141.18 

154.31 

166.53 

177.32 

185. S6 

191.47 

194.46|  1746.6!, 
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Hence,   if   P   is   the   load   per   panel-point,   for   a   side  span   completely 
loaded, 

36.91 
H  =  -J21T  P=  0.3043P; 

for  the  main  span  completely  loaded, 

1746.69 


The  horizontal  thrust  produced  by  temperature  is 
Ht  =  — =; 5 : 


here  L  =  548 . 0  m.,  L,  =  207 .  87  m.,  sec'  a  =  1 .  0752,  E  =  2040  tonnes/cm.», 

40 

- ,   £:  w  /  =  1 .  02  tonnes/cm.-,  so  that 


w  t- 


80,000 


Ft  = 


1.02X994.2 
"2^234762" 


=:  216. 16  tonnes. 


2.  Chord  Stresses.  The  panel-points  are  numbered  consecutively  from 
0  to  XI  in  the  side  span  and  from  XI  to  XXV  to  the  mid-point  of  the  center 
span.  The  lower  chord  members  will  be  denoted  by  L,  the  upper  chord 
members  by  V,  the  diagonals  inclined  downward  to  the  right  by  D, 
those  slanting  clownward  to  the  left  by  D',  and  the  posts  by  V.  As  an 
index  to  each  member  will  be  attached  the  number  of  the  corresponding 
panel  (1-11  in  the  side  span  and  12-26  in  the  center  span),  the  posts  being 
designated  by  the  number  of  the  panel-point.  In  Plate  II,  Fig.  4,  are 
drawn  the  influence  lines  for  the  chord  stresses  in  the  main  span.  Since 
the  upper  chord  conforms  to  a  parabola,  all  its  panel -points  will  have  the 

M 

same   value   of ;    the   lower   chord   influence   lines   are   therefore   easily 

V 
constructed,    all    of    them    being    represented    by    triangles    of    the    same 
altitude,  viz. 


4     / 


G  = 


1     548.0 


X  121.1  =  302.75  m. 


4       54.8 
The   altitudes   of   the   influence   triangles   for   the   upper   chord    stresses 


are  given  by 


M 


X  (L- — x) 


G,  where  x  and  1/1  arc  the  coordinates  of 


2/1  L.y\ 

a  lower  chord  panel-point  referred  to  the  panel-point  XI.     We  thus  obtain 
the  following  values: 

There   were   thus  constructed   the  upper   chord   influence  lines   in   Plate 
II,  Fig.  4. 


XI 

XII 

XIII 

XIV 

• 
XV 

XVI 

XVII 

XVIII 

XIX    XX 

XXI 

XXII 

XXIII 

XXIV 

XXV 

II 

0 

98.14 

134.35 

151.23 

158.49 

161.46 

16).  73 

ISO.  03 

19C.G9  211.14 

223.30 

233.07 

240.31 

245.18 

247.55 
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The  limiting  stresses  in  the  members  produced  by  a  uniform  load    (p) 
will  now  be  found  from  the  areas  of  the  influence  lines. 
With  a  as  the  panel-length,  let 

<I>  =  area  of  i/curve  in  the  main  span  =  3493.38 
•i>x  =  area  of  iZ-curve  in  the  side  span  =  36.91a 

F,  =  the  negative  portion  of  the  influence  area  for  a  chord  member 
in  the  main  span,  _  oor* 

F  =  area  of  the triangle  =  v  ^  ~Z-  -<j/ 

V    '      ^     '  \  r'^"'>«slllUi^^^Fig.  109 


Then, 


y  p  y  P 

/Smai  =  r  max  .  ^  .  sec  <r  . —3-  Sj„i„:=  —  Fmln.  "7~.  SCC   0"  .        " 


For  all  the  lower  chord  members,  F  =  302.75  X  14.5.a  =  4389.88.a 
(constant).  For  any  member  and  any  loading,  that  influence  line  should 
be  used  which  refers  to  the  panel-point  belonging  to  the  positively  stressed 
diagonal  in  the  panel. 

In  Table  III  are  calculated  the  chord  stresses  produced  by  the  moving 
load.  In  the  actual  design,  the  moving  load  was  p  =  4464  kilograms  per 
meter  (=  3000  pounds  per  linear  foot),  or  a  panel  load  of  pa  =  4464  X  18.9 

=  84,370    kg.      We   thus    have       ^^     =     ^"^'^^^     =  696.7,    so   that    the 
'  ^  G  121.1 

quantities Fmax  and  Fmin  in  the  table  must  be  multiplied  by  the 

a  a 

factor  0.6967  .   -^ .  sec  cr    in  order  to  obtain  the  chord  stresses    in  tonnes. 
h 

It  was  not  necessary  to  draw  the  chord  influence  lines  for  the  side 
spans,  since  just  two  different  cases  of  loading  need  be  considered  in 
order  to  obtain  the  extreme  stresses  in  all  the  members:  one  of  the  side 
spans  completely  loaded,  or  the  main  span  and  the  other  side  span  covered 
with  load.     The  data  for  computation  are  arranged  in  Table  IV. 

RemarJc  on  Tables  III  and  IF :  The  oblique  lines  in  columns  6  and  10, 
and  7  and  11,  respectively,  indicate  which  panel-point  is  to  be  the  cen- 
ter of  moments  for  each  chord  stress  according  to  the  diagonal  considered 
acting. 

With  reference  to  the  dead  load,  it  is  assumed  that  this  is  carried 
directly  by  the  tension-chord  acting  as  a  cable  and  consequently  the 
bracing  receives  no  stress  from  this  source.  This  condition  may  be 
realised  by  making  the  diagonals  adjustable  in  length  and  leaving  them 
loose  during  erection,  so  that  only  the  posts  serve  to  transmit  the  load 
to  the  cable.  Not  until  the  entire  construction,  including  the  roadway, 
is  completed,  are  the  diagonals  to  be  adjusted ;  they  should  be  given  a 
slight  initial  tension  at  a  mean  temperature  of  about  10°C.  (=  50°F.). 
An  approximately  uniform  distribution  of  the  dead  load  corresponds  to 
the  parabolic  curve  adopted  for  the  tension-chord  and  to  the  ratio  of  rises 
or  versines  in  the  main  and  side  spans  of 

The  stresses  in  the  cable  produced  by  the  dead  load  of  8900  kg.  per  meter 

(  =  6,000  lbs.  p  .  1 .  f  .)  are  computed  by  the  formula 

1  548* 

Ug  =-^.8900,-— -^sec 0=6096. 5. sec <r  (tonnes). 

These  values  are  given  in  Table  V. 
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Table  III. 
Maximum  Moving-Load  Chord  Stresses  in  the  Main  Span. 


c 

"S 

0) 
B 

ClJ 

Ph 


II 


(m.) 


(m) 


H 

fl) 

a 
(m) 


w 

a  ui 

^ 

c  a 

^ 

CO 

1*^ 

Si|.S 

Q 

s 

CO 


(t.) 


a 

i 
(m) 


(5  C 

too 

p 


a'* 


E 


.(t) 


0.7463 

—378.0 

0.8836 

—411.1 

1.1050 

-4S8.3 

1.1050 

—488.3 

1.2169 

—466.3 

1.2C55 

—431.9 

1.4650 

—374.0 

1.8440 

-391.9 

2.3000 

-395.8 

2.3000 

—395.8 

2.S045 

—373.0 

3.3902 

—337.8 

3.8384 

—287.5 

4.2400 

—252.0 

4.4945 

—237.6 

1.5861 

+2015.2 

1.5717 

2579.0 

2.1035 

2464.6 

2.1920 

2381.9 

2.2215 

2280.2 

2.1951 

2168.0 

2.5242 

2067.1 

2.8966 

1943.2 

3.3445 

1802.6 

3.8399 

1610.6 

4.4170 

1406.1 

4.8548 

1148.3 

5.2473 

91G.0 

5.4961 

759,8 

5.4945 

759.6 
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Table  IV. 
Maximum  Moving-Load  Chord  Stresses  in  the  Side  Span. 


c 
5 

t-. 

—1  o 

b 

a 

S) 

03 

b 

H 

c 

y 

(m  ) 

M 

(t.m.) 

Hi  y 

(t.m.) 

1 

(t.m.) 

0 

c5 
(t.) 

15 
+ 

5 

tflo 

Q 

0 

CO 

(t.) 

Left  Span  Completely  Lo 

aded. 

Middle  and  Right  Spans 
Completely  Loaded. 

L, 

^ — 

0.OS051 

+  636.4 

.-^ 

0.08051 

—512.2 

I 

Ln 

2.59 

7971,6 

66.8 

7934.8 

J!?2 

0.06765 

534.8 

6361.2 

Z>'„ 

0.05591 

—640.1 

II 

U 

4.6G 

14349.0 

119.7 

14229.3 

D^Ds 

0.05591 

794.5 

11450.0 

IJ'nD'a 

0.04646 

—709.2 

HI 

Li 

6.22 

19132.0 

159.7 

18972.3 

D^D\ 

0.03894 

862.0 

15266.7 

i>vS 

0.0464G 

—709.2 

IV 

Ls 

7.25 

22320.7 

186.2 

22134.5 

0.03297 

7S2  0 

17811.1 

D,Ds 

0.03894 

—693.6 

V 

Le 

7.77 

23915.0 

199  5 

23715.5 

D'sD'e 

0.02815 

667.6 

19083.3 

D^Da 

0.03297 

—629.2 

VI 

L^ 

7.77 

23915.0 

199.5 

23715.5 

iKdI 

0.03297 

782.0 

19083.3 

BoD', 

0.03953 

—704.2 

VII 

Ls 

7.25 

22320.7 

18G.2 

22134.5 

D,Da 

0.03953 

875.1 

17811.1 

lyTrya 

0.04813 

—734.8 

VIII 

La 

6.22 

19132.0 

in9.7 

18972.3 

DgD'a 

0.05997 

853.4 

15266.7 

D^Do 

0.04813 

—734.8 

IX 

-^10 

4.66 

14349.0 

119.7 

14229.3 

D'sD\a 

0.07690 

607.9 

11450.0 

Dslho 

0.05997 

-686.7 

X 

2.59 

7971.0 

C6.S 

7904.8 

■D'lo 

0.10338 
0.06827 

817.2 
—513.8 

6361.2 

D,o 

0.10338 
0.06827 

—657.6 
+2912.5 

I 

U. 

17.37 

7971.6 

446.0 

7525.6 

L>2. 

0.05666 

—780.2 

42657  0 

D'2 

0.06857 

2925.1 

II 

Vs 

22.55 

14349.0 

579.0 

13770.0 

D.Ds 

0.04731 

—871.5 

55379.2 

D'-.D'a 

0.05692 

3152.4 

III 

U4. 

27.73 

19132.0 

712.1 

18419.9 

DsDU 

0.04757 

—876.3 

68101.5 

D'sD'i 

0.03986 

3221.9 

IV 

Ih 

32.93 

22320  7 

845.1 

21575.6 

D^.D's 

0.04013 

—861.7 

80823.7 

D^Ih 

0.03396 

3176.6 

V 

Ue 

38.10 

23915.0 

978.1 

2293IJ.9 

D^D', 

0.03419 

—784.1 

93545.8 

n^Da 

0.02920 

3103.1 

VI 

V, 

43.2s 

239  5.0 

1111  1 

22803.9 

0.03520 

—752.4 

106268.0 

n„D\ 

0.02940 

3124.0 

VII 

Vs 

36.91 

22320.7 

947.6 

21373.1 

D,Ds 

0.04324 

—793.4 

90627.3 

D',D's 

0.03550 

3217.2 

VIII 

L\ 

30.57 

19132.0 

784. 9 

18347.1 

DsD'9 

0.04360 

—800.0 

75061.3 

D'sDg 

0.05433 

3228.5 

IX 

V^o 

24.20 

14349.0 

021.3 

13727.7 

D^ir.o 

0.054S2 

—752.6 

59420.3 

D'yD.O 

0.07828 

3076.7 

X 

f/11 

17.83 

7971.6 

457.7 

7513.9 

D'w 

0.07097 

—533.2 

43779  5 

-Dio 

0.07097 

3106.9 

The    temperature    changes,    which    give    rise    to    the    horizontal    force 
computed  above,  produce  stresses  in  the  chords  of  the  structure  amounting 

to  Et  . -^  .  sec  cr.     For  a  range   of  temperature  of   ±  40°C.    (=72°F.), 
h 

we   found   above  that  fl't  =  ±  216.16  tonnes;    the   resulting  chord   stresses 

are   listed   in   Table   V.      This   Table   V   contains   in  addition,   in   the  last 

two   columns,  the  extreme  values  of  the   chord   stresses  producible   by   the 

combined  action  of  dead  load,  live  load  and  temperature  variation. 
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Table  V. 
Summary  of  Maximum  Chord  Stresses. 


Live  Load  Stress 

Temperature  Effect 

Total  Stresses 

_  u 

Dead 
Load 

fc-^ 

2s 

Stress 

Max. 

Min. 

— 40°C 

Diago- 
nal 

+40°C. 

Diago- 
nal 

Max. 

Min. 

^ 

Acting 

Acting 

(t) 

(t) 

(t) 

(t) 

(t) 

(t) 

(t) 

Ux 

+6153.1 

+  2012.5 

—513.8 

+  256.4 

-  256. 4 

+9322.0 

+5382.9 

V2 

G178.2 

2925.1 

—780. 2 

257.4 

D'2 

—  276.2 

■D, 

+93G0.7 

+5121.8 

Vz 

6207.5 

3152 . 4 

—871.5 

377.6 

£3'3 

—  282.4 

Dl 

+9G37.5 

+5053.6 

u. 

6241.0 

3221 . 9 

—876 . 3 

283.6 

D, 

—  283.9 

DU 

+974G.5 

+5080.8 

Us 

6279.4 

3176.6 

—861.7 

279.7 

Ds 

-  285.6 

■D'5 

+9735.7 

+  5132.1 

t/e 

6322.1 

.SHr,.! 

—784.1 

273.2 

De 

—  281.5 

£>'« 

+9698.4 

+  5256.5 

t/7 

6366.7 

3124.0 

—752.4 

275.0 

D'7 

—  281.0 

-D7 

+97G5.7 

-f  5.333.3 

Us 

6417.3 

3217.2 

-793.4 

283.2 

D's 

—  2S5.7 

Ds 

+9917.7 

+5496.2 

u. 

6471.6 

322S.5 

—800.0 

284.2 

D, 

—  288.1 

D\ 

+9984.3 

+5383.5 

U^o 

6529.5 

3i>:6.7 

—752.6 

270.9 

n^o 

—  286.8 

D\o 

+9877.1 

+5490.1 

Vn 

6591.7 

jio;.9 

—533.2 

273.5 

—  273.5 

+9972.2 

+5784.0 

Li 

—512.2 

+636.4 

-  45.2 

+     45.2 

-  557.4 

+  681.6 

L2 

—640.1 

534.8 

—  56. 3 

0) 

37.9 

0 

—  696.4 

+  572.7 

Ls 

-709 . 2 

794.5 

—  62.5 

> 
0 

56.3 

> 
0 

—  771.7 

+  850.8 

L, 

—709.2 

862.0 

—  62.4 

42 

61.1 

.Q 

—  771.6 

+  923.1 

U 

—69,3.6 

782.0 

—  61.1 

d 

55.3 

td 

—  754.7 

+  837.3 

U 

— G29.2 

667.6 

—  56.3 

a 

47.3 

to 

—  684.5 

+  714.9 

L-, 

— ';04.2 

782.0 

—  62.0 

55.4 

—  76G.2 

-  837.4 

Ls 

—734.8 

875.1 

-64.7 

0) 

E 

62.0 

0) 

s 

—  799.5 

-  937.1 

L, 

—734.8 

853.4 

-  64.7 

60.5 

—  799.5 

-  913.9 

Lio 

— GS6.7 

607.9 

—  60.5 

m 

43.0 

—  747.2 

+  (.50.9 

Ln 

— '157.G 

817.2 

—  57.9 

57.9 

—  715.5 

+  8,5.1 

U,2 

+6536.1 

+  2615.2 

—250.5 

+  342.9 

—  342.9 

+9494.2 

+5942.7 

r/i3 

6476.9 

2579.0 

—396 . 6 

339.7 

r>13 

—  412.7 

D\3 

+9395.6 

+5694.6 

C/u 

6422.7 

21G4.6 

—  153.9 

409.2 

-£>U 

—  454.7 

-£>'u 

+9296.5 

+5514.1 

C/l5 

6370.8 

23S1.9 

-450.2 

451.1 

I>15 

—  473.8 

■£>'l5 

+9203.8 

+5446.8 

I/ie 

6324 . 5 

22S0.2 

—442.9 

470.4 

I>16 

—  480.2 

D'l6 

+9075.1 

+5401.4 

I/l7 

6281 . 2 

21G8.0 

—383.5 

474.5 

D\, 

—  476.9 

D,., 

+8943.7 

+5420.8 

t/i8 

6242.8 

20(7.1 

-387.5 

471.6 

Drs 

—  545.6 

D\s 

+8781.5 

-5309.7 

-50S0.8 

l/io 

620.) .  3 

l:)43.2 

—502.4 

542.7 

■D19 

-  626.1 

■£>'l9 

+8695.2 

t/so 

6178 . 8 

1802.6 

—626.6 

623.1 

^,0 

-  723.0 

D'20 

+8604.5 

+4829.2 

C/21 

6153.2 

1610.6 

-730.6 

720.0 

D21 

—  830.0 

-D'21 

+8483.8 

+4592.6 

I/2J 

6133.7 

140:i.l 

—829. 6 

827.4 

■D22 

—  954.8 

D'22 

+8367.2 

-4349.3 

1/23 

6117.2 

1118.3 

-869 . 3 

952.2 

■D23 

—1049.3 

D'23 

+8217.7 

+4258.6 

f/21 

6105.0 

916.0 

-872.4 

1047.4 

-D24 

—1134.3 

D'24 

+8068.4 

+4098.3 

1/26 

6098.3 

759.8 

—871.4 

1133.0 

P^n 

-1188.0 

.D'25 

+7991.1 

+4038.9 

+4065.1 

f/26 

go-k;  .  5 

759 .  G 

—843.6 

1187.8 

1)2<S 

-1187.8 

D'2e 

+8043.9 

Z/ia 

—378.0 

+805.9 

-161.3 

+  161.3 

—  539.3 

+  967.2 

■£'13 

-411.1 

573.9 

-191.0 

114.9 

—  602.1 

+  688.8 

I/u 

—488.3 

917.7 

-238.9 

191.0 

—  727.2 

+1188.7 

iiB 

-488. 3 

1102.7 

— 2G3.0 

<D 

238.9 

01 

—  751 . 3 

+1341.6 

Lio 

—466.3 

1157.4 

-273.6 

> 
0 

263.0 

> 

0 

—  739.9 

+1420.4 
+1362.6 

il7 

—431 . 9 

1091.7 

— 273.G 

.Q 

270.9 

J2 

—  705.5 

1>18 

-374.0 

984.6 

—316.7 

rt 

244.4 

cS 

—  690.7 

+1229.0 
+1530.6 
+1847.6 
+2211.5 
+2587.0 
+3014.1 
+3317.7 

-£'18 

—391 . 9 

1213.9 

—398.6 

m 

316.7 

m 

—  790.5 

L211 

—395 . 8 

1449.0 

—497.2 

cd 

398.6 

rt 

—  893.0 

L21 

—395.8 

1714.3 

—606.2 

(1) 

s 

497.2 

0) 

6 

cd 

—1002.0 

L22 

—373.0 

1980.8 

—732.8 

606.2 

—1005.8 

■£'23 

—337.8 

2281 . 3 

—829.7 

cd 

732.8 

-1167 . 5 

■£'21 

—2  m.  5 

2488 . 0 

—916.5 

829.7 

-1304 . 0 

■£'25 

—252 . 0 

2682 . 7 

—971.6 

916.5 

—1223.6 

+3599.2 

■£'20 

-237.6 

2807.4 

—971.6 

971.6 

- 

—1209.2 

+3779.0 

."?,     Web  Stresses.     Employing  the   notation  indicated   in  the  adjoining 
diagram,   Fig.    110,   tlie   stress  in  any   diagonal   in   the   main  span  will  be 

Z. 


-=(--"  l)-'A~-") 


Here  Z  is  the  stress   for   a  simply   supported   truss,   and   its   influence  line 
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X  , 


may  be  constructed  in  the  well  known  manner.    Using  an  intercept  =  G  .  — ' 

y 

laid   off   on   the   left   reaction   vertical,    we   obtain   the   influence   line   for 
=  _;    this   is    represented    by    AimiriiBi  (Fig.    Ill),   from   which 


y         y 

the  ordinates  of  the  fl-eurve  are  to  l^e  subtracted.  The  maximum  tension 
in  the  diagonal,  D,  is  represented  by  the  intercepted  area  (shaded)  i^'mai, 
and  its  value  will  be 

„  JL        JL         y 

y^inai=      f^      •        ^     '    ^  max. 
tr  ~ 

The  maximum  tension  in  the  opposite  diagonal  D'  is  similarly  determined 

Fig.   110. 


Fig.  111. 


by  the  negative  portion    (F,)    of  the   influence   area  augmented   by   twice 
the  area  (*)   of  the  i7-curve  in  the  side  span  so  that 


D'r, 


|-.^(F,  +  20) 


In  Plate  ITT,  Fig.  1,  are  constructed  the  influence -lines  for  the  diagonals, 
and   the    data    for   their   computation    are    arranged   in    Table   VI.        The 

ordinates  of  the  iff-curve  are  those  of  Plate  II  reduced  to    — r-  the  scale, 

4 

£0  that  the  unit  load  G  =  -_-  X  121.1  =  30.3  meters.     Column  4  of  Table 

4 


ines; 


VI  gives  the  intercepts   ((r-^J  used  in  constructing  the  influence  li 
and   the   areas  in   column   5,   when  multiplied  by   the   factor   -£- —  •  ---  = 

-  o^i  o  -  -^  =  2.786  — ^ ,   give   the    maximum    tensions    in    the   diagonals 
60.6       z  z 

producible    by   the    moving    load.      The    temperature    stresses,    with    Hi  = 

216.16  t.,  are  given  by  I^t  =  216.16    -^ ;    these  are   listed   in   column  9  in 

z 

the  table. 
17 
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Table  VI, 
Stresses  in  the  Diagonals  of  the  Main  Span. 


B 

a; 

y 

y    -^ 

1 

(Gf=30.3) 

a 

s 

(m) 

(m) 

(m) 

(m) 

I>13 

-108.52 

—37.79 

85.47 

371.22 

Du 

—79.85 

—24.75 

97.85 

391.93 

£>15 

—57.36 

-14.05 

123.79 

534.03 

X»16 

—39.62 

—5.52 

217.80 

1371 . 81 

I?17 

—24.32 

+1.95 

318.17 

U262.99 
~;      18.45 

Dis 

4-251.15 

+66.69 

114.20 

259.45 

Die 

269.59 

66.75 

122.48 

254.19 

D20 

288.64 

66.75 

131.13 

252.29 

£>21 

312.71 

66.75 

142.07 

264.36 

D22 

345.02 

66.63 

157.03 

297.78 

D23 

391 . 23 

66.63 

177.74 

351.65 

Da 

481.87 

66.57 

219.83 

486.25 

D25 

767.46 

66.44 

350.27 

936.85 

D2, 

=3.5  ?}  ( 

t.  sec /3  = 

3.5X84.37X1.838= 

D'13 

-37.79 

Fi=147.26?        -,..  ,, 
2<i.i=lS.45f=   l'^5-^l 

D\, 

-24.75 

162.26 
18.45 

•=    180.71 

D'l. 

-14.05 

293 .  81 
18.45 

[  =   312.26 

£>'l6 

—5.52 

1100.43 
18.45 

=  1118.86 

D\, 

1.95 

—  4404.21 

D'l8 

66.69 

38 .  56 

18.45 

=     57.01 

D'i9 

66.75 

27.89 
18.45 

=     46.34 

iJ'so 

66.75 

27.57 
18.45 

=     46.02 

Z)'21 

66.75 

41.05 
18.45 

=     59.50 

D'22 

66.63 

69.49 
18.45 

=     87.94 

-D'23 

66.63 

122.60 
18.45 

=    141.05 

-D'24 

66.57 

245.60 
IS .  45 

=    264.05 
=   694.85 

i>'25 

66.44 

676 . 40 
18.45 

D'se 

asforDae 

(m) 


L.  L. 

D  max 

(t) 


Tem. 
Dt 

(t) 


L.L. 

+ 
Tern. 

(t) 


—73.30 

—77.42 
-83.82 

—92.05 

+102 .  26 

+97.23 

92.96 

90.52 

93.94 

104.39 

139.11 

281.72 


-107.35 

-109.72 
-114.30 

-120.70 

-128.16 

113.08 

103.52 

100.31 

96 .  86 

98.63 

107.90 

141.73 

282.85 


0.5232 
0.3376 
0.1815 
0.0658 

.540.3 
368.1 
269.6 
251.1 

113.1 
73.0 
39.2 
14. 2j 

0.0212 

252.4 

4.6 

0.6522 
0.6865 
0.7180 
0.7374 
0.7092 
0.6394 
0.4779 
0.2358 

470.7 
485.4 
503.9 
542.3 
587.5 
625.5 
646.4 
614.6 

141.0 
148.4 
155.2 
143.1 
153.3 
138.2 
103.3 
51.0 

540.6 

0 

0.3527 

162.6 

76.3 

0.2256 

113.4 

48.8 

0.1229 

106.8 

26.6 

0.0457 

142.2 

9.9 

—0.0152 

iS6.5 

.3.3 

0.5898 

93.5 

127.5 

0.6266 

80.8 

135.4 

0.6655 

85.2 

143.9 

0.6891 

114.1 

149.0 

0.6755 

164.4 

146.0 

0.6186 

242.7 

133.7 

0.4690 

344.5 

101.4 

0.2343' 

454.1 

50.8 

1 

540.6 

0 

653.4 
441.1 
308.8 
2.55.3 

257.0 

611.7 
633.8 
659.1 
6.^5.4 
740.8 
763.7 
749.7 
665.8 
540.6 

238.9 

162.2 
133.4 

152.1 
189.8 
221.0 
216.2 
229.1 
263.1 
280.4 
375.4 
445.9 
504.9 

540.6 


To  find  the  stresses  in  the  posts  of  the  main  span,  the  same  method 
of  treatment  will  be  followed.  If  s  is  the  distance  of  the  7?ith  post  from 
the  intersection  of  the  mth  upper  chord  member  with  the  {m  +  l)th  lower 
chord   member,   and   if   y  is   the   ordinate  of  this   intersection  point,   then 


r  max — 


Fn 


.G      '        Z 

Fmax  is  the  positive  portion  of  the  influence  line  for  the  post  constructed 

by  using  the  intercept  G on  the  reaction  vertical.     With  the  exception 

of  Fi„  the  influence  lines  for  the  posts  are  easily  obtained  from  those  of 
the  diagonals;  they  are  drawn  in  Plate  III,  Fig.  1,  as  dash  and  dot  lines. 
The  minimum  stress  in  the  posts  occurs  when  the  system  of  diagonals 
D'  is  acting;   for  this  ease, 

where  s'  and  y'  refer  to  the  point  of  intersection  of  the  (m+1)  th  upper 
chord,  with  the  mth  lower  chord  member,  and  F'  represents  the  negative 
portion  of  the  corresijonding  influence  area.     The  quantities  for  computa- 
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tion   are   arranged   in   Table  VII;    it  should  be   observed  that   the  stre.sses 
in  columns   10   and   11   are   obtained  by  multiplying  the  areas   in  columns 

2   and   6  by  the  factors  2.786    -^   and  2.786  -^  respectively. 

The  stresses  Fmax  are  found  to  be  larger  throughout  than  Tmin;  only 
the  former  need  therefore  be  considered,  and  it  consequently  suffices  to 
calculate  the  temperature  stresses  for  rising  temperature  only  (which  brings 
the  diagonals  D  into  action)  ;   these  temperature  stresses  are  given  by  the 

expression   216.16-^. 

z 

Table  VII. 
Stresses  in  the  Posts  in  the  Main  Span. 


u 

0) 


.H 

M 

Moving  Load 

y 

1^ 

+ 

y 

s' 

z' 

Temp. 
Vt 

T'^max 

Fmln 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(t) 

(t) 

(t) 

+ 

M 

e] 

E 

(t) 


Vl2 

Vis 

Vu 

Vl5 

Vie 

Vl7 

Via 


310.73 
296.99 

317.35 

446.26 
1216.17 
227.92 

205.43 


Yifl '200.89 
200.50 
193.65 
245.14 


Vao 

F23 -234.26 

y24  412.74 
¥26  805.44 


56.39  183. 48  0.3073 
0,2619 


37.79144 

24.75136. 

14.05132. 
5.52  134 
66.69 

66.69 

66.75 

66.75 

66.75 

66.63 

66.63 


124. 
US. 
118. 
118. 
123. 
137, 
164, 


66.57  23(3 
66.441502 


.11 
05 

87 

41 

56 

74 

16 

46 

21 

.£0 


0.1812 

0.1057 
0-4114 
0.5376 

0.5610 

0.5638 

0.5630 

0.5394 

0.4858 

0.4051 

0.2818 
0.1321 


103.221 
18.451 

144,33) 
18.45! 

640.69] 
18.45) 

2892.44 

928.23 
18.45 
26.67 
18.45 
24.67 
18.45 
35.33 
18.45 
59.27 
18.45 

105.90 
18.45 

211.71 
18.45} 

5S'0.  79 
18.45 

3.009  ya 


24.75 

14.05 

5.52 

i.rs 
8.53 

6G.75137 
66.75137 


117 

114 

115 
118. 
123 


0.2104 
0.1232 
0.0426 


81  0.01642 
99  0.0688 


66.75 
66.63 
66.63 
66.57 
66.44 


142 
156 
183 
253 
521 


0.4861 
0.4856 
0.4680 
0.4269 
0.3633 
0.2609 
0.1273 


-265.6 
-216.4 

-161.1 

-131.2 
-139.2 
-340.8 

-320.6 

-315.1 

-314.0 

-290.6 

-331.3 

-331.5 

-323.6 
-296.0 


—  66.4 

—  71.2 

—  56.6 

—  55.8 

-  39.2 

—  78.1 

—  22.9 

—132.1 

—    8.9 

—177.7 

-125.9 

—  61.0 

—121.2 

—  58.2- 

■—121.9 

—  70.0 

-121.7 

—  £2.3 

—116.6 

—125.6 

—105.0 

—167.1 

—  87.6 

—212.2 

—  60.9 

—253.9 

—  28,5 

—332.0 
—273.0 

—200.3 

—154,1 
—148.1 
—466.7 

—441.8 

—137.0 

—435.7 

—407,2 

—436.3 

-419.1 

—384,5 
—324,5 


The  stresses  in  the  side  span  are  given  by  Z>  =  Z  -f-  //  .  u.  The  Z 
influence  lines  for  the  diagonals  of  the  system  D  are  constructed  in 
Fig.  3,  Plate  III,  with  the  aid  of  the  intercepts  D  and  B'  laid  off  on  the 
two  reaction  verticals.  The  quantities  D  and  D'  represent  the  stresses 
in  any  member  producible  by  a  unit  force  acting  vertically  at  the  left 
or  right  end  of  the  span;  they  are  obtained  from  a  force  polygon,  Fig.  4, 
Similarly,  the  stresses  %[,  producible  by  a  force  of  1  .  sec  a  acting  along 
the  line  joining  the  two  points  of  support  are  obtained  by  a  force  polygon, 
Fig.  2.  The  maximum  tension  in  any  diagonal  D  is  obtained  when  the 
load  covers  the  portion  of  the  side  span  to  the  right  of  the  panel  con 
taining  the  member.  With  the  diagonals  Di,Dr„De„Ds  and  Z*,,,,  there  mr.st 
be  added  to  the  above  a  load  covering  the  center  span  together  with  the 
other  (right)  side  span.  In  Table  A'lII,  the  quantities  of  column  6  are 
obtained  from  the  influence  line  for  Z,  and  thoFe  of  column  5  from  the 
ordinates  of  the  i7-curve  in  the  loaded  section.  From  these,  the  stresses 
given  in  the  remaining  columns  are  obtained,  using  the  values  2^0  =  84.37 

^^  —  0.6967.     The    temperature  stresses   are   given  by   Z>t 


tonnes    and 
=  216.16  u. 


a 
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If  the  other  diagonal  D' ,  in  any  panel,  is  brought  into  action,  then  its 

stresses   will   be  B'  =  —  D  —- ,   where   d   and   cV   are   the   lengths   of   the 

cv 

respective   diagonals.      We   can   therefore   obtain  the   maximum   stresses   in 

the    diagonals    of    the    system    D'   by   nsing   the    influence   lines    drawn    for 

the  system   D;  for    this  purpose  we  simply  measure  the  negative  portions 

of    these    influence    areas    and    multiply    the    resulting    stresses    by  — . 

d 

The  stresses />'  in  Table  VIII  are  thus  obtained  from  Zr  =  (Z  +  -Hm)    ^' 

Table  VIII.  ^ 

Diagonal  Stresses  in  the  Side  Spans. 


u 

6 


D' 


Dz 

Dt. 
Ds 

Dt 

Dt 

Ds 

Do 

Dio 

D'z 

D'i 

D\ 
D\ 
D\ 
D'n 
D's 
D't 
D'lo 


H 


(t) 


(t) 


Hu 


(t) 


d 


} 

-a 

01 

rt 

u 

o 

3 

go 

.S  + 

t^ 

>N 

s+l 

§ 

H 

(t) 

(t) 

+ 

1-3 
(t) 


+  1.053 
+  0.710 
+  0.470 
+  0.283 

+  0.145 

+  2.040 
+  2.432 

+  3. 050 
+  4.030 


-2.826 
-2.388 

-2.034 

-0.185 
-0.305 

-0.485 
-0.7G0 


—  0.100 

—  0.03: 
+  0.015 
+0.0ir5 

+0.0705 

—  0.040 

—  0.014 

+  O.02O 
+  0.071 


p  a 

35.28 

G 

31.50  " 

3530.3  " 

31.87  " 
^530.3  "■ 

1.77 
3530.3 

16.57 

15.06  " 

10.07  " 
3530.3 

5.r5" 
3530.3 

1.94 
.1530.3") 

1.63  "J 

3530.3  "  ) 
5.41"  j 


10.04  " 
15.14  " 

20.34  " 

3530.3"! 
21.25"  J 

;530.3  ") 
2;.?,4  "  J 

30.96  " 


34.97  " 


0.8123  "  = 


1.4327  "  = 

2.1052  "  = 

2.6089  "  — 

0.3091  "  - 

0.7012  "  — 

1.4804  "  = 

2,9937  "  = 


68.5 
120.8 
177.6 
220.1 

20.1 

59 

124.9 
252.5 


—2.4 

—0.8 

+37.1 

+114.8 

+173.9 

—0.4 
—0.1 

+49.2 
+174.4 
+245.6 

+  91.0 


26.02 


24.00 

2S.64 


-=1.0840 


=1.1006 


26.02 

31.87 
—0.1 =1.1128 


28.64 
35.73 


—0.5- 
—1.0 
+0S.8 
-1-34.'' 
—0.4 
—1.7 


31.87 

40.22 


-=1.1212 


35.73 

45.  ?3 

30.52 

40  56 

2o.lS 

36.37 

22. J3 

32.78 

20.52 

-=1.1255 


1.4S52 

1.5497 

=1.5333 

=1.5974 


349.9 

21.6 

183.3 

8.0 

129.0 

3.3 

154.9 

10.1 

188.0 

15.2 

152.1 
105.5 

8.7 
3.0 

110.3 

4.3 

195.6 

15.3 

289.3 

23.5 

175.6 

8.8 

134.2 

3.6 

198.6 

11.3 

246.6 

17.1 

185.5 

12.9 

145.3 

4.7 

198.3 

6.9 

400.7 

23.9 

371.5 

191.3 
132.3 
165.0 

.2    203.2 

160.8 
108.5 

114.6 
210.9 
312.8 

184.4 

137.8 

209.9 

263.7 

198.4 

150.0 

205.2 

424.6 
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The  stresses  in  the  posts  can  also  l)e  determined  from  the  influence  lines 
constructed  for  the  system  of  diagonals  D.  If,  with  this  system  acting,  Vm 
and  V'm  are  the  stresses  produced  in  the  mth.  post  by  a  unit  force  applied 
vertically  at  the  left  or  right  end  of  the  span,  then  we  have 

for  any  loading  which  would  stress  the  diagonals  I)  in  the  adjoining  panels, 
and  -r^    V'm        -p. 


D. 


'm+i 


for  any  loading  which  would  stress  the  diagonals  V . 

Vm  and  V'm  are  obtained  from  the  force  polygon  Fig.  4;  Dm  and  Dm^ 
are  calculated  by  the  expression  Z  -\-  R  u  from  the  appropriate  positive  or 
negative  portions  of  the  influence  areas  for  the  mt\\  and  ('»  +  l)th  diag- 
onals. These  cases  are  marked  in  Fig.  3,  Plate  III,  by  dash  and  dot  lines. 
For  the  members  Fj,  Fj  and  F,n,  separate  influence  lines  are  drawn. 

We  thus  find,  for  each  post,  two  stress-values  (compression),  the  larger 
of  which  is  retained.  The  quantities  involved  in  the  calculation  are  given 
in  Table  IX. 

Table  IX. 
Stresses  in  the  Posts  in  the  Side  Spans.         


u 

a> 

S 

0) 

M 

H 

Z 

Z  +  Hm 

V  m 

P,      and 

Um 
V  m 

CO 

9 
m 

Tem. 
+  40° 
—40° 

L.  L. 

+ 
Tem. 

s 

(t) 

Dm+i 

(t) 

(t) 

(t) 

Vi 

+  0.110 

35.24P« 
G 

3.2581  pa 

-274.9+  2.7=- 

—272  2 

1.00 

-272.2—23.8 

-296.0 

Va 

+  0.100 

31.61  " 

3.2524  " 

-274.4+  2.2=- 

—272 . 2 

—167.5 

-13.3 

—180.8 

Vt 

+  0.037 

27.10  " 

1.6650  " 

—140.5+  0.7=- 

-139.8 

if:=»-~ 

—  96.5 

—  6.9 

-103.4 

"Fi 

—  0.015 

3530.3  "1 
22.00  ") 

0.8073  " 

—  68.1-37.1  =  - 

-105.2 

g|=..T«, 

—  78.3 

-  9.5 

Fs 

-0.0465 

35.30.3  "1 
17.59  "1 

0.3298  '• 

—  27.8—114.7  =  - 

-142.5 

'.S^"* 

—113.8 

-15.3 

Fe 
Ft 

+  0.075 
+  0.040 

16.09  " 
12.22  " 

1.8643   " 
1.0631   " 

—157.3+  O.S  =  - 
—  89.7+  0.3=- 

-156.5 
-  89.4 

1.00 

—156.5 
—104.3 

-28.9 
—  9.2 

-113.5 

■Fs 

+  0.014 

6.19  " 

0.5914   " 

—  49.9+  0.1  =  - 

-  49.8 

;-!-•"» 

—  56.6 

—  6.9 

Fs 

—  0.020 

3530.3  "1 
2.04  ") 

0.1982  " 

—  16.7-49.2=- 

-  65.9 

;ii=«- 

—  69.8 

-11.4 

—22.0 
—  6.9 

F2 

—  0.037 

3530.3  "    ] 
1.74  "    ) 

0.2161   " 

—  18.2—90.9=- 

-109.1 

0.588 
0.710=0-S2S1 

—  90.4 

—  6.6 

Fa 

+  0.015 

5.61  " 

0.6682  " 

—  56.4+  0.1=- 

-  56.3 

f^_4^^-0.8900 

—  50.1 

0 

F* 

+0.0465 

10.30  •• 

1.2285   " 

—103.6+  0.3  =  - 

-103.3 

0.268   „    , 
0.283='^-947 

—  97.8 

—  2.4 

—100.2 

Fb 

+0.0705 

15.27  " 

1.7989   " 

-151.8+  0.S  =  - 

-151.0 

^■'^1%994 
1.016~ 

-150.1 

-8.0 

-158.1 

Fe 

+  0.095 

20.57  " 

2.4530  " 

—207.0+  1.4  =  - 

-205.6 

1.00 

-205.6 

—  6.9 

—212.5 

V, 

—  0.014 

3530.3  "    ) 
21.43  "   j 

0.50S3  " 

—  42.9-34.5  =  - 

-  77.4 

;:-.o.93o 

—  72.0 

—  2.8 

Fs 

+  0.020 

26.45  " 

1.1238  " 

—  94.8+  0.4=- 

-  94.4 

lS-^-s^s 

—  80.1 

0 

—  50.1 

Fb 

+  0.071 

28.83  " 

2.3152  " 

—195.3+  1.4=- 

-193.9 

2.015~'^-  '"* 

-144.3 

—  4.6 

—148.9 

Fio' +0.102 

35.08  " 

2.9690  " 

-250.5+  2.5  =  - 

-248.0 

1.00 

-348.0 

-6.9 

—254.9 
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35.    The  Framed  Arch  with  Fixed  Ends  or  with 
Double  Anchorage. 


Fig.  112. 


■•^v'S' 


If  a  framed  arch  is  anchored  or  supported  in  two  panel- 
points    at    each    end,    then   it   requires    at    least    6    conditional 

equations  to  fix  the  reactions.  For  ex- 
ample, in  Fig.  112,  ii  A,  B,  are  the  panel- 
points  in  which  one  end  of  the  structure 
is  connected  to  the  abutment,  there  are 
required  two  conditions  to  fix  the  reaction 
at  A ;  while  the  panel-point  B  is  fixed  by 
the  member  A  B  and  by  the  plane  of  the 
rollers  on  which  it  may  slide,  so  that  but 
one  additional  unknown  is  introduced  at 
this  point.  There  are  thus  a  total  of  6  reaction  unknowns  for 
the  two  ends  of  the  structure ;  against  these  we  have  only  the 
three  equations  of  static  equilibrium,  so  that  three  more  equa- 
tions of  condition  must  be  established  from  a  consideration  of 
the  elastic  deformations  of  the  system.  For  the  unknowns,  to 
be  found  from  these  equations  of  strain,  we  may  use  either 
the  horizontal  thrust  (i.  e.,  the  resultant  of  the  horizontal  forces 
at  A  and  B),  the  vertical  shear  and  the  moment  at  any  cross- 
section  of  the  arch  (e.  g.,  at  the  crown),  or  we  may  consider 
three  of  the  horizontal  reaction-components  at  the  four  points 
of  support  as  our  unkno'\^T:is.  The  latter  scheme  will  first  be 
applied. 

1.  General  Equations  of  Condition  for  the  Horizontal 
Reactions.  If  we  consider  the  two  vertical  members  A  B  and 
CD  inserted  at  A  and  D   (Fig.  113),  we  shall  obtain  the  four 

Fig.  n3„ 


panel-points   A,  B,   C,   D,  which    (upon   neglecting  the   slight 
strains  in  the  members  B  B\  and  C  C\  may  be  substituted  for 
the  actual  points  of  anchorage ;  at  these  points,  therefore,  the 
horizontal  reactions  H^,  Ho,  H^  and  n^  =  —  {H-^  -\-  H^  -}- 11^) 
may  be  assumed  to  act.     Again  let  Z  denote  the  stresses  which 
would  be  produced  by  the  external  loading  if  all  the  horizontal 
reactions  were  equal  to  zero ;  in  other  words,  if  the  structure 
were  held  fast  at  D  but  free  to  slide  horizontally  at  A;  also,  let 
«i  =  stresses  due  to  a  unit  horizontal  force  at  A 
Uo  =  stresses  due  to  a  unit  horizontal  force  at  B 
z  =  stresses  due  to  a  miit  vertical  force  at  A. 
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Then  the  stresses  in  any  member  of  the  framed  arch  would  be 

S=Z  +  H,u,-\-H,u,-(h,^-{-H,^  +  H,^'1-)z  ..  (474. 

If  r  =  —  is  the  ratio  of  length  to  cross-section  of  a  member, 
then  the  internal  work  of  deformation  for  the  entire  structure 
is  expressed  by  W  ^  -ktt  '^r  S';  hence  the  horizontal  displace- 
ments Ai  A.  A3  A4  of  the  end-points  A,  B,  C,  D  (considered 
positive  if  directed  inward)  ^^^ll  be  determined  by  the  following 
well-known  law  (Principle  of  Virtual  Work)  : 


d,S 


2r/S' 


(7N 
dH^ 


(A2  +  AJ^, 


^'''in:=~^^^~'^'^^ 


(475, 


Substituting  here  the  value  of  /S  from  equ.  (474),  also  putting 


dS 
dH, 

"1 



I 

z 

—  Ui 

d.S' 
dH2 

1(2 

— 

I      ' 

z- 

=  U2 

dS 
dH 



(■3 
I 

.  Z 

» 

where  u^  and  Uo,  denote  the  stresses  produced  in  the  members 
of  the  framework  by  forces  of  unit  horizontal  component  applied 
at  A  and  B  and  acting  in  the  directions  A  D  and  B  D  respec- 
tively, there  are  obtained  the  following  equations  of  condition 
for  the  three  horizontal  reactions: 


2rZui+ffi2rUi2-f522rUiU2-53-j-SrzUi=(Ai-fAj£;^ 


2  r  Z  Uo+fl'i2rUiU2+  fl'22ru/-fl^3-y-  2rzu2=  (Aj+A^)^ 
2rZz+Hi2rUiZ  +  H22ru2Z-fl'3-^2rz-=-^(A3-A4)^ 

For  abbreviation,  let  us  put 


(476. 


Srui'^fli  2rUiU2  =  & 

2  r  Uo"  =  ttn  2  r  Ui  z  =  c, 

2  r  z"  =  ttg  2  r  u,  z  =  r., 

E  {A,  +A,)  —  2r  Z  u',  =  (lr  ' 
£;  (A2  + AJ  —  2r  Z  u^^  =  (L 

—  ^  (A3  — AJ  —  2r  Z  z   =d^ 


(477. 
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Then  the  solution  of  the  above  equations  (476)  for  the  unknowns 
(H)  will  give 

di  (02(13  —  Cj")  +<^2  (CiCi  —  &CT3)+  ds  (?)C2  —  aaCi) 

Oi  ^2  «3  +  2  6  Ci  C2  —  Oi  C2"  —  02  f  1"  —  as  b' 
di  (C1C2  — 603)  +^2  (010.3  — Ci")  +d3  (bci  —  OiCi) 


^  a,  02  fls  +  2  6  Ci  (^2  —  Oi  C2"  —  02  Ci"  —  as  b^ 

I      di  (b  C2  —  O2C,)  -\-  doihci  —  fli C2 )  +  (^3  ( oti «2  —  b-) 


(478. 


Cs  Oj  fls  03  +  2  6  Ci  C2  —  Oi  ci  —  02  Cx  —  «3  b'^ 

The  series  of  stresses,  u^  u,  z,  which  are  needed  in  making 
up  the  quantities  a^,  a,,  etc.,  may  be  obtained  graphically  by 
means  of  force  diagrams.  We  will  again  construct  influence 
lines  for  H,  but  for  this  purpose  we  must  first  determine  the 
stresses  Z  produced  by  different  positions  of  a  concentration 
P=l.  With  a  symmetrical  form  of  arch,  it  will  suffice  to 
obtain  merely  the  stresses  z ;  since,  for  a  load  situated  at  any 
panel-point  distant  x  and  x'  from  the  ends  A  and  I)  respectively, 


X  „    X' 


2r  Z  M  =  2  r  z  u  +  ^-  2  /'  z  u 


0  '     X 

X  „    X 


0  '     X 

X 

where  2  refers  to  all  the  members  between  the  reaction  A  and 

0  x' 

the  load,  and  2  refers  to  all  the  members  between  the  load  and 

X 

the  symmetrically  located  panel-point. 

Having  found  the  horizontal  reactions,  the  stresses  in  the 
members  of  the  framework  are  determined  by  equ.  (474).  The 
total  horizontal  thrust  transferred  to  the  abutment  is 

E  =  E,+E,    (479. 

while  its  position  above  the  point  A  is 

'=-^m7^ (*«o- 

and  its  position  above  the  point  Z>  is 

^'  =  1^ (*«!• 

The  vertical  reaction  at  the  left  end  of  the  span  will  be 

Y=Y-E,^-  E,^-E,^ (482. 

when  V  denotes  the  reaction  for  a  freely  supported  beam. 

Equations  (478)  determine  the  horizontal  reactions  for  the 
general  case,  assuming  that  certain  displacements  A  are  produced 
at  the  abutments.     If  the  abutments  are  unyielding,  then  we 


The  Framed  Arch  with  Fixed  Ends. 


265 


must  put  the  displacements  A  =  0  in  the  expressions  for  d. 
The  eciuatibns  are,  however,  also  applicable  to  the  case  of 
yielding  points  of  support  such  as  are  involved  in  the  braced 
suspension  bridge  outlined  in  Fig.  114.     The  elastic  displace- 

Fig.  114. 


ments  of  the  points  of  support  are  here  governed  by  the  elonga- 
tions of  the  anchor  chains  and  these  are  determined  by  the 
following  equations  in  which  s^  is  the  common  length,  Aq  the 

common  cross-section  and  ro=--     "   ' 


■Ai  = 


E 


s„ 


A2  = 


Ao 


Tn 


^^2, 


+  -^j?3, 


-   -^(Hi+H.+  H,) 


Equations  (478)  may  be  applied  directly  to  this  case  if  the 
coeflScients  a^,  a^,    ■  ■ 


a3=a3-\-2-^ro 


are   replaced  by  the  following  values; 


Ci  =c, 


C2    ^2  " 


C3 


€3 


d^=  —  XrZz  J 


(483. 


To  find  the  stresses  produced  by  temperature  variation,  we 
must  go  back  to  equation  ( 475 )  which  may  now  be  written 


d^ 


^{rS  +  Eo.ts)-^=E{A,-i-A,) 


dEx 


or 


2r/SfUi  =  ^(Ai  +  A4  — oj^SsuJ 


From  this  it  follows  that  the  stresses  accompanying  a  uni- 
form temperature  change  may  be  obtained  by  equ.  (478)  if, 
retaining  the  other  coefficients,  we  merely  put 


d^=  —  E Lo  t%  s\\==  E odV 

d^=  —Eoyf^SU^^EwtV 

d.=  —Ei,>t  —  ^  sz  =  0 


(484. 


Here  V  and  V  denote  the  lengths  of  the  connecting  lines  A  D 
and  B  D  ;  and  the  relations  2  s  \\  =  —  V,  2  s  Uo  =  —  l'\ 
2  5  2  =  0,  are  obtained  from  Molir's  Theorem,  cited  on  page  .222. 
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In  Plate  I  are  constructed  the  force  polygons  of  Ui  =  u^,  u.  and  z  for 
the  arch  represented  in  Fig.  5,  and  the  resulting  influence  lines  for  Hi 
and  II2  are  drawn  in  Fig.  5a.  Assuming  a  uniform  cross-section  Ac  =  250 
sq.  cm  for  all  the  chord  members  and  Aa  =  25  sq.  cm.  for  all  the  diagonals, 
there  are  obtained  the  expressions 

_     149,951  (h  —  163,026  d.  +  641  d^ 
III  — 


n,= 


3,407,067 
163,062  dt  +  239,439  d,  +  6,873  di 


3,407,067 


From  these  are  obtained  the  following  values  for  the  horizontal  reactions: 


at     — —  -i-  ~  —  —  —  —  — 

I  ^  26         *         2G        *  2o        ■         26         '         2i3        '  26        '         21     * 

Hi  =  0.157  0.372  0.565  0.666  0.658  0.612  0.481 

H.  =  0.100  0.187  0.272  0.407  0.594  0.734  0.922 

—  H3=  0.364  0.782  1.030  1.183  1.187  1.056  0.922 

H4=  —0.107  —0.223  —0.193  —0.110  0.065  0.290  0.481 

Using  the  values  I  =  80  m.,  E  co  t  =  ±  9600,  and  /■  =  -^^^  =  0.004 
for  a  chord  member  near  the  crown,  the  temperature  effects  are  represented 

by 

13111X0.004  ,,    „  ^ 

i7„t  = ^^-^^ ^-^g__ 2? a,/Z=  ^11.8  tonnes 

76377X0.004 
^-'  =  — 3;407;0-6^  /;  c.  ^  Z  =  ±  68 .  7  tonnes. 

2.  A  Simplified  Method  of  Design  for  Braced  Arches  with 
Fixed  Ends.  This  consists  in  establishing  the  required  equa- 
tions of  condition  and  thence  devising  a  graphic  treatment, 
exactly  as  in  the  case  of  the  plate  arch  rib  Avith  fixed  ends. 
Adopting  an  arbitrary  pair  of  coordinate  axes,  with  the  Y-axis 
vertical,  and  defining  all  the  panel-points  of  the  structure  by 
their  distances  x  and  y  from  these  axes  (where  x  should  be 
measured  horizontally  even  though  the  axis  of  abscissae  be 
inclined),  then  the  bending  moment  about  any  panel-point 
(x,  y)   may  be  expressed,  as  in  equation   (309),  by 

M  =  m  —  E.y  —  X^x  —  X., 

where  M  is  again  the  moment  for  a  simple  beam,  H  the  resulting 
horizontal  thrust,  and,  by  equ.  (308), 

With  less  error  than  in  the  case  of  the  two-hinged  arches, 

we   may  here   neglect   the   strains  in   the   web   members.      The 

stress  in  the  chord  member  lying  opposite  the  panel-point  {x,y) 

M 
will  be   S  =  z^  ~j-  sec  a,  where  the  upper  sign  applies  to   the 

upper  chord  and  the  lower  sign  to  the  lower  chord.    Considering 
the  system  as  unstrained  and  free  from  temperature  stress,  the 
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Principle  of  the  Virtual  Work  of  Deformation  yields  the  follow- 
ing equations  of  condition 


^    EA     an  '  ^  EA       dX,  '  EA       dX, 

Observing  that 

d8  ,      y  dS  _^    X  dS  _^    1 

-7~- =  ± -f- sec  0-,         -r^p- =  ± -^  sec  0-,  —--=  ±~^  SCCa 

dH  h  '  dXi  h  dX.  h 

and  using  the  abbreviation 

P  =  -Yrj-  sec-  a  =  -y^  ser  a- (48o. 

where  Ao  is  an  arbitrary  mean  cross-section,  then,  with  a  con- 
stant E,  the  above  equations  of  condition  become : 

-^M  p  y  -  n  -$  P  y'~  —  X,%  p  xy  —  X.-^  py  =  0 
^Mpx  —  H'^pyx  —  X^^px-  —  Xo^px  =  0 
^Mp  —  H-S^py  —  X^-^px  —  Xo^P^O 

As  the  location  of  the  coordinate  axes  is  not  governed  by 
any  condition,  we  may  so  choose  these  as  to  simplify  the  above 
equations  as  much  as  possible.  This  may  be  accomplished  by 
making 

-^pxy^O,        2/3i;  =  0,        ^py  =  o, (486. 

which  three  conditions  together  with  that  of  a  vertical  Y-axis, 
suffice  to  fix  completely  the  coordinate  axes.  There  is  then 
obtained 

If  the  loading  consists  of  a  unit  concentration,  the  numerators 
of  the  above  expressions  assume  the  familiar  form  whereliy  they 
may  be  represented  as  the  static  bending  moment  produced 
at  the  point  of  application  of  the  load  by  the  following  quan- 
tities considered  as  forces  acting  at  the  individual  panel-points : 


Ao  a  .1/  r, 

V^p.y=-^ ^  •  SCC^  ^ 

,  A  a        a  .X  Q 

V  =p.x=-^  •  -^  .  sec-'a- 

.,  An  (I  q 


(487. 


A         h- 

We  thus  obtain  the  following  formulae,  identical  ^^ith  equations 
(318)   to  (32(7)  of  the  theory  of  the  Plate- Arch : 

Mv 


H 


^vy 

Mv' 

•     ^v'x 

Mv" 

(488. 
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There  now  remains  no  difficulty  in  constructing  the  influenco 
lines  for  the  quantities  H,  X^  and  Xo,  these  lines  being  obtained 
as  the  funicular  polygons  of  the  panel-loads  v,  v'  and  v".  [See 
Fig.  65,  which  applies  also  to  the  framed  arch  if  the  loads 
V,  v%  i/'  are  calculated  by  the  above  equations  (487)  and  are 
considered  as  acting  at  the  different  panel-points.] 

The  approximation  of  considering  the  elongations  in  the 
chord  members  only  is  generally  admissible.  Nevertheless  we 
may  include  the  effect  of  elongations  of  the  web  members,  as 
was  demonstrated  in  the  case  of  the  two-hinged  arch,  by  apply- 
ing certain  corrections  to  the  panel-loads  v.  It  is  evident, 
however,  that  the  design  will  thus  be  rendered  more  com- 
plicated; besides,  for  this  degree  of  precision,  it  is  preferable 
to  use  the  more  direct  method  described  in  part  1  of  this  section. 

In  order  to  calculate  the  panel-loads  v,  v' ,  v" ,  we  must  first 
locate  the  coordinate  axes  so  as  to  satisfy  the  conditions  ex- 
pressed by  equations  (486).  Let  us  first  choose  any  coordinate 
system,  having  its  origin  at  A,  and  let  x'  if  denote  the  corres- 
ponding coordinates  of  any  panel-point,  a  and  h  the  coordinates 
of  the  origin  of  the  required  system  of  axes,  and  a  the  angle 
between  the  two  X-axes  (both  Y-axes  being  vertical)  ;  we  will 

then  have  ^  ,^  /^ ' a 

y  =  y'  —  &  +  {a  —  x')  tan  a 

and,  substituting  these  expressions  in  equ.  (486),  we  obtain  the 
following  values  for  a.  h  and  tan  a : 

(489. 


a 


tan  a  =  -^''-^-~ ''-'''- 


(('2,  px'  — 2j  px' 


These  expressions  will  evidently  become  much  simplified 
when  the  arch  has  a  vertical  axis  of  symmetry.  In  such  case, 
ta7ia  =  0  (i.  e.,  the  X-axis  is  parallel  to  the  arch-chord), 

a  =  -^  and  &  =  -^^ (490. 

To  find  the  effect  of  temperature  variation,  we  must  again 
start  with  the  fundamental  equations 

Assuming  the  coordinate   axes  as  defined  by  equ.    (486),   we 
obtain 

TT     CI  rl  -xr       n  -X-x 

-"  t  —  v";; >     ^  it  —  — 


n    t  J    -v  CI  S 

EAol^t^S  J     y 

W  A  2 

2t  =^~~ 
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By  applying  Mohr's  Theorem  (see  page  222),  the  summations 
appearing  in  the  numerators  of  the  above  expressions  may  be 
determined  by  a  simple  geometric  construction.*     If  the  arch 

is  symmetrical  about  a  vertical  center-line,  then  2  5  -  '  =  0 
and,  very  nearly,  2  s     ,  „    ==  —  I,  %s     ,  '     =  0,  so  that  the 

da  a  -1 2 

horizontal  thrust  due  to  temperature  effect  will  be 

^t=     vp^.     (491. 

and  its  line  of  action  will  coincide  with  the  X-axis  defined 
by  equ.    (490). 

3.  Calculation  of  the  Deflections.  The  vertical  deflection 
of  any  panel-point  D  caused  ]jy  any  loading  which  produces 
the  stresses  S  in  the  individual  members  of  the  framework, 
will  be 

Ay  =  ^-^8.z^ (492. 

where  z^  denotes  the  stresses  producible  in  the  structure,  were 
it  freely  supported,  by  a  unit  load  appjied  at  D.  If  the  external 
loading  consists  merely  of  a  concentration  P  at  the  point  $,  then 

Similarly,   the   horizontal    displacement   of   D   is   given   by 

Ax  =  -^-^  .S.Wr, (493. 

where  tVx  represents  the  stresses  producible  in  the  structure, 
were  it  freely  supported,  by  a  unit  load  applied  horizontally 
at  D. 


*  See  the  article   (previously  cited)  by  Muller-Breslau  in  the  Zeitschr. 
d.  Arch.  u.  Ing.  Ver.  zu  Hannover,  1884. 
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E.     COMBINED  SYSTEMS. 

§36.    Combination  of  Arched  Rib  with  Straight  Truss. 

1.  Exact  Method.  Let  a  rigidly  constructed  arcli  rib,  A  B 
(Fig.  115),  be  connected  with  a  straight  truss,  CD,  by  means 
of  the  verticals  0,  1,  2,  ...  n.  Let  the  loading  consist  of  a 
concentration  P  bearing  directly  upon  the  truss;  this  load  will 
be  partially  transmitted  to  the  arch  by  the  verticals.  The 
compressions  in  these  verticals,  designated  by  Fq,  Vi,  V^.  •  ■  Vn, 

Fig.  115. 


will  be  the  only  loads  acting  upon  the  arch ;  while  the  truss 
will  be  loaded  by  the  concentration  P  and  the  forces  — V^,  — V^, 
—  Vo,  etc.  There  is  no  difficulty,  now,  in  determining  the 
vertical  deflection  of  the  arch-rib  at  the  mth  vertical. 

In  general,  let  Smr  represent  the  deflection  at  the  mth  panel- 
point  produced  by  a  unit  load  at  panel-point  r.  By  Maxwell's 
Theorem,  this  is  known  to  be  equal  to  the  deflection  producible 
at  the  rth  panel-point  by  a  unit  load  acting  at  panel-point  m. 

The  influence  number  (8)  may  be  calculated  for  a  plate- 
arch  by  the  following  expression  based  on  equations  (295)  and 
(304)  : 


Omr  = 


E  r 


[m  —  lU  mm  -[-  Hvcx{l  —  x)].  .  .  (494. 


and,   for  a  framed   arch,  by  the  following  expression  derived 
from  e(|u.    (460'')  : 

1 


-  [%rz^Zr  —  E^Ertr ir] 


(494^ 


"With  given  or  assumed  sectional  areas  of  the  arch,  these 
deflections  may  at  once  be  determined,  since  the  reactions  // 
produced  by  the  unit  load  may  be  computed  exactly  as   for 
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an  independent  arch.     The  total  deflection  at  the  >nth  panel- 
point  caused  by  the  loads  V  will  then  be 


A2/ra=T^iSim+^2S2m+-  •  •+^mSmm-|-  •  •  •  "h  ^n-i  8(n-i 


)m' 


In  like  manner,  we  may  compute  the  deflection  at  the  mih 
panel-point  for  the  straight  truss,  considering  its  ends  as  simply 
supported.  If  €„„•  denotes  this  deflection  for  a  unit  load  at  the 
rth  panel-point,  its  value  may  be  calculated  for  a  plate  arch, 
or  approximately  for  a  framed  arch,  by  the  formula 


E  r 


m. 


and  more  accurately  for  a  framed  arch  by 

1 


=  ^^rz 


5  >.  y/     z\ 


(495. 


(495= 


where  z'm  and  z\  again  represent  the  stresses  in  the  truss  pro- 
duced by  unit  loads  placed  at  m  and  r  respectively.  The  total 
deflection  of  the  truss  at  panel-point  m,  produced  by  the  loads 
—  Y  and  -(-  P,  will  then  be 

A2/'m  =  -  (1^1  eim+F2e2m+  •  •  •  +Fmemm+-  •  •  +  I^n-i  e(n-i)m)_+ ■Pcfra- 

Also,  let  0m  I^m  represent  the  shortening  of  the  vertical  m  due 
to  its  compressive  stress  Fm,  where  </>m  may  be  calculated  in  the 
familiar  manner  when  the  length  and  cross-section  of  the  mem- 
ber are  given.  We  then  have  A  i/  -)-  0^  F^  =  A  y' ;  applying 
this  relation  to  each  separate  vertical,  and  introducing  the 
abbreviated  notation 


"mr     |~  fmr         ^^Tnr  "vm     

we  obtain  the  following  sj^stem  of  equations : 

'^l(«l,l-l-<^l)-f  "^^2«1.2+"^^3«1.3+---    +T^mai.m+.   . 

T^iai,2+"^^2(«2.2+<^2)   +'f^3«2,3+-   •'   +  "^^m  ^2,™  +   •   • 
"T'   '  n-i  Ct2(n-i)  ^^-^     •  C2.f 

Fi-ai,m+F2-a2.m+I^3-«3.m4--  •  •  +  T^ra  («m,m+ 0m)  +  •  • 
~r  ►^n-iCfm(n-i)  = -i    •   e,m| 


(496. 


Fj  .  0(11-1)1+  Fo-  ff(n-i)2    r  1  3*(n-i)3"r  •  •  •  "T  ^m- 0(n-i)m~f-  •  •  • 
"T  ^  n-i  L''(n-t)(n-i)~r0n-i  J  =P  •  ^(n-i)^ 

These    {n  —  1)    equations  suffice  to  determine  the    {n 


..  (497. 


-1) 
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forces  V.  We  can  then  obtain  the  horizontal  thrust  of  the 
arch  by  means  of  the  expression 

E  =  H,V,-\-n,V,-{- . .  .  +n^W+  .  .  .  +  ffn-iFn-i.  .  (498 

Using  the  above  equations,  we  wall  construct  the  influence 
lines  for  V^,  Vo,  etc.,  and  for  H;  these  will  give,  for  any  loading, 
the  values  of  the  external  forces  for  the  arch  rib  as  well  as 
for  the  truss.  If  M^  denotes  the  bending  moment  at  any  section 
a;  of  a  simple  straight  beam  loaded  with  the  forces  V,  then 
the  bending  moment  in  the  arch  will  be 

M\  =  My-H.y (499. 

and  the  bending  moment  in  the  straight  truss  will  be 

M'\  =  P.     ^^~^^^    -  Mv (500. 

2.     Simplified,  Approximate  Method  of  Design.     By  the 

results  of  §  19,  if  we  neglect  the  effect  of  the  axial  compression, 
the  deflection  of  the  arch  at  any  section  distant  x-^  from  the 
abutment  may  be  calculated  by  the  following  expression 
(applicable  also  to  framed  arches), 

0  0 

where  31'x  is  the  bending  moment  in  the  arch-axis,  and  /'  de- 
notes the  moment  of  inertia  of  the  arch  cross-section  multiplied 

by  cos  T  =  —  .    Similarly  we  obtain  the  deflection  of  the  truss : 
ds 


dx 

.       Dll 


Ay'  =  -^[^f^il-x)dx-f^{x,-x)dx], 

0  0 

where  iH'"  and  F'  are  the  bending  moment  and  moment  of 
inertia,  respectively,  for  the  given  section  of  the  truss.  Neglect- 
ing, further,  the  shortening  of  the  verticals,  we  have  Ay  =  Ay\ 
or 

iir(i^_J^)(;-^)dx-J(if-i^)(x.-.)d.=0. 

0  0 

The  left  member  of  the  above  equation,  however,  represents 
the  bending  moment  at  the  section  x^  of  a  simply  supported 
beam  which  is  loaded  at  each  point  with  a  force  of  magnitude 

/j^_J/_x\       rpj^jg  bending  moment  must   therefore   vanish 

for  all  the  sections  x,,  i.  e.,  for  all  the  points  at  which  there 
is  a  connection  between  arch  and  truss.     If  we  imagine  these 
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connecting  verticals  to  become  infinitely  close  together,  then 
the  above  condition  must  hold  true  for  every  point  of  the  span; 
this  cannot  possibly  occur  unless  all  the  loads  upon  the  structure 
reduce  to  zero,  in  other  words  we  must  have 

-J, j^  =  0 (501. 

Hence,  the  bending  moments  in  the  arch  and  the  truss  will 
bear  the  same  proportion  as  the  respective  moments  of  inertia. 
If  these  moments  of  inertia  are  constant,  then  the  two  bending- 
moments  will  also  have  a  constant  ratio.     If  this  ratio  is 

if  M  is  the  moment  producible  in  a  simple  beam  by  the  external 
loading,  and  if  71/v.  as  above,  is  the  moment  producible  bv  the 
loads  V,  then,  1)y  e<ius.  (500)  and  (499), 


M'\  —  M       My, 

and 

M\    —    i    M'\    —    My 

-Eij. 

Hence 

M'\ 

i 

(M-ny)..  (502. 

To  evaluate  II,  neglecting  the  effect  of  the  axial  compression, 
we  use  the  equation 

I  I 


whence 


n=    ""— , (503. 


J   EV   ^ 


X 


Omitting  the  end-displacements  from  consideration,  the  hori- 
zontal thrust  assumes  exactly  the  same  value  as  in  the  directly- 
loaded  arch  without  a  stiffening  truss.  Also,  the  critical  loads 
and  maximum  moments  are  to  be  found  in  the  same  manner 
as  for   the   simple  structure ;   but   the   actual   moments  in   the 

arch  and  the  truss  will  be  respectivelv  t-t^  and  ^,—  times  the 

^  •    l  +  i  1  +  t 

corresponding  moments  for  the  directly  loaded  arch. 
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§37.    Combination  of  Arched  Rib  and  Cable. 

Let  the  cable,  supported  at  C  and  D  on  rollers  or  rocker- 
arms,  be  connected  by  vertical  rods  with  the  arch  A  B  (Fig.  116) . 
Let  the  horizontal  thrust  of  the  arch  be  denoted  by  i/j,  and 

Fig.  116. 


the  horizontal  tension  of  the  cable  by  Ho.  Finalh',  let  y,  rep- 
resent the  ordinates  of  the  arch-axis  referred  to  the  line  joining 
its  end  points  {A  —  B),  and  y.,  the  ordinates  of  the  cable- 
polygon  referred  to  the  connecting  line  E  F.  In  developing 
the  following  theory  we  assume,  as  with  the  systems  previously 
considered,  that  the  deformations  are  so  small  as  to  have  but 
a  negligible  effect  upon  the  bending  moments.  Adopting  the 
notation 

A  =  length  of  cable  between  panel-points, 
a  =  distance  between  two  suspension  rods, 
Ac  =  cable  cross-section  at  the  crown, 
Aa  =  average  cross-section  of  the  arch, 
^s  =  cross-section  of  a  suspension  rod, 

I^  =  I  cos  <f)  =  moment  of  inertia  of  an  areh-section  multi- 
plied by  the  cosine  of  the  inclination  of  the  arch-axis, 
h  =  total  length  of  the  arch-axis, 

then  the  stress  in  the  cable  section  will  be 

T  =  H^  — 

^    a 

and  the  tension  in  a  suspension  rod  will  be 


Noting   that   the   moment   of   the   suspension   forces  at   the 
section  x  y^  of  the  arch  =  Z/o  y.,  and  if  M  represents  the  moment 
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of  the  applied  loading  in  a  simple  beam  of  span  I,  then  the 
bending  moment  in  the  arch  is  found  to  be 

3I  =  M  —  n,  .  ij,—H.  .  y.  (504. 

The  axial  thrust  in  the  arch  may,  with  sufficient  accuracy, 
be  assumed  e(iual  to  H^.  Assuming,  furthermore,  that  the 
anchored  ends  of  the  cable  are  displaced  through  Sj  and  80 
in  the  direction  of  the  backstays,  that  the  supports  at  C  and  D 
are  forced  together  through  83'  and  8^  respectively,  and  that, 
by  a  yielding  of  the  abutments,  the  span  of  the  arch  is  increased 
by  A  / ;  then,  if  the  temperature  differs  from  that  of  the  un- 
stressed condition  by  t°,  the  Principle  of  Virtual  Work 
(Castigliano's   Theorem)    yields  the   following  two   equations: 

I 

0 

—  81  sec  tti  —  82  sec  a,  —  S3  ( fan  aj^  +  tana^)  —  8^  ( tan  a,  +  tan  a  2) 

or,  using  the  abbreviation 

8i  sec  ai+  Soscc  a,  +  83 ( tan  a^  +  tan  a\ )  +  84 ( ^au  03+  tan  a'2)  =  A k, 

and  substituting  the  value  given  by  equ.   (504)  for  M, 

"0  0 

I 

0  0 

—  Eoit(% (-^iSeC^ai  +  ZaSCC^as  +  S —S  ) 

These   two   equations    serve   to    determine    the    two   unknowns, 
11,  and  E.. 

If  the  external  loading  consists  merely  of  a  concentration, 
then,   as  proved   in  an  earlier  part  of  this  book,   the   definite 

integrals     |    — ^-^i-  dx  and     I    ~-  dx  may  be  conceived  as 
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the  moments  in  a  simple  beam  loaded  with  the  (luantities  -~- 

'i 

and  -7^  ,  and  may  be  thus  represented  by  means  of  a  funicular 

polygon. 

If  we  make  t/2  =  0  in  the  first  of  the  equations  (505),  it 
reduces  to  the  corresponding  formula  for  a  simple  arch  with 
hinged-ends.  Making  ^i  =  0  in  the  second  equation,  there 
results  the  approximate  formula  for  the  horizontal  tension  in 
a  cable  connected  with  a  straight  stiffening  truss. 

If  both  arch  and  cable  have  an  initial  parabolic  form,  with 
versines  /,  and  /,  respectively,  then,  for  a  constant  moment 
of  inertia  in  the  arch, 

I  I 

J        h      —15/,'       J       h      ~~    15/.'      J      /.      '-^  15 /x     • 

0  0 

Furthermore,  for  a  concentration  P  acting  at  a  distance  ^  from 
the  end  A, 


J'      h        ~  3Z=A 

0 

r 


P, 


f  My,dx  __  f,Hi—o  (r  +  n—e)  „ 

J  /.         ~  3/=A 

0 

Putting 

]{,  =  %- — -\-l-i^sec'  a-^-\-l2sec- a2-\--^'^s( — ^)  , 

d  A-s  \      d     / 

neglecting  the   term  representing  the  elongations  in  the  rods, 
and  assuming  a  continuous  curvature  of  the  cable,  there  results 

A;  =  ^(l  +  ^-^)  A^l^sec'a^'^Usec^-a^....  (506. 

Using   this   value,    also   putting   A  ?  =  A  A;  =  0   and    ^  =  0,    the 
solution  of  equations   (505)   will  give 


„  5  P.^.[l-^)[l^J^l^-e) 

L  6f2     Ac    '      »     I       Ac/2   J 


(507. 


The    two    horizontal    forces    therefore    have    a    constant    ratio, 
namely, 


7/2  hf^Ac    '  '  ' 

This  ratio  will  hold  true  for  any  arbitrary  loading. 


(508. 
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The  effect  of  temperature,  together  with  a  yielding  of  the 
abutments  and  anchorages,  will  produce  horizontal  forces  given 
by  the  following  formulae : 


EAc 

f4(iA 

15      /i          1 
8  Acf^^ 

EAa 

,.'[(1- 

,    15      /i 

^     8    4a/,2  • 

l.t    =  -  - 


})(wU-+AA)+ ^^(0,^  h  —  M}] 


°  '  ==  V    "•"    6/2^'        Ac  "I"     8     I    '  A^ii 

If  we  put  E2  =  C  .  £fi,  so  that,  by  equ.   (508) 


^  (509. 


/vfiAa    ' 


the  bending  moment  at  the  section  x  y^  of  the  arch  may  be 
calculated  by  the  relation 

M  =  M  -  H,  (t/,  +  C  t/,)   (510. 

From  this  we  derive  the  following  rule  for  finding  the  maxi- 
mum moments  and  critical  loads  for  the  arch:     Increase  the 

rise   (versine)   of  the  arch  by  the  amount  0 /o  = —7-7-7^— •  A 

and  take  the  resulting  parabola  as  the  axis  of  a  new  arch  for 
which  the  maximum  moments,  etc.,  are  to  be  determined  in 
the  usual  manner,  using  the  value  of  H^  given  by  equ.   (507). 

In  calculating  the  temperature  effect,  we  must  keep  in  mind 
that  a  negative  value  of  H^,  with  flexible  cable  and  suspenders, 
cannot  be  transmitted  to  the  arch.  If,  upon  an  increase  of 
temperature,  H2  becomes  negative,  then  the  cable  becomes  in- 
effective and  the  entire  structure  acts  merely  as  a  simple  two- 
hinged  arch.  It  can  be  easily  demonstrated  that  this  condition 
may  occur  with  a  quite  moderate  rise  of  temperature  and  that, 
even  with  the  structure  completely  loaded,  the  cable  may  become 
slack  unless  there  is  a  simultaneous  yielding  of  the  arch  abut- 
ments or  unless  the  cable  has  been  very  skilfully  mounted. 
The  horizontal  tension  in  the  cable  due  to  temperature  will 
exceed  that  due  to  the  loading  (of  intensity  q),  when 

7  2  1  72 

or,  on  substituting  7]  =  Ag,  — ^    and  a'  A^=  -^  — —  ,  when 


Eoft 


[^+^+i-tk]>' 


Here  o-'  represents,  approximately,  the  mean  stress  at  the  crown 
of  the  arch  produced  by  a  full-span  load.     This  stress,  in  a 
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wrought  iron  arch,  need  not  be  taken  higher  than  500  kg.  per 
sq.  cm.  (=  7120  pounds  per  square  inch),  bearing  in  mind  that 
this  does  not  include  the  stresses  due  to  temperature,  etc. 
If  we  put  the  expression  within  the  brackets  approximately  =2, 
the  temperature  rise  need  not  exceed 

2^^  =  10°  6'.(=  18° /<\) 

before  the  cable  will  become  slack.  In  reality,  however,  we  may 
expect  much  greater  fluctuations  of  temperature  than  this, 
whence  we  may  conclude  that  the  cable  will  not  be  effective 
at  all  times  and  that,  consequently,  tliis  combination  cannot 
he  considered  an  advantageous  form  of  construction. 

It  should  also  be  observed  that  the  versines,  /o  and  /,,  of 
the  cable  and  of  the  arch,  must  have  a  certain  ratio  in  order 
that  the  maximum  intensities  of  stress  in  these  two  parts  of 
the  structure  may  be  approximately  equal  to  each  other  or  to 
assigned     values.       Introducing     the     abbreviation     iV  =  1  + 

-] — Q —    '     ,  and  neglecting  temperature  stresses, 


kfi'Aa    ~     8       I     Aaf 
the  maximum  stress  in  the  cable  becomes 

0"fi  —  "  


8     f,N        k.f.Aa  ' 

Similarly,  the  maximum  stress  in  the  crown-section  of  the  arch 
will  be,  when  the  cable  is  slack, 

2  fi  I-  -{- 15  E  u}  t  Aa  .  h 


We  therefcwe  have 


CTa 


l^^l.A(^•-^f4^) 


15     Ecjt     h  \  N  kfi 


/.     I     15     Ecjt     h  \ 


-^  k  f\  Aa 

or  approximately 

<7c  ~  V    ^   16   *   500    '   /•,  Z"^*     6// 

If  arch  and  cable  are  to  be  equally  stressed,  we  must  accordingly 
have 

/.  2/c         1  +  1.8-Ji 

/I 

or  the  rise  of  the  arch  must  be  less  than   y  to  -g-  the     versine 
of  the  cable. 


APPENDIX. 

The  Elastic  Theory  Applied  to  Masonry  and  Concrete  Arches. 

The  theory  of  arches  developed  above,  in  §§  10  to  24,  based 
on  the  elastic  deformations,  makes  no  other  assumption  in  re- 
gard to  the  material  of  construction  than  that  it  is  to  be  con- 
sidered perfectly  elastic  within  the  limits  of  stress  occurring 
in  the  structure.  If  this  assumption  is  equally  applicable  to 
masonry  as  to  metallic  structures,  the  above  theory  of  the  solid, 
elastic  arch  rib  may  be  as  appropriately  applied  to  masonry 
arches;  and  it  need  only  be  observed  that,  on  account  of  the 
small  tensile  strength  of  the  material  of  a  masonry  arch,  no 
large  tensile  stresses  may  occur,  so  that  wherever  such  stresses 
are  indicated  by  the  computations  the  entire  cross-section  of 
the  arch  is  not  to  be  considered  effective. 

The  elastic  behavior  of  masonry,  previously  maintained  by 
Tredgold  and  Bevan,  appears  to  be  established  beyond  ques- 
tion by  the  tests  of  Bauschinger*,  Foeppl  and  others.  All 
natural  and  artificial  building  stones,  within  the  practical 
limits  of  stress,  are  to  be  regarded  as  more  or  less  perfectly 
elastic  bodies;  and  the  conclusion  is  therefore  justified  that  the 
distribution  of  normal  pressures  in  any  smooth,  plane  joint  in 
masonry  is  determined  by  the  elastic  law  or,  with  the  simplify- 
ing assumptions  of  Navier's  hypothesis,  by  the  rules  expressed 
by  equations  (174)  in  §  ]1.  An  arch  composed  entirely  of 
squared  stone,  i.  e.,  without  any  mortar,  \vi\\  therefore  act  as 
an  elastic  arch,  at  least  so  long  as  no  tensile  stresses  occur  in 
the  planes  of  the  joints  and  the  deformations  do  not  exceed 
certain  limits.  Masopry  composed  of  stone  and  mortar,  how- 
ever, on  account  of  its  heterogeneity,  cannot  be  treated  as  per- 
fectly elastic  and  will  be  affected  not  only  by  the  manner  of 
construction  but  also  by  the  age  of  the  masonry.  The  more 
recent  the  work,  the  larger  wnll  be  the  ratio  of  the  permanent 
set  to  the  total  deformation.  Furthermore,  there  does  not  ap- 
pear to  be  a  definite  elastic  limit  for  such  masonry.  Neverthe- 
less laboratory  investigations  as  well  as  observations  on  actual 
structures'    indicate   that   within   certain  limits   of   stress   even 


*Mitteilungen  aus  dem  mechanisch-technischen  Laboratorium  zu  Mun- 
chen,  No.  X. 

]Kdpcle,  "Die  Messung  von  Bewegungeii  an  Bauwerken  niit  <ler 
Lihelle. "  ProtokoUe  des  saclis.  Tng.  Yer.,  1877. — "Arc  d 'experience, " 
Eeport  of  M.  de  Perrodil.  Ann.  des  ponts  et  chanss^es,  1882. — "Gewolbe- 
Versuche  des  osterreichischen  Ingenieur-  und  Architekten-Vereins. "  Zeit- 
echrift  of  this  Society,  1895f  also  pulilished  as  a  separate  reprint. 
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mortar  masonry  acts  as  an  elastic  body.  Furthermore,  even 
with  conditions  of  imperfect  elasticity  where  permanent  com- 
pression accompanies  the  temporary  strains,  the  distribution 
of  pressure  in  plane  joints  is  really  given  by  the  same  laws 
as  in  perfectly  elastic  materials,  provided  we  may  only  assume 
that  the  conditions  are  uniform  throughout  the  mass  of  masonry 
and  that  the  permanent  strains  are  proportional  to  the  normal 
pressures.  In  fact,  as  FoeppW  has  shown,  we  arrive  at  results 
practically  identical  ^vith  those  of  an  elastic  arch  if  we  treat 
the  voussoirs  as  incompressible  bodies  and  ascribe  elastic  com- 
pressibility only  to  the  mortar.  Actually,  however,  the  rela- 
tions are  not  so  simple.  The  masonry  at  different  points  may 
have  varying  elasticity  and,  mth  uneven  hardness,  varying 
compressibility ;  furthermore,  in  masonry  of  unsquared  stones, 
the  joints  are  not  true  planes.  The  perfect  elastic  behavior 
may  therefore  best  be  expected  in  the  case  of  monolithic  con- 
crete arches ;  nevertheless  even  for  this  material,  according  to 
the  experiments  of  Hariig,  Bauscliingcr,  von  Bach,  and  others, 
Hooke's  law  of  proportionality  is  but  approximately  true  and 
only  within  low  limits  of  stress,  since  for  larger  stresses  the 
compression  increases  more  rapidly  than  the  pressure.  On  ac- 
count of  these  considerations,  the  elastic  theory  is  not  as  accurate 
a  treatment  for  determining  the  stresses  in  masonry  arches  as 
in  metallic  arches ;  nevertheless,  on  the  basis  of  the  above-men- 
tioned investigations,  especially  the  tests  on  arches  by  the  Aus- 
trian Society  of  Engineers  and  Architects,  the  results  of  the 
elastic  theory  may  also  be  applied  to  masonry  arches  thereby 
arriving  at  the  actual  relations  in  accord  with  all  preceding 
theories  for  the  masonry  arch.  The  perception  that  a  correct 
theory  for  masonry  arches  should  be  founded  on  the  laws  of 
elasticity  had  been  expressed  by  Poncelet  (1852),  but  later 
writers  {Winkler,  Cuhnann,  Schwedler  and  others)  were  the 
first  to  develop  this  idea  and  to  apply  it  to  the  actual  construc- 
tion of  such  a  theory.  Now  the  theory  of  the  elastic  arch  is 
generally  recognized  as  the  basis  for  a  correct  analysis  of  the 
masonry  arch,  and  the  methods  of  design  developed  in  the  pre- 
ceding chapters  may  therefore  be  directly  applied  to  masonry 
arches. 

The  static  analysis  of  a  masonry  arch  involves  the  finding 
of  the  lines  of  resistance  for  specified  cases  of  loading  and, 
ultimately,  the  determination  of  the  maximum  stresses  in  the 
joints,  which  may  be  found  either  directly  or  by  means  of  the 
line  of  resistance  belonging  to  the  corresponding  severest  con- 
dition of  loading.  For  the  rigid  solution  of  this  problem,  there- 
fore, two  cases  of  loading  must  be  considered  for  each  joint, 
one  for  the  upper  and  lower  core-point  respectively ;  neverthe- 
less these  may  be  replaced  for  each  joint,  without  great  error, 

\Foeppl,  "Theorie  der  Gewolbe. "     Leipzig,  1881. 
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by  a  single  case  of  loading  corresponding  to  the  middle  point 
of  the  joint.     (Compare  the  remark  in  §  29,  p.  208.) 

If  K  is  the  resultant  force  acting  at  any  section   (or  joint) 
of  the  arch,  N  its  component  normal  to  the  section  and  M  its 
moment  referred  to  the  center  of  gravity  of  the  section  (arch- 
axis),  then,  ■^^^th  A  as  the  area  and  Z  as  the  section  modulus 
of  the  cross-section,  the  extreme  fiber  stresses  will  be 

If  N  and  M  are  taken  for  a  unit  width  of  the  arch,  then, 
with  d  as  the  thickness  of  the  arch. 

It  is  advisable  to  determine  the  stresses  due  to  the  dead  and 
live  loads  separately,  combine  these  and  then,  in  the  case  of 
hingeless  arches,  add  the  stresses  due  to  temperature  variation. 

If  the  arch  is  provided  with  hinges  at  the  ends  and  at  the 
cro\m,  so  that  it  reduces  to  the  statically  determinate  case  of 
the  three-hinged  arch,  there  is  no  special  difficulty  in  determin- 
ing the  forces  acting;  for  each  section  to  be  investigated  the 
critical  loading  may  readil}^  be  determined  and  used  as  a  basis 
for  evaluating  the  maximum  live  load  stresses  in  the  extreme 
fibers.  For  this  purpose  either  the  analytical  or  graphic  pro- 
cedures given  in  §  15  may  be  used.  If  p  is  the  live  load  per 
linear  foot  and  if  the  length  of  loading  is  determined  for  the 
middle  point  of  each  section,  then,  for  a  parabolic  arch,  also 
approximately  for  a  flat  segmental  arch,  we  have  the  expressions 

^ pxjl  —  x)    (l  —  2x) 

^^^~         2{^l—2x) 

,.        r  +  Sf-l    {l—2x)    (51  — 4x) 

N^ — ^^^^ ■  '  P  ■  cos  (p. 

^  ifl   (31  — 2x)-  ' 

Here  <^  is  the  angle  of  inclination  of  the  section  from  the 
vertical  and  x  the  distance  of  its  middle  point  from  the  end  of 
the  span. 

If  we  are  dealing  with  concentrated  loads,  it  is  best  to  em- 
ploy the  method  of  influence  lines.  The  effect  of  the  dead  load 
is  obtained  by  drawing  the  corresponding  line  of  resistance  or, 
for  greater  accuracy,  analytically  from  the  relations 

M  =M  —  H.  y    and    N=  H.  cos  4>  -f-  V.  sin  cf> 

where  H  is  found  from  the  crown  moment  Mc  of  the  dead  load 

as  H  =  —' 

Far  more  detailed  and  tedious  is  the  correct  design  of  the 
masonry  arch  constructed  without  hinges,  which  is,  of  course, 
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the  common  arrangement.  In  such  an  arch,  if  the  applied  load- 
ing and  the  accompanying  secondary  effects  produce  no  tensile 
stresses  in  the  end  and  intermediate  joints  exceeding  the  tensile 
strength  of  the  masonry,  the  areh  will  act  exactly  as  a  hinge- 
less  elastic  rib  and  the  theory  given  in  §§20  and  21  may  be 
directly  applied.  Here  also,  to  be  exact,  it  would  be  necessary 
to  find  the  most  unfavorable  loading  for  each  section  to  be  in- 
vestigated and  then  determine  the  corresponding  stresses.  On 
account  of  the  tediousness  of  such  a  design,  however,  it  is  fre- 
quently deemed  sufficient  to  consider  just  one  or  two  special 
cases  of  loading,  usually  a  loading  over  the  entire  arch  and  one 
covering  the  half  S]3an.  The  former  gives  the  maximum  stresses 
in  the  joints  near  the  crown  of  the  arch,  the  latter  corresponds 
approximately  to  the  maximum  stresses  at  the  quarter  points 
and  ends  of  the  span. 

Accordingly  the  external  forces  together  with  the  pressures 
in  the  joints,  for  each  of  the  three  conditions  of  loading,  namely, 
a.)    dead  load,  b.)    full  live  load  and  c.)    half-span  live  load, 

Fig.  1 


may  l)e  determined  directly  without  the  necessity  of  tirst  find- 
ing the  influence  lines. 

The  dead  load  is  composed  of  the  weight  of  the  arch  and 
the  pressure  of  the  construction  resting  upon  it.  The  latter, 
in  the  case  of  arches  with  spandrel  filling,  may  be  taken  as 
equal  at  each  point  to  the  weight  of  the  superincumbent  filling; 
but  in  arches  with  large  rise  and  large  depth  of  filling  this 
pressure  is  to  be  determined  in  accordance  with  the  theory  of 
earth  pressures.  In  the  case  of  secondary  arches  or  piers  rest- 
ing upon  the  main  arch,  the  weight  they  carry  is  applied  in  the 
form  of  concentrated  loads.  Continuous  "weights  and  loading, 
however,  will  also  be  replaced  by  concentrations  since  we  will 
divide  the  arch  into  segments  and  consider  their  weights  applied 
at  their  respective  centers  of  gravity. 

a.)  Analytical  treatment  for  a  given  case  of  loading.  We 
first  have  to  determine  the  resultant  force  at  any  one  joint ;  with 
this  known,  the  pressures  at  all  the  remaining  joints  are  readily 
found.     To  completely  determine  such  a  force,  however,  three 
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things  must  be  kno^Aoi :  the  components  normal  and  parallel 
to  the  section  and  the  moment  about  the  axis  of  the  arch.  To 
establish  the  corresponding  equations  of  condition,  the  three 
derivatives  of  the  work  of  deformation  will  be  employed. 

In  the  following,  we  assume  a  masonry  arch  symmetrical 
about  the  crown  and  adopt  as  our  unknowns  the  data  for  the 
thrust  at  the  crown  of  the  arch,  namely,  its  horizontal  and 
vertical  components  H  and  V  and  its  moment  il/o  about  the 
center  of  gravity  of  the  section.  In  addition,  we  divide  up  the 
arch  ring  by  sections  normal  to  the  axis  of  the  arch  and  uni- 
formly spaced  along  its  length  (Fig.  1)  and  calculate  the  weight 
of  each  segment  of  the  arch  together  with  the  superincumbent 
load.  Let  these  applied  forces  in  the  left  half  of  the  arch  be 
Pi,  P,,  P3,.  .  .Pn,  and  in  the  right  half  P\,  P',,  P%.  .  .P'^;  their 
horizontal  distances  from  the  crown  joint  a^,  ao...and  a\,  a\, 
.  . .  . ,  respectively.  The  axial  points  of  the  cross-sections  are 
referred  by  coordinates  {x,  y)  to  a  system  of  axes  passing 
through  the  cro^\^l  of  the  axis  of  the  arch.  The  axial  thrust 
and  moment  for  any  section  inclined  at  the  angle  </)n  from  the 
normal  are  then  calculated  as  follows : 

In  the  left  half  of  the  arch : 

Nm  =  n-  COS  (})m—  V  •  sin  <^m  +  (  jPi  +  ^2  +  •  •  .  +  Pm)  sin  (jb„ 

M:ri  =  ^U  —  II-yra—V-  a^n,  +  Pj  (  Xm  —  «  i  ) 

+  P2-{Xj^—a2)+-"   +Pm-    (J^m—  rtm) 

In  the  right  half  of  the  arch :  L  (511. 

N'm=n ■coscj>^  +  V •sin(f>m+  (P\^P'2+-  ■  •+P'm)  ■sin4>n, 
M'r^^M^—E  ■  y^+V •  x,n  +  P\ (xra -  a\)  +  P\_  (x^  —  a'. ) 

With  the  notation  previously  employed,  the  approximate 
expression  for  the  work  of  deformation  of  the  arch  is 

Hence,  with  the  assumption  of  perfect  fixedness  and  rigidity 
of  the  end  sections,  we  obtain  the  follo^\^ug  equations  of  con- 
dition expressing  the  Theorem  of  Least  "Work: 


clMo        J    I      (IMo 

^  dV  J  I  dV  ^'^^J  A  dV  ^^  ^' 
where  the  integrals  represent  a  summation  over  the  entire 
length  of  the  span.  If  the  segments  of  the  arch  are  assumed 
of  uniform  length  along  the  axis  of  the  arch,  and  if  a  mean 
cross-section  A^,  A^, .  . ,  and  a  mean  moment  of  inertia  I^,  I^,.  ., 
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are  introduced  for  each  segment,  then  Simpson's  Rule  may- 
be applied  for  the  above  summation.  The  substitution  of 
the  values  of  M  and  N,  as  well  as  of  their  differential  coefficients, 
from  the  above  expressions  (511)  yields  the  following  three 
equations  of  condition : 


a^  +  b^  +  c  il/o  =  0 
33  +  6  y  =  o 


(512. 


Introducing  the  abbreviations  of  notation 

(Pi  +  P2+. . .  +  Pm)  •  sin  </,„,  =  Pn,  for  the  left, and  P'n,  for 
the  right  half  of  the  arch, 

P{Xm  =  a^) -\-P2(xm  — ao)+  ...  +Pm(.rin— «m)=Mn,for  the 
left  and  M'^  for  the  right  half  of  the  arch, 

the  coefficients  in  (512)  are  given  by: 


M, 


^1=  -|[4|(M,  +  M',)+2|^(M3+M'3)+4g( 
+M'3)  +  . . .  +^;(M„+M'n)]  +![  4  ^'  (Pi+P'J 
+  2'^  (P,+  P',)  +4^'^^  (P3+P'3  ) 

+   ...+^-^^^(P„+P'j] 

a3=-  |[4|(Mi-M^)+2^;(M,-M',)+4;; 

(M3-M'3)+...  +  J-^(M„-M',o] 
b=  [41^+2^+4-=+..:+!^]  +  [^+i^ 


[     2  cos' 02    I     4  cos-  03    I  I    cos^  (pnl 


A. 


An 


Ai  An        J 


^^^ 


-I-  r  4  ^lai^}  -L  2 '  '"''^^ 


.1> 


.-1= 


(513 
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With  the  values  of  H,  M^  and  V  calculated  from  equations 
(512),   equs.    (511)    are   to  be   used   for  determining  the   axial 
thrust  and  moment  at  the  other  sections  of  the  arch  and  the  re- 
sulting normal  stresses. 

For  a  loading  symmetrical  about  the  crown,  we  have  M'  ^  M 
and  P'  =  P;  hence  7  =  0,  so  that  only  H  and  M^  remain  to  be 
figured.  This  condition  obtains  for  the  dead  load  when  the 
roadway  is  horizontal  or  symmetrically  inclined  about  the  crown 
of  the  arch.  If  we  investigate  only  the  three  cases  of  loading 
mentioned  above,  then  H  and  M^  need  to  be  figured  but  once 
for  the  dead  load  and  then  for  the  full  live  load.  For  the  load 
over  the  half-span,  we  need  only  find  the  value  of  V  from  the 
third  of  equs.  (512)  using  M' =  0,  P'  =  0,  since  E  and  M^  for 
this  case  of  loading  are  just  one-half  of  the  corresponding  values 
for  the  full-span  load.  The  stresses  calculated  for  the  dead  and 
live  loads  separately  are  then  to  be  added  algebraically. 

Approximate  Formulae.  We  assvime  an  arch  with  parabolic  axis,  having 
a  symmetrical  form  and  carrying  a  symmetrical,  continuous  loading  which 
amounts  to  (/„  per  unit  length  at  the  crown,  qi  per  unit  length  at  the  ends, 
and  varies  between  these  values  as  a  parabolic  function  so  that  at  distance 

X  from  the  crown,  ^  =  r/o-f-  (</i  —  ^o)    — ^  •  We  also  assume  that  l,cos(p=Ia 

is  a  constant,  and  substitute  g-J"  ^or  the  second  summation  in  the  expression 

for  the  coefficient  b,  along  with  which  the  terms  in  the  expression  for  a,  re- 
ferring to  the  axial  thrust  are  neglected.  Again  replacing  the  summations 
by  definite  integrals,  we  readily  obtain 


1  37r/o  +  5<7.  ./J% 
^'~       32  3  X  5X7       h 

1    ^go+qi       I' 
^'~16         30             /„ 

1  f-l          I 

1  fl            ,         11 
6   /„  '                  2    /o  * 

(45     /    \ 
1  -f  ^  T"/?  )  '    ^^^®  solution  of  equs.  (512) 

yields. 


jj^^qo+qi,    I 


7  8f' 

_  /  6_^o  ±_qi .  ±      9  go  +  gi  "\ 


24 


and,  for  the  moment  at  the  ends  of  the  span, 

r  6  (/o  +  f/i     f        1^  (h  —  ^<l 


Mn 


f  10 


^^ 


(514. 


These  formulae  are  also  applicable  to  the  simplified,  approximate  design 
of  flat  segmental  arches.  With  qi=  qo,  they  reduce  to  the  formulae  for  a 
load  uniformly  distributed  over  the  entire  span.  For  a  uniform  load  of  p 
per  linear  foot  over  one-half  of  the  span,  H  and  Mo  take  one-half  the  values 
given  for  a  full-span  load  and,  in  addition,  there  appears  at  the  crown  sec- 
tion a  vertical  shear  (directed  upward  on  the  loaded  side)  of    T'=  — —  pi. 
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b.)  Procedure  with  the  aid  of  influence  lines.  If  it  is  de- 
sired to  investigate  various  cases  of  loading,  especially  the  criti- 
cal loadings  for  individual  sections,  it  becomes  necessary  to 
construct  the  influence  lines  for  three  unknowns  of  the  external 
forces.  For  this  purpose  we  may  apply  the  procedure  developed 
in  §  20  for  the  arch  with  fixed  ends,  the  simplifications  there 
given  for  parabolic  arches  with  constant  moment  of  inertia 
being  also  applicable  to  flat  segmental  arches  of  approximately 
uniform  cross-section.*  For  arbitrary  forms  of  arches  (e.  g., 
basket-handle  and  equilibrium  curves)  Math  varia])le  moments 
of  inertia,  there  is  to  be  recommended  the  general  graphic 
method  in  which  the  influence  lines  of  the  quantities  H,  X^  and 
Xn  are  obtained  as  funicular  polygons.    For  any  given  loading, 


Influence  L  ines 

By  the  exact  formulae 
By  the  formulae  for  the 
parabolic  arch 

these  quantities  are  obtained  in  the  familiar  manner  hy  sum- 
ming the  ordinates  of  their  influence  lines  multiplied  by  the  re- 
spective loads.  With  the  aid  of  these  quantities,  we  may  then 
cither  draw  the  line  of  pressures  or  simply  calculate  the  moments 
about  the  core-points  of  any  given  section.  If  x^,  and  i/k-  are 
the  coordinates  of  any  core-point  referred  to  the  system  of  axes 
fixed  by  equ.  (321),  then,  with  the  notation  of  §  20,  by  equ.  (309), 
il/k  ^  Mk  — R .  1/k  —  Xj.  X\,  —  A'2  ;  from  this  value  of  the  moment, 
the  stress  in  the  extreme  fil)ers  of  the  cross-section  is  computed 
in  the  ordinary  manner.  By  the  same  ecpiation,  the  influence 
line  for  Mx^  may  be  derived  from  those  for  the  (juantities  H, 

*0n   this   approximate,   i-iniplificil    design    ree    Th.    Landahcrg,   ' '  Beitrag 
zur  Theorie  der  Gewolbe. "     Zeitschrift  d.  Yer.  deutscher  Ing.,  1901. 
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Xj  and  Xn,  and,  l)y  its  aid,  the  most  unfavorable  action  of  the 
loads  may  be  accurately  determined.  It  will  always  suffice, 
however,  to  use  an  approximate  determination  for  the  len^hs 
of  loading  giving  maximum  stress  and,  for  this  purpose,  we 
may  employ  the  simplified  relations  established  for  the  para- 
bolic arch  (i.  e.,  determining  the  limits  of  loading  by  equ.  (381) 
or  by  means  of  the  straight  reaction  locus  and  the  hyperbolic 
reaction-envelope  curve.) 

For  the  frequently  occurring  case  of  a  circular  arch  of  large  rise-ratio, 
whose  radial  thickness  increases  from  the  crown  to  the  ends  in  a  uniform 
ratio  with  sec  cf),  the  following  may  be  given  in  addition  to  the  exact  for- 
mulae of  design. 

Adopting  the  determining  quantities  of  the  left  end  reaction,  i.  e.,  H,  T, 
and  Mi.  as  the  three  unknowns,  the  loading  consisting  of  a  single  concentra- 
tion G,  and  with  the  jactation  indicated  in  Fig.  2,  we  have  the  axial  thrust 
and  moment  at  any  section  given  by 


P%  =  Vi  ■  sin  <p  -{-  H  ■  cos  0 


I    G  ■  8171  0    I 


Mx  =  Ml  -f-  V  -  r  (  sin  0o  —  sin  0  )  —  H    r  (  cos  0 


[ 


—  I  6r  ■  r  (sin  0i  —  sincp) 


COS0o) 

0 


01 


If  do  is  the   thickness  at  the    crown,  then,  for   any  section,  d  ^  do  sec<p 
and  /  =  /o.  sec^(P=  j^  do^  .sec^cp.     Introducing  the  symbols  for  abbreviation, 

/o  1      do' 


A„.r-~12     r"" 
a=  (1-f  S)  sf?i0  - 


;,-  sin  V 


^ 


~r  "i*  "t"  "o"  *'^  "^  •  '^^^  "^  ■  V  "2^  "^  ^'^^^  "^ 


(-g-    4-  COS^<t)  j 


(515. 


y  ^=-^  sin(f)   (cos*(/)  -{-  'o'  cos'(p  -{-  -^   I 


and  the  corresponding  symbols  Oo,  )3o,  y„,  and  a„  jSj,  7,,  for  the  points  0  =  0o 
and  01  respectively,  we  obtain  the  following  expressions  from  equs.  (182) 
(185)  and  (186)  for  the  variation  of  the  coordinates  of  any  point  in  the 
axis  of  the  arch : 


A0 


j)  sin  00 


-A  00=--^^  \mi  (a-a„)  +r,  .rl(a  —  a,] 

+    ^(  cos^cp  —  cos^cp^ )    V  +  U  .r-l    (a  —  aj  COS  0„  —  g   ()3  —  P„ )  I 
—  G.rA  (a  —  tti  )  sin  0,  -f  -^-  (cos  'cp  —  cos  V^, )     I  I  +  w  /  (  (P—(po) 

r-   r  1 

A  a?—  A  ar-o  =  — ,'/.A  'P.  —  r  ■  cosrp  (  A  0  —  A  0u  )  —  7,7-       „   '^^>  (  P  —  P.) 

h  lo  L  '-' 

+  Tir4    2-  (iS— i3o)s/«0„+-^co.s'0  — co.s'0o)  V 
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+  -ff  •  ^1  Y  (^  —  /3o)  cos  00—  (7  — 7o)  [—  C/.r  j  —  (jS  — )3,)  sin0i 

-|-  -^    (  cos  '"(j) COS  ^01 )     ^1 

r-  r  1 

/    y  —  A  ?/o  =  a? .  A  '/•'o  —  r  .  si«  0  (  A  0  —  A  00 )  —  777-  I  ^  il/i  (cos  *0o 

—  cos*(t))  -\-W.r<  -^  {cos*(l)„  —  cos*<p)  sin<P» — ^  s/ji  >  ( -^  + ''"^*' ''0  ) 

—  j-  -g-  sin  ^0 1  Y  ^~  ^^^  '<f>o\  >■  —  U  .r-l  —  (pos  °0o  —  cos  ^0  ) 

-|-  -.-  (  cos  ^ip  — cos  ^(po)  cos  00  r  —  G.7'<  -J-  (  cos  *0i  —  COS  *0  )  sin  01 

—  _  s;h^  "^  (  3'  "^  ^"^'  "^  )  +  '  5  ■^'"^'^^'  (  3"  "^  ^'^*'  '^'  )  r  I 

Applying  these  formulae  to  the  right  springing  point  by  substituting 
0  =  —  00,  a;  =  i  ,  1/ =  0,  and,  for  yielding  abutments,  putting  their  relative 
rotation  A0  —  A0a  ==  Ci  and  their  relative  displacements  A  a;  —  Aa^o  =  Ca^  A 
and  A^  —  A7/o=Cj    we  obtain,  by  solving  for  the  unknowns, 


(a,^—  a„  P,)sin  0i+,-  (cos^  0o  —  cos""  0,)  -i,, 
—  -r(cos*0o — cos*  (pi  )^„ 


77  = 


.(? 


4  tto  7o  —  /^u" 
2  gp  (  C2  +  Ci  •  r  •  cos  00  )  +  Ci  ■  r  •  go  +  2  c;  ^  r  0„  go     ,  i^^ 
r  (  4  a„  7o  —  go"  )  > ' 


iVo  f      3-  +  cos''  00    1 


U516. 


sin 


I 


5    Eh   ^--^^"-^-2-^- 
+  2      r' 


S'"^  00  (  o-  +  cos'  00  j 


(517. 


with  which  the  end  moments  are  obtained ; 

go  —  2  tto  cos  00 


il/j=  I  — Xi.sin(po+  H 


2a„ 


1/1  "I 


— COS*  01  )  +  do  sin  00 


—  tti  si>i  01  j  I 


r  + 


^  Ci  +  2  to  /  0„ 
r  2a„ 


..(518. 


With  the  quantities  H,  Vi  and  M„  we  also  have  the  effective  forces,  i.  e., 
the  axial  thrust  and  bending  moment,  at  any  section  of  the  arch. 
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The  calculation  of  the  above  expressions  is  facilitated  by  the  following 
table : 


0 

Degrees 


arc(f) 

sin(p 

coa(p 

sin^(p 

cos^cf) 

COS*(p 

cos 

a — 

5  sin  <p 

^ 

0" 

5 

10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 


08727 
17453 
23180 
34907 
43333 
523(50 
610S7 
69813 
78540 
87267 
95993 
04720 
13446 


0.0871  G 
0.17365 
0.25882 
0.34202 
0. 42253 
0.50000 
0.5T35S 
0.64279 
0.70711 
0.76604 
0.81915 
0.86603 
0.90331 


0.99619 
0.98481 
0.96593 
0  93969 
0.90631 
0.86603 
0.81915 
0.76604 
0.70711 
0.64279 
0.57358 
0.50000 
0.42262 


0.00760 
0.03015 
0.03699 
0.11698 
0.17861 
0.35000 
0.32899 
0.41318 
O.5OO0O 
0.58682 
0.67101 
0.75000 
0.82139 


0.99240 
0.96985 
0.93301 
0.8S302 
0.82139 
0.75000 
0  67101 
0.58682 
0.50000 
0.41318 
0.32899 
0.25000 
0.17861 


0.98486 
0.94060 
0.87051 
0.77972 
0.67469 
0.56250 
0.45035 
0.34446 
0. 25000 
0.17088 
0.10S23 
0.06250 
0.03190 


0.98112 
0.92631 
0.84085 
0.73270 
0.61148 
0.48714 
0.36883 
0.26380 
0.17678 
0.10973 
0.06208 
0.03125 
0.01348 


0.08694 
0.17191 
0.25304 
0.32868 
0.39746 
0.45833 
0.51068 
0.55427 
0.58926 
0.61620 
0.63593 
0.64952 
0.65817 


0.17.395 
0.34208 
0.50047 
0.64475 
0.77182 
0.87983 
0.96817 
1.03737 
1.08905 
1.12553 
1.14962 
1.16428 
1.17232 


0.03024 
0.11703 
0.25047 
0.41571 
0.59571 
0. 77408 
0.93736 
1.07620 
1.18612 
1.26683 
1.32158 
1.35559 
1.37433 


0.08671 
0.17019 
0.24749 
0.31628 
0.37499 
0.42292 
0.46020 
0.48768 
0.50675 
0.51914 
0.52647 
0.53044 
0.53231 


Usually,  even  with  circular  arches,  it  is  deemed  satisfactory  to  make  the 
calculations  by  the  simpler  formuJae  of  the  parabolic  arch  of  constant 
moment  of  inertia.  In  the  following  example,  taking  a  masonry  arch  of 
considerable  rise-ratio,  the  results  of  the  exact  formulae  (516)  to  (518) 
and  those  of  the  formulae  (331),  (326)  and  (334)  for  a  parabolic  arch  are 
compared.     The  latter,  transformed  into  polar  coordinates,  are 


15   I      (sin- (po  —  sin'(pi)- 
6i"f  sin'  00 

(si)r  00  —  sin  "0i) .  sin  0i_ 
4  sin  ^00 
2  r4    f 

g     (1  COS0o)    I     


G 


G 


sin  00 


5    f  sin  00  • —  sin  0i 


-1    •  //  .  r. 


Example.     Concrete   arch   with    circular   axis   of   radius    r  =  25   meters. 
Span  I  =  38.80  m.,  rise   f  =  S.930  m.,  crown  thickness  do=  1.0  m.,  thickness 

^^      =0.00013.      The 


at  springing  d^  =  1.556  m.     "We  have  0„  =  50°,  5  = 
calculation  yields  the  following  results : 


.Ur- 


01 


DtgrcEs 


H 


by 
eq.   (516) 


for  the 
parabolic 
arch 


-Vr 


.1/, 


eq 


by 
(517) 


for  the 

parabolic 

arch 


by 
eq.  (518) 


for  the 

parabolic 

arch 


40 

0.0744 

0.0370 

+  0.0370 

0.0621 

—0.09013 

—0.08347 

30 

0.3095 

0.3273 

0.10.2 

0.0937 

-0.11685 

—0.10372 

20 

0.6476 

0.6369 

0.1088 

0.0SS4 

—0.07658 

—0.07011 

10 

0.9479 

0.8940 

0.0576 

0.053  r 

+  0.001S1 

—0.00994 

5 

1.0354 

0.9680 

0.0356 

0.02  a 

+  0.U40.S7 

+  0.02004 

0 

1.0683 

0.9935 

0 

0 

+  0.07040 

+  0.04509 

-5 

-0.0356 

—0.02  a 

+  0.09541 

+  0.06300 

-10 

—0.0576 

-0.0537 

+  0.1053S 

+  0.07242 

-20 

—0.1088 

— 0.OS94 

+  0.09011 

+  0.06680 

-30 

—0.1082 

— II.0937 

+  0.04892 

+  0.04233 

-40 

—0.0670 

-0.0621 

+  0.01261 

+  0.00910 

.c 

? 

.( 

1 
r 

.(? 

r 

According  to   these  results,  the  error  in  the  horizontal   thrust   H  from 
applying  the  formulae  for  the  parabolic  arch,  even  for  this  arch  of  large 
19 
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rise-ratio,  is  not  very  great;  the  error  in  the  moments,  on  the  other  hand,  is 
more  considerable.  Fig.  2  (page  286)  gives  a  drawing  of  the  influence  lines 
calculated  by  both  sets  of  formulae. 

Disturbing  Influences.  In  a  hingeless  arch,  if  onl.v  the 
action  of  the  loading  is  taken  into  consideration,  it  is  assumed 
that  there  are  no  stresses  in  the  arch  when  considered  without 
weight.  In  reality,  however,  this  perfect  condition  is  not  to  be 
found  in  an  arch ;  on  the  contrary,  disturbing  influences  al- 
ways appear  which  modify  the  external  reactions  and  conse- 
quently the  position  and  form  of  the  line  of  pressures.  These 
may  arise,  neglecting  peculiar  defects  of  construction,  from 
three  special  causes,  namely : 

1.  A  settlement  of  the  falsework  during  the  erection  of  the 
arch  masonry ; 

2.  A  yielding,  displacement  or  rotation  of  the  abutments, 
and 

3.  Changes  of  temperature. 

The  effect  of  the  disturbances  (1)  and  (2)  takes  the  form 
of  a  rotation  A  </)o  of  the  end  joints  and  a  horizontal  displace- 
ment A  I  of  the  points  of  support.  If,  before  the  arch  is  com- 
pleted but  after  the  partial  hardening  of  the  mortar  joints  (or 
setting  of  the  concrete),  there  occurs  a  settlement  of  the  false- 
work amounting  to  s  at  the  crown,  there  will  arise  a  bending 
moment  at  the  ends  which  may  attain,  as  a  maximum,  the  value 

Ml  =  —  ■ — Y^ —  •  The  effect  of  a  displacement  of  the  abut- 
ments of  A  ^  =  Co,  as  well  as  that  of  temperature  variation, 
is  to  be  calculated  by  the  principles  of  §  20  or  by  the  more  exact 
formula?  (516)  to  (518). 

By  an  application  of  the  analytical  method  (a),  page  282, 
the  stresses  at  the  crown  section  due  to  variation  of  tempera- 
ture may  also  be  obtained  from 


fft  = 


3  E  wt  I 


As       C-— bi 


u 


(519. 


The  coefficients  b,  c  and  d  are  determined  by  the  equations 
(513).  As  is  the  length  of  an  arch  segment  between  two  sec- 
tions. 

As  a  result  of  these  disturbing  influences,  there  may  arise 
at  certain  points  of  the  arch,  particularly  at  the  ends,  tensile 
stresses  which  exceed  the  strength  of  the  mortar  and  cause 
the  formation  of  cracks.  By  giving  the  arch  the  necessary 
form  and  thickness,  and  by  appropriate  precautions  in  the 
erection,  these  undesirable  effects  should  be  prevented;  but,  if 
they  do  appear,  the  effective  cross-section  of  the  arch  at  those 
points  must  be  correspondingly  reduced  (Fig.  3),  and  this  fact 
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must  be  taken  into  consideration  in  the  execution  of  the  de- 
sign. The  position  of  the  line  of  pressure,  however,  will  not  be 
materially  altered  by  this  circumstance. 

Fig.  3. 


With  regard  to  the  magnitude  of  the  coefficient  of  elasticity 
E  for  masonry,  the  reader  is  referred  to  the  remarks  in  Chap. 
II,  fourth  edition,  of  the  "Handbuch  des  Briickenbaues. " 

The  methods  of  design  and  formula  given  above  may  also 
be  applied  directly  to  arches  of  reinforced  concrete.  For  these 
we  have  only  to  replace  A  and  /  in  the  design  by  their  equiva- 
lent values  which  are  obtained,  in  the  familiar  manner,  by 
adding  to  the  cross-section  of  the  concrete  that  of  the  steel  mul- 
tiplied by  w=-^- 


Remarks  on  the  Temperature  Variation  to  be  Assumed  in 
Steel  and  Masonry  Bridges. 

In  evaluating  the  stresses  caused  by  change  of  temperature 
in  statically  indeterminate  structures,  we  are  accustomed  under 
our  climatic  conditions  to  assume  a  range  of  temperatures  from 
—  25°  to  +  45°  C,  so  that  with  a  mean  temperature  of  +  10°  C. 
(=50°  F.),  the  thermal  variations  in  metallic  bridges  amount 
to  ±  35°  C.  (=±  63°  F.). 

In  this  assumption  the  fact  is  duly  taken  into  account  that 
the  average  temperature  of  a  steel  structure  exposed  to  the 
direct  rays  of  the  sun  is  about  10°  to  15°  higher  than  that  of 
the  air  in  the  shade.  If  the  structure,  however,  is  shielded  in 
any  portions  from  the  direct  solar  rays,  the  resulting  unequal 
heating  must  be  considered.  On  the  magnitude  of  these  differ- 
ences of  temperature,  thorough  observations  were  taken  on  the 
occasion  of  building  two  arch  bridges  at  Lyons  in  1886  and 
1887.*  For  this  purpose,  a  section  1  meter  long  of  a  plate 
arch  having  a  box  cross-section  900  mm.  high  and  800  mm. 
wide  was  used.  In  this  test  piece  thermometers  were  inserted 
at  eight  points  in  holes  filled  with  mercury  and  their  readings 
taken  several  times  a  day  for  seven  summer  months.  The  test 
piece  was  provided  with  three  coats  of  brown  oil  paint,  closed 
at  the  end  with  boards  and  left  resting  freely  with  one  long 
side  turned  toward  the  south.  It  was  found  that  the  difference 
of  temperature  between  the  warmest  and  coldest  points  of  the 

*Ann.  des  ponts  et  cbaussees.     1893,  II. ,  p.  438. 


292  Arches  and  Suspension  Bridges. 

steel  on  sunny  days  attained  a  value  of  14°  C.  (=:25°  F.)  and 
that  the  average  temperature  of  the  steel  rose  to  a  value  15°  C. 
(=27°  F.)  above  the  temperature  of  the  air  in  the  shade. 
Surrounding  the  piece  with  a  box  of  sheet  iron  effected  a  lower- 
ing of  the  maximum  temperature  by  7°  and  similarly  it  was 
found  that  a  coating  of  light  blue  paint  reduced  the  average 
temperature  by  about  5°  C.  (=9°  F.). 

A  temperature  variation  of  ±35°  C.  (=  dz  63°  F.)  in  the 
steel  parts  directly  exposed  to  the  sun  and  one  of  -f-  20°  and 
—  35°  C.  (=  +  36°  and  —63°  F.)  in  the  parts  shielded  from 
the  sun's  rays  may  therefore  be  properly  assumed  provided  a 
temperature  of  -flO°  C.  (=50°  F.)  is  taken  for  the  initial 
unstressed  condition.  But  even  if  the  temperature  has  some 
other  value  at  the  moment  that  the  structure  is  released  to 
carry  its  ov^oi  weight,  it  is  possible  to  bring  about  such  an  initial 
condition  of  stress  at  the  erection  of  statically  indeterminate 
structures  as  to  virtually  fulfil  the  above  assumption. 

In  masonry  bridges  there  cannot  occur  such  large  variations 
in  temperature  as  in  metallic  structures.  Although  definite 
observations  on  this  point  are  lacking,  nevertheless  it  is  fair 
to  assume  that  massive  masonry  cannot  attain  the  maximum 
temperature  of  the  air  in  summer  nor,  on  the  other  hand,  can 
it  cool  down  to  the  lowest  air  temperature  even  during  pro- 
longed frosts.  If  we  therefore  base  our  calculations  of  the 
temperature  stresses  in  masonrv  arch  bridges  on  a  range  of  tem- 
perature of  ±  20°  C.  (=  ±  36°  F.),  all  the  demands  of  safety 
will  be  well  met  and,  in  the  case  of  more  massive  masonry 
arches  that  are  covered  with  earth,  this  range  may  even  be 
reduced. 
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Note  to  page  143:  — 

After  this  text  was  printed,  it  was  found  necessary  to  reduce 
the  size  of  the  folding  plates  to  seven-ninths  of  their  original  dimen- 
sions. The  scales  for  lengths  and  deflections  stated  in  the  text 
must  therefore  be  reduced  in  the  same  ratio  (multiply  by  seven- 
ninths).  The  graphic  scales  printed  on  the  plates,  however,  will  give 
the  true  dimensions  and  deflections  without  any  correction. 
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